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Abstract

We study the task of testing properties of probability
distributions. We consider a scenario in which we
have access to independent samples of an unknown
distribution © with infinite (perhaps even uncountable)
support. Our goal is to test whether © has a given
property or it is e-far from it (in the statistical distance,
with the L;-distance measure).

It is not difficult to see that for many natural dis-
tributions on infinite or uncountable domains, no test-
ing algorithm can exist and the central objective of our
study is to understand if there are any nontrivial dis-
tributions that can be efficiently tested. For example,
it is easy to see that there is no testing algorithm that
tests if a given probability distribution on [0,1] is uni-
form. We show however, that if some additional infor-
mation about the input distribution is known, testing
uniform distribution is possible. We extend the recent
result about testing uniformity for monotone distribu-
tions on Boolean n-dimensional cubes by Rubinfeld and
Servedio (STOC’2005) to the case of continuous [0, 1]™
cubes. We show that if a distribution ® on [0,1]" is
monotone, then one can test if ® is uniform with the
sample complexity O(n/e?). This result is optimal up
to a polylogarithmic factor.

1 Introduction.

The topic of testing basic properties of probability
distributions has been extensively studied for many
decades. While the traditional approach used in statis-
tics (and also more modern approach, e.g., in data min-
ing) has led to the development of many high quality
techniques and algorithms, until very recently little at-
tention has been paid to the computational complexity
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of testing in the situations when the distributions are
over very large domains. Motivated by these consid-
erations, a number of new studies have emerged that
aim at developing efficient testers for various proper-
ties of distributions with the special emphasis on the
small number of samples used for testing (see, e.g.,
[1, 3, 4, 5, 6, 10, 12] and the survey [11]). In particular,
it has been shown that a number of fundamental prop-
erties, such as independence, entropy estimation, and
the closeness between two distributions, can be tested
in time (with the number of samples) that is sublinear
in the domain size.

While these studies lead to very efficient testers for
various properties of distributions with finite support,
they seem not to apply when the underlying distribution
is defined over an infinite or even uncountable domain.
The central goal of this paper is to better understand
the phenomenon of testability of such distributions.

We assume that there is a probability distribution
® from which we can receive independent identically
distributed samples (see, e.g., [5]). We assume that each
sample is of infinite precision and we will not consider
the issue of representation of the real numbers. The
complezity of the tester is measured in terms of the
number of samples it takes in order to obtain a desired
information about the distribution.

We study probability distributions over a domain 2
which will be either finite or infinite; our main focus is
on the domain Q = [0,1]", n € N, that is, (continuous)
n-dimensional unit cube.

Recall, by the Radon-Nikodym theorem, that every
distribution on € has a Lebesgue decomposition (see,
e.g., [9, Section 32, Theorem C]) into a sum of two parts:

e continuous (with respect to the standard Lebesgue
measure), that is, given by a measurable density

function f,

e singular (concentrated on a set of Lebesgue mea-

sure 0).

1.1 Similarity and dissimilarity between distri-
butions: e-farness and e-closeness. We study the
similarity and dissimilarity between various distribu-
tions. Following the mainstream research of testing
properties of distributions in theoretical computer sci-
ence [3, 4, 5, 6, 11, 12], we use the total variation dis-



tance to measure the similarity between distributions
(Lq-distance).

DEFINITION 1. For any two discrete distributions X
and Y over (), defined by the probability functions Pry
and Pry, respectively, we say Y is e-far from X if

1
i-Z\PrX[w]—Pry[wH > .
weN

For general distributions, the definition is analo-
gous:

DEFINITION 2. For any two distributions X and Y over

Q, with density functions fx and fy, respectively, we say
YV is e-far from X if

R N R NC PR

We say Y is e-close to X if Y is not e-far from X.

Note that inequality (1.1) is equivalent to

/ (Fx(x) —fy(x)) dz = e
zEQ:fx (x)>fy (x)

DEFINITION 3. A distribution © over [0,1]" with den-
sity function § is uniform if f is identically 1.

For the uniform distribution, Definition 2 can be
rephrased as follows.

