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Abstract. Highly regular data can be represented succinctly by various
kinds of implicit data structures. Many problems in P are known to be
hard if their input is given as circuit or Ordered Binary Decision Diagram
(OBDD). Nevertheless, in practical areas like CAD and Model Checking,
symbolic algorithms using functional operations on OBDD-represented
data are well-established. Their theoretical analysis has mostly been re-
stricted to the number of functional operations yet. We show that P-
complete problems have no symbolic algorithms using a polylogarithmic
number of functional operations, unless P=NC. Moreover, we comple-
ment PSPACE-hardness results for problems on OBDD-represented in-
puts by fixed-parameter intractability results, where the OBDD width
serves as the fixed parameter.

1 Introduction

Algorithms on (weighted) graphs G with node set V and edge set E C V2 typi-
cally work on adjacency lists of size ©(|V'|+|E|) or on adjacency matrices of size
O(|V']?). But in many of today’s application areas, graphs occur which cannot be
represented explicitly on current computers, or on which even efficient algorithms
are not applicable. Ordered Binary Decision Diagrams (OBDDs) [2, 21] are a
data structure for Boolean functions which is proven as succinct representation
for structured and regular data.

Having an OBDD representation of a graph, we are interested in solving prob-
lems on it without extracting too much explicit information from it. Algorithms
whose access to the input graph is mainly restricted to functional operations
are called implicit or symbolic algorithms. In this way, OBDD-based methods
are well-established heuristics for special problems in CAD and Model Checking
(see, e.g., [10, 21]). These algorithms are observed to be very efficient in prac-
tical applications handling large inputs. However, their theoretical analysis has
mostly been restricted to the number of functional operations up to the present.

Recent research tries to develop theoretical foundations on OBDD-based al-
gorithms. On the one hand, this includes the development of symbolic methods
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for fundamental graph problems like topological sorting [22] and the compu-
tation of connected components [7, 8], maximum flows [11, 16], and shortest
paths [15, 18]. On the other hand, we need more sophisticated analysis tech-
niques to explain the practical success of symbolic algorithms.

In order to represent a directed graph G = (V, E) by an OBDD, we con-
sider its characteristic Boolean function xg, which maps binary encodings of
node pairs to 1 if and only if they correctly reflect G. This representation is
known to be not larger than classical ones. Nevertheless, we hope that advan-
tageous properties of G lead to small, that is sublinear OBDD size. Nunkesser
and Woelfel [13] show that OBDD representations of various kinds of Py-sparse
and interval graphs can be essentially smaller than explicit representations.

Problems typically get harder when their input is represented implicitly. For
circuit representations, this is shown in [1, 6, 14]. Because OBDDs may be expo-
nentially larger than circuits, these results do not directly carry over to problems
on OBDD-represented inputs. Feigenbaum et al. [5] prove that the Graph Ac-
cessibility Problem is PSPACE-complete on OBDD-represented graphs. First
efficient upper bounds on time and space of symbolic graph algorithms on spe-
cial inputs have been presented by Sawitzki [16, 18] and Woelfel [22]. These
results rely on restrictions on the complete-OBDD width of occurring OBDDs.
The representational power of complete OBDDs with bounded width is discussed
in [17].

The design of symbolic graph algorithms often pursues the aim of obtaining
polylogarithmic runtime w.r.t. |V| on special input instances. This requires two
conditions: A small number of executed OBDD operations and small size of all
occurring OBDDs. We contribute hardness results related to both conditions.

The paper is organized as follows: Section 2 formalizes symbolic algorithms
working on the characteristic Boolean function of an input string. This frame-
work enables us to describe a simulation of symbolic algorithms by parallel
algorithms in Section 3, which implies that P-complete problems have no sym-
bolic algorithms using a polylogarithmic number of functional operations, unless
P=NC. For none of the existing OBDD-based symbolic algorithm analyses so far,
a restriction on the input OBDD width suffices to prove efficiency. This would
correspond to a fixed-parameter tractable algorithm with the input’s OBDD
width as parameter. For various fundamental graph problems, such algorithms
do not exist unless P=PSPACE, which is shown in the second part of the pa-
per. After foundations on OBDDs in Section 4, we discuss the fixed-parameter
tractability of critical operations on OBDDs in Section 5. So we are able to prove
implicit versions of several graph problems to be fixed-parameter intractable in
Section 6. Finally, Section 7 gives conclusions on the work.

2 A Framework for Symbolic Algorithms

In order to formalize what typically makes a symbolic algorithm, we introduce
Symbolic Random Access Machines. A classical Random Access Machine (RAM)



gets its input as a binary string I € {0, 1}* on a read-only input tape and presents
its output O on a write-only output tape.

For B