DEFINITION 4. Let ® be a distribution over [0, 1]" with
density function f. We say ® is e-far from uniform if

1
7-/ [flx) —1|de > €.
2 xe€[0,1]"

1.2 Distributions on infinite domains are usu-
ally not testable. In general, when using the total
variation distance to measure the similarity between
distributions, it is infeasible to investigate interesting
properties of distributions on infinite domains without
any assumptions on the density function. For example,
let us consider the problem of testing if a distribution
on [0, 1] is uniform. Let us suppose that there is a tester
A that for some integer t distinguishes with at most ¢
samples between uniform distribution ®¢ on [0, 1] and
any distribution that is e-far from uniform. We show
that this is impossible. Let us define a distribution
that is %-far from uniform as follows: Partition [0, 1]
into #3 intervals of identical length 1/t3 each. Split each
interval into two halves and then randomly choose one
half. The chosen half gets in ® the distribution with
the density function f = 2 and the other half has zero

probability (density function f = 0). Now, let us con-
sider the behavior of A on ®y and ©. Since A draws
according to © at most ¢ points from [0, 1], no inter-
val of length 1/t2 will be chosen more than once, with
high probability. As the result, A will not be able to
distinguish ®y from . This observation can be easily
generalized to testing a number of natural properties for
distributions on infinite domains.

Another approach that brings negative results uses
the existing lower bounds for testing properties of dis-
crete probability distributions. For example, Batu et al.
[5] (see also [8]) show that testing if a given distribution
on the support of size n is uniform requires Q(y/n/e?)
samples. With that, by taking n — oo, the lower bound
in [5] immediately implies that no algorithm can test if
a given distribution on [0, 1] is uniform. This approach
implies also similar impossibility results for testing if a
given distribution is monotone, unimodal, or if two dis-
tributions are identical, are independent, and so on (see
[1, 3, 4, 5, 6, 10, 12] for more examples).

Once we see these negative result, the natural
question is: what properties of distributions on infinite
domains can be tested?

1.3 Testing if a distribution is discrete on N
points. In order to understand the problem of testing
distributions on infinite domains, the very first question
should be to test if a given distribution has infinite
support. We first briefly consider a dual question: to
verify if a given distribution has support of up to a
given size. Recall, that a point x is called an atom
of ® if Prplz] > 0. Detection of a single atom is not
possible, since its probability may be arbitrarily small,
beyond the resolution of any given algorithm. Instead
we may try to determine whether a large part of the
probability mass is concentrated on the atoms: for a
given parameter N, distinguish between distributions
that have the entire support on at most N points
(discrete on N points) and those that are e-far from
discrete on N points.

A related question has been studied recently by
Raskhodnikova et al. [10], who were interested in
estimating the size of the support of a given distribution
under the assumption that every element in the support
is an atom (distribution is singular) with the probability
at least --. For such problem, Raskhodnikova et al. [10]
(see also [13]) show that one needs at least Q(M*—°(1)
samples to estimate the size of the support. On the
other hand, it is easy to compute (exactly) the size of
the support with O(M log M) samples (e.g., by using
the approach from the coupon collector problem). Our
goal is different than that in [10], because on one hand,
we do not have any lower bound for the probability



of the points in the support (which makes the task
of even estimating the size of the support impossible),
and on the other hand, we want to test if a given
distribution has at most N points in the support (rather
than estimate the size of the support). Still, the lower
bound result from Raskhodnikova et al. [10] carries over
for our problem and gives a lower bound for the sample
size of Q(N'=°(M) (see Theorem 2.1). It is also not
difficult to prove that an algorithm sampling O(N/e)
elements and then checking if the sample contains
more than N distinct elements is a testing algorithm
that distinguishes between a discrete distribution on N
points and any distribution that is e-far from discrete
on N points with O(N/e) samples (see Theorem 2.2).
Observe that this result immediately implies that we
can estimate the smallest number N of points in the
domain of ® such that ® has A points that have the
total probability at least 1 — & using O(N /e) samples.

1.4 Main contribution: Testing if a monotone
distribution on a real hypercube is uniform. The
main goal of this paper is to investigate if there are
any interesting distributions on infinite domains that
are testable. One of a very few properties of discrete
distributions considered in the Computer Science lit-
erature that has only a light dependency on the size
of the support (the condition that by our discussion
above seems to be necessary to hope for a fast tester)
is that of testing if a monotone distribution on the
Boolean cube is uniform. A probability distribution ©
on the Boolean n-dimensional cube {0,1}" is mono-
tone if for any @ = (z1,...,2,), ¥ = (Y1,---,Yn),
Prop[z] < Pryply] whenever z; < y; for every i. Ru-
binfeld and Servedio [12] consider the following prob-
lem: given a monotone (discrete) distribution © on a
Boolean n-dimensional cube {0,1}", test if © is uni-
form. Observe that in this case the domain’s size is
2" and therefore the standard uniformity testing algo-
rithms (cf. [5, 8]) require O(2"/2/¢?) samples. Fur-
thermore, Rubinfeld and Servedio [12] show that with-
out the assumption about the monotonicity of @, 29"
samples are also necessary. However, once we assume ©
is monotone, it is possible to test if ® is uniform using
O(nlog(n/e)/e?) samples [12]. Furthermore, this result
is almost optimal in the sense that Q(n/log? n) samples
are necessary [12].

Our main contribution is the analysis of this prob-
lem in the setting when ® is a monotone distribution
on an n-dimensional (real) cube [0,1]". On high-level
our approach is similar to that used by Rubinfeld and
Servedio [12] in the case of Boolean n-cubes. However,
the fact that we have to deal with continuous domain
makes our proof of the main result, Theorem 3.1, more

complicated. Furthermore, our analysis leads to an al-
gorithm slightly faster than that from [12] (we shave off
an O(log(n/e)) factor) for both the Boolean and real hy-
percube. We observe that since the lower bound from
[12] can be directly carried over to the case of real [0, 1]"
cubes, our upper bound is almost optimal.

Let us also notice that our tester will work with the
same complexity if the input is a monotone distribution
on a discrete cube {0,1,...,k}"™. The obtained sample
size is independent of k.

2 Warm-up: Testing if distribution is discrete.

We begin our study with a simple analysis of the
problem of testing if a given distribution is discrete.

DEFINITION 5. A probability distribution ® over € is
discrete on N points if its support is of size N, or
equivalently, if there exists a set X C Q) of size at most

N such that Prp[X] = 1.

DEFINITION 6. A probability distribution ® over Q) is
e-far from discrete on N points if for every set X C Q
of size N we have Prp[X] < 1—e¢.

The problem of testing the support size of a given
discrete distribution has been investigated before, see,
e.g., [10, 13]. The main difference between these papers
and our paper is that in the formers, one assumes a lower
bound for the probability of any element in the support,
and this lower bound is later used in the quantitative
bounds for the sample complexity of the algorithms.
While this assumption allows us to carry over the lower
bound from [10], this seems to be not directly applicable
for the upper bound.

The first result follows easily from [10].

THEOREM 2.1. The problem of distinguishing whether
a given distribution © on § is discrete on at most N
points or 1s 1—13-far from discrete on N points requires at
least Q(N'=°W) queries.

Proof. Recall that the Distinct Elements (DE) problem
is the following: given sample access to a sequence (of
balls) of length n, estimate the number of distinct ele-
ments (ball colors) in the sequence. Raskhodnikova et
al. [10] (see also [13] for analogous results) showed that
at least Q(nlf"(l)) queries are necessary to distinguish
instances of DE with at most {55 and at least {7 colors.

Observe that any instance of DE of length n with k
colors can be transformed to a distribution on k points,
each point having probability a multiple of % Access to
this distribution is given by sampling the DE instance.
Any DE instance with at most -2 colors yields a

100
distribution concentrated on 175 points. On the other



hand an instance of DE with at least {7 colors yields a
distribution whose distance from being concentrated on
1o boints is at least (% — 1—80) . % > %3 Therefore,
an algorithm that can distinguish such distributions can
be used to separate instances of DE with at most 155
and at least {7 colors. O

The lower bound above shows a close correspon-
dence between the problem of testing if a given distribu-
tion is discrete on N points and the DE problem. This
of course suggests to verify if the upper bound analysis
from [10] (see, e.g., Claim 3.5 in [10]) could be carried
over for our problem. However, the requirement that in
the DE problem we have a lower bound for the proba-
bility of any event, does not seem to directly transform
the bounds for the DE problem in our setting. Still, we
can easily show that the following simple algorithm will
do the job (the proof presented here has been shown to
us by Oliver Riordan; our own original proof was signif-
icantly longer):

Testing discreteness (N):

e Draw a sample (according to the distribution D)
S = (s1,...,8¢) from Q with £ = [2N/¢]

e If S has more than N distinct elements then Reject
e clse Accept

THEOREM 2.2. Algorithm Testing discreteness (N) is a
property tester for testing if a given distribution ® on Q)

18 discrete on at most N points. Its sample complexity
is O(N/e).

Proof. It is easy to see that the algorithm above will
accept any probability distribution that is discrete on N
elements. Therefore, now we only have to prove that if
D is e-far from discrete on N points then the algorithm
will reject with probability at least %

Let us fix a distribution ®© that is e-far from discrete
on N points. Let @; be the random variable denoting
the number of distinct elements drawn by the algorithm
in the first ¢t sampling steps. Our goal is to show that
Q¢ > N with probability at least % Observe that
1 = 1 and conditioned on the fact that @), < N,
the assumption that ® is e-far from discrete on N
points implies that with probability at least £ a new
point is chosen by the algorithm (that is, Pr[Qi+1 =
Q: +1] Q¢ < N| > ¢). Therefore, by Chernoff bound

for binomial random variables,

Pr(Q;<N] < PrB({—1,¢) <N] <

1
3

where B(n,p) is a binomial random variable with pa-
rameters n and p. 0O

3 Testing uniformity for monotone

distributions.

We use bold letters x,y to denote points in [0, 1]™.
Given points @ = (z1,...,2,) and y = (y1,-..,Yn), We
write & < y (respectively @ < y) if z; < y; (respectively
x; < y;) for all i = 1,...,n. Variables range over
the entire n-dimensional cube [0, 1]" unless indicated
otherwise, e.g., [ g(x) dx denotes the integral over
[0,1]™ while ffm<yg(:c,y) dx dy is the integral over

the set of all (z,y) € [0, 1]*" satisfying = < y.

For simplicity of presentation, we  use
the  handy  notation [ g(x) to  denote
fwe[O,l]" g(x) dz, ffwy g(z,y) to denote

fye[o,ll" fwe[O,l]" g(@y) dw dy, and ffwyg(w,y)
to denote [, 1o 1jn Juepo 1)<y 9(T:Y) dz dy.

DEFINITION 7. A function f : [0,1]™ — R is called
monotone if f(x) < f(y) whenever x < y.

DEFINITION 8. A distribution over [0,1]™ is monotone
if its density function is monotone.

We consider the problem of testing if a monotone
distribution over [0,1]™ is uniform, that is, of distin-
guishing between the uniform distribution and distri-
butions that are e-far from uniform. The tester can
query a random point from [0, 1]™ drawn independently
at random according to a given distribution.

Before we test uniformity for monotone distribu-
tions, we first provide a characterization of monotone
distributions that are e-far from uniform. Our main the-
orem shows that if a monotone distribution on [0, 1]™ is
e-far from uniform then the expected L;-value of a ran-
domly chosen point from [0, 1]™ is at least § 4 5.
THEOREM 3.1. Let ® be a monotone distribution on
[0,1]™ with density function f. If ® is e-far from
uniform then

Bllel) = [ lalif(@) > 5+

| ™

This result is rather easy in the basic case when
n = 1 (cf. Appendix A), but it is significantly more
complicated for n > 1. Our analysis uses a similar
approach to that used by Rubinfeld and Servedio [12] in
the case of discrete n-cube. However, the fact that we
have to deal with continuous domain makes the proof
of the main result, Theorem 3.1 more complicated. The
key technical part of the proof is formalized in Section
4, and our proof of Theorem 3.1 follows directly from
Theorem 4.1 after substituting there f(x) = f(x) — 1.

Using Theorem 3.1, we can show that the following
simple algorithm tests if a distribution is uniform:



Testing uniformity:
e Repeat r = 20 times:

Draw a sample (according to the distribution D)
S = (x1,...,@s) from [0,1]" with s = [25*]

If >37 ; [leills > s(% + §) then Reject and exit

e Accept

Observe that this algorithm is slightly different from
that used by Rubinfeld and Servedio [12]. While we
could combine Theorem 3.1 with the algorithm from
[12], the sample complexity of our algorithm is slightly
better than that from [12] (it is O(ne~2) compared to
O(ne=21In(n/e)) from [12]). In fact, if one applies our
algorithm to the Boolean cube {0,1}" then a similar
improvement would be achieved as well.

In the following we will study the performance
of our sampling algorithm Testing uniformity. We
first prove two auxiliary lemmas, one showing that
i i llsl1 is not too large for the uniform distribu-
tion, and the other showing that Y 7_, ||2;]|1 is not too
small for distributions that are e-far from uniform.

LEMMA 3.1. If we sample s points x1,...,xs indepen-
dently and uniformly at random from [0,1]™ (that is,
with uniform distribution) with s > 40n /2, then

Pr[;HwiHl > s (g + Z)] <

Proof. Observe that the sampling is equivalent to select-
ing independently and uniformly at random ns random
variables Y; from [0,1], after which, in the stochastic
sense, Y, lzilli = 2252, ;. Hence, we can apply
Chernoff-Hoeffding inequality ! to obtain:

P} il 2 s (5 +7)]
i=1
> sn s

Pr[} V; >+ ]
j=1

- —se?

R 8n

This implies the lemma since s > 40n/e? yields
e/ Bm) < 0,01. 0

0.01 .

LEMMA 3.2. Let ® be a distribution over [0,1]™ that is
e-far from uniform. If s > gt + % and we sample s

TWe use the following form of Chernoff-Hoeffding inequality:
Pr(325%, Y — B[, V)] > #] < exp(=2t2/(ns)).

points x1, ..., xs chosen independently at random from
the distribution ©, then:

. € 12
Pr[Y el <s(5+7)] < 15 -
i=1

Proof. By Theorem 3.1, we know that Eg[[|z||1] > §+5.
Let Y1,...,Ys be independent random variables such
that for every i, Y; = 2— % Then, by the properties
of the sequence ||z1]|1,...,|[zs||1 we have Y; > 0 and
E[Y;] < 1 for every i. Therefore, we can use Feige’s
inequality, Theorem 1 from [7] (with § = 1/12 and
w; = 1 for every i) to conclude that Pr[ZleYi <

s+ 1—12] > % This is equivalent to

1
— <

3 = Pr[;Yi<S+T12]

- + +
Pr[ZHII:lHl > 5- (n2 S 24;)] :
i=1

Next, sincesZ&—i—%,we obtain,
1 ® n+e n+e
— < P ; . _
13 = r[;||a:||1>s ( 2 243>}
® n €
< Pr[Z||xi||1>s-(§+i)} ,
=1
what yields the lemma. ]

THEOREM 3.2. Testing uniformity distinguishes between
uniform distribution on [0, 1]™ and any monotone distri-
bution over [0,1]™ that is e-far from uniform. Its sample
complexity is O(n/e?) and it errs with the probability at
most i.

Proof. First, by Lemma 3.1, we have:

Pr[® is rejected | ® is uniform] < r-0.01 <

N

Next, by Lemma 3.2, we have

IN

12\"
Pr[® is accepted | D is e-far from uniform] < (13)
1
4

These two bounds imply the theorem. O

3.1 Lower bound. One can directly apply the lower
bound for the Boolean {0,1}" cube due to Rubinfeld
and Servedio [12] to show that our bound is tight up to
logarithmic terms.



THEOREM 3.3. Any algorithm which given access to an
unknown monotone distribution ©* over [0,1]™ deter-
mines correctly (with probability at least %) whether
D* is uniform or is %—far from uniform must make

Q(n/log®n) samples.

Proof. The proof is obtained by considering for any dis-
tribution © on {0,1}" a naturally defined distribution
on [0,1]™ that has identical properties as ©, and then
the lower bound due to Rubinfeld and Servedio [12] for
testing uniformity of an unknown monotone distribution
on {0,1}™ will imply the claim.

Let © be any monotone distribution with the state
space {0,1}". Define ¢ : [0,1]* — {0,1}" such
that (a1, z2,...,2,) = (zF,23,...,2%) with 2} =
min{|2xz;]|,1}.  Observe that * < y if and only if
Y(x) < YP(y). Now, we define a distribution ©* on
[0, 1]™ to have density function fo« () = 2™ Prg [ (x)].
We observe that ® is monotone if and only if ®* is
monotone, and ® is e-far from uniform if and only if
D* is e-far from uniform. Therefore, the lower bound
of Q(n/log?n) samples for testing uniformity of an
an unknown monotone distribution © over {0,1}" due
to Rubinfeld and Servedio [12] implies the same lower
bound for testing uniformity of an unknown monotone
distribution ©* on [0, 1]™. O

4 Key technical theorem and the proof of
Theorem 3.1.

A proof of Theorem 3.1 can be deduced from the
following theorem, by substituting f(x) = f(x) — 1.

THEOREM 4.1. Let f : [0,1]"
function with [ f(x)=0. Then

[lals@ = [1s@) .

The proof relies on two lemmas concerning discrete
cubes. If I, = {0,1}" is the standard discrete cube,
then let D(I,,) and E;(I,) denote, respectively, the set
of all 2" (directed) main diagonals and the set of all
directed edges in the ¢-th direction. Formally:

D(In) =

— R be a monotone

{(u,v) eI, x I, :
uj=1—vjforj=1,...,n},
{(w,v) eI, xI, :

uj =wv; for j #tand u; =1 —wv;} .

Ez(In) =

Set E(I,) = U, Ei(I,). We have the following lemma.

LEMMA 4.1. For any function f: I, — R

Yoo —f@l< > |fw) - f)] -

(w,v)eD(I,) (u,v)EE(I,)

Proof. The proof is by induction on n. For n = 1
both sides equal 2|f(0) — f(1)|. For the inductive step,
note that by the triangle inequality the “length” of any
diagonal (u,v) (understood as the value of |f(u) —
f(v)]) is less than or equal to the length of some edge
in the n-th direction plus the length of some diagonal in
one of the two (n — 1)-dimensional sub-cubes. One can
easily check that as we add these inequalities over all
diagonals, every such edge and every lower-dimensional
diagonal appear exactly once, thus the result is obtained
by induction. We omit the details. a

Every two points @,y € [0,1]" with < y give rise
to a discrete cube K , which is the image of I,, under
the obvious affine transformation sending 0™ to « and
1" to y. Let D(zx,y), E;(x,y) and E(x,y) denote the
diagonals and edges of K 4, i.e., the coordinate-wise
images of the respective sets associated to I,,. Lemma
4.1 immediately yields

COROLLARY 4.1. For any function f :[0,1]" = R and
any € <Y

|f(u) = f(v)] < [f(u) = f(v)] .
(u,v)ED(z,y) (w,v)EE(z,y)
Next, we prove the following lemma.

LEMMA 4.2. For any monotone function f : [0,1]" —
R and any i =1,...,n we have

/LW wa%mn
o / (22, — ) f(x) .

Proof. To simplify notation we only consider ¢ = 1. The
proof is by induction on n. For n = 1 we have:

JPu@-swi = 2] )~ 1)

h 2( / w - | (1—m)f(x))
- 2L@x—Dﬂ@.

Now let n > 2. In what follows &’ denotes the (n — 1)-
dimensional prefix of  and we write = (2, z,). For
= (2',2,) and y = (¥, yn), we have:

S I - )

(uw,v)€E: (2,y)
(w' v )EEL (2 ,y")

|f(u/a yn) -

[ (u) = f(v)]

(If (w0, 2n) = (0, 2n)| +

F'ya)l) -



For every fixed z, the function f(-, z) is monotone over
the (n — 1)-dimensional cube. Hence, we may apply the
induction hypotheses to obtain

L.,

If(U) — f(v)]

(u,v) €E1

//:vn<yn //w it (u’ ’U/)EEl(w Y )

// / (201 = D)(f(2',20) + f(@',9)
2/:0,(2% -1 //%Kyn(f(wﬁxn) + £ yn)
2/m/(2x1 - 1)/% )

~ / (201 — 1) f(z) ,

where we used the identity [[ _ ( ( (y = [ h(z),
true for any h : [0,1] — R, with h = = f(x’,-). This
ends the proof. 0O

Proof of Theorem 4.1.
N=A{x:

Let P = {z : f(x) > 0} and
f(x) < 0}. Consider the double integral

/mEN /yep f(@) - f)] -

For f(z) < 0 < f(y), we have |f(x) — f(y)| =
[f(@)| + 1/ (y)]. Moreover [,y [f(®)] = [,ep|f(Y)] =

3 /.| f(@)|. Combining this, we can express the double
integral as follows:

L as@iisw
- /yeP /mGN /EEN /yep|f(y)|
= 3 Ju@ies [ [
= 3/ [i@

- 5 V@

At the same time, since every pair (x,y) can satisfy
at most one of the conditions (x,y) € P x N and
(xz,y) € N x P, we obtain the inequality

L @i < S]]

[f(®) = f(y)] -

The set of points (x,y) € [0,1]" x [0,1]" with at
least one common coordinate is of measure zero in
[0,1]™ x [0, 1]™, while every other pair (x,y) determines
a unique pair (Z,y) such that T < ¥ and (x,y)
is a main diagonal in Kzy. By considering all the
possible relative placements of & and y within [0, 1]™
and splitting the domain accordingly, one can see that

J[ e - sw
- /L,

We can now combine the statements above to obtain
the following sequence of inequalities

3 [ @)
L] e rw)
2 [ e s

/e

1L,
= 1 Z// () — f()]
(u, v)eE’ (z,y)

= ;/m(%i —1)f(x)

= 2 [ Jalis(@)

where the fourth bound follows from Corollary 4.1,
the sixth one follows from Lemma 4.2, and we used
fw f(x) = 01in the last step. This is exactly the required
inequality.

[/ (u) = f(v)]

(u, v)ED(fc Y)

IN

[/ (u) = f(v)]

(u, ’U)ED(fB Y)

IN

|f(w) = f(v)]

(u, v)EE(%y)

Let us observe that the constant  in Theorem 4.1
is best possible since the equality holds for f(x) =

sgn(z1 — 3).

5 Extension to discrete n-dimensional grids.

Our result in Theorem 3.2 can be easily extended to dis-
crete n-dimensional grids, with the sample complexity
independent of the size of the grid (depending only on
the dimension).



DEFINITION 9. A distribution © over {0,1,2,...,k}"™
is called monotone if Prop[z] < Prply| whenever & <
y, where (x1,...,%n) < (Y1, -, Yn) if & < y; for alli.

THEOREM 5.1. Let k be any positive integer and con-
sider any n-dimensional finite grid {0,1,2,...,k}™.
One can test if a given monotone distribution ® over
{0,1,2,...,k}" is uniform with O(n/e?) samples.

Proof. We first show that a result analogous to that
in Theorem 3.1 holds and then we apply the same
arguments as in Theorem 3.2 to argue that our Testing
uniformity algorithm (modified accordingly to deal with
values in {0, 1,2,...,k}") will work in the discrete case.

Let ® be any monotone distribution on
{0,1,...,k}™. It is not difficult to see that if ©
is uniform then Ep[[|z|/1] = £*. On the other hand,
one can apply Theorem 3.1 to prove that if ® is e-far
from uniform then

o[llzl]

> lzlh-Profa]
ze€{0,1,....,k}"
kn (k+1)-¢
IS

(5.2) > = 5

Once we have (5.2), we can proceed as in Theorem
3.2 to show that the following algorithm is a tester:

Testing uniformity on a grid:
e Repeat r = 20 times:

Draw a sample (according to the distribution D) S =
(z1,...,zs) from {0,1,...,k}" with s = (460—2"]

If 77 ) [leills > sk(% + §) then Reject and exit

e Accept

In view of the arguments above, all what we have
to prove is to show inequality (5.2).

Let ®© be any probability distribution on
{0,1,...,k}".  Similarly as in the proof of The-
orem 3.3, we define a coupling distribution *
on [0,1]™ by partitioning [0,1]™ into (kK + 1)" n-
dimensional subcubes of the same size, assigning
each subcube to the corresponding point from the
grid {0,1,...,k}" in which the density corresponds
to the probability of choosing given point from the

grid. More formally, let ¢ : [0,1]" — {0,1,...,k}"
such that ¥(y1,y2,...,9n) = (x1,22,...,2,) with
x; = min{[(k + 1) - y;|,k}. We define a dis-
tribution ®* on [0,1]" to have density function

for(y) = (k+1)" - Pro[vw(y))].
Now, let us observe some basic properties of ©*.
Notice first that @ < y if and only if g (x) < ¥i(y).

Next, the definition of fo« immediately yields Prg|x] =
fye[o,l]":wk(y):w fo+(y) dy. With this in hand, it is not
difficult to check that ® is monotone if and only if ©*
is monotone, ® is uniform if and only if ©®* is uniform,
and © is e-far from uniform if and only if ©* is e-far
from uniform

Now, we consider a distribution ® on {0,1,...,k}"
that is monotone and is e-far from uniform. Then, since
the distribution ©* is also monotone and e-far from
uniform, Theorem 3.1 yields the following;:

/ Il - fo- () dy
y€[0,1]™:Yy (y)=z

ze{0,1,....,k}"
= [ lylie ) dy
yelo,1]”
n—+e
. > .
63 =
Observe that the set of all y with ¥i(y) = = is
the set of points from the cube [0, %ﬂ)” shifted by 755

(with an exception of a set of measure 0, when z; = k
for some %, in which case we may have closed intervals).
In that case ||&||1 = (k+1) ||yl —|[(k+1)-y—x||1, where
the last term correspond to the difference between y and
the shift, and (k+ 1) -y — « is a point from [0, k%rl)”
With this, we compute Ep[||z|1] under the assumption
that © is monotone and e-far from uniform:

Esl[[z[] =

-3

2€{0,1,...,k}"

&)1 - Pro[z]

/ Izl - fo- (1)
y€e[0,1]7 ) (y)==

/e( ((k + Dyl = I+ Dy = 2ll) - (v)

ch{O,l, ok

ch{O,l, ok

= (k1) / lylls - o- () —
z€{0,1,....k} y€[0,1]": 9y (y)==

/ Ik +1) -y — -
xc{0,1,....,k} y€[0,1]":r (y)==

(k+1)" Profun(e))
= G o)

(k1) Prolui(z)] =
me{o,lz,...,k}" o /ze[O,k}rl)n !
- (k . fes
N S
n n
—(k+1) Z Pro [k ()] - T 1)

z€{0,1,....k}n



n
= e+ [ ulhte )~
y€[0,1]"
n+e n
> (k+1)- - =
> (k+1) 2 2
_ kn  (k+1)-e
2 2 ’
where the last inequality was was using (5.3). |

The result above in Theorem 5.1 can be also easily
extended to the case when ® is defined over an n-
dimensional grid of size ki X ko--- X k, for possibly
distinct values of k;.

6 Conclusions and final remarks.

In this paper we made a first attempt to understand the
testability of distributions on continuous domains for
basic distribution properties. We believe that under-
standing, which properties of continuous distributions
are testable, is an interesting and challenging direction
of research.

Another interesting direction to study testability of
distributions on continuous domains for basic distribu-
tion properties has been proposed in a recent paper by
Ba et al. [2]. Similarly as in our paper, Ba et al. ob-
served that what makes testing distributions on contin-
uous domains difficult is the use of the L;-distance (or
the total variation distance) to measure the similarity
between the distributions that defines the notion of be-
ing e-far from a given distribution. In view of that, Ba
et al. consider another measure of the distance between
two distributions, the earth mover’s distance. Among
other, they show that in such setting, it is possible to
test if a given distribution over [0, A]™ is uniform, if two
such distributions are identical, etc., in time indepen-
dent of the input size.
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Appendix

A  Warm-up: Proof of Theorem 3.1 for n = 1.
While the proof of Theorem 3.1 is rather long, the very
simple case when n = 1 can be proven easily using
elementary tools.

THEOREM A.l. Let © be a monotone distribution on
[0, 1] with density function §. If © is e-far from uniform
(that is, %fol [f(z) — 1|dx > €) then

€

+5 -

| =

1
Ejlz] = /Omf(x) dx >

Proof. Let ¢ = inf{z € [0,1] : f(z) > 1} and let

® be such that fgl f(x) dv = 1 — o + ®. Then also

foa f(x) de = 0 — ®. Furthermore, the assumption that

f is e-far from uniform is now equivalent to ® > e.
Then, we have

/lef(x)dx /Oaxf(x)dx—i-/glmf(m)dx

i~/00xdxo/ogf(x) dx +

v

1—0 - o

1 o2
— . (o—-®

S Gl D

1 (1+0)(1-0)

- ) (1-0c+9)
_o(o—-®) (1+0)-(1-0+9)
N 2 2
_ 1+ ¢ S 1+4+¢ 7

2 - 2

where in the first inequality above we used Chebyshev
integral inequality. O

While it is tempting to apply a similar approach
to extend the proof of Theorem A.1 to larger n, we
do not know how to extend it even for small values
of n > 1. Instead, in general case, we use a different
approach which works via comparing the values of
me[O,l]" f(z) — 1|dz with fze[O,l]" z|1(f(x) — 1)dz
for any monotone function f : [0,1]" — R.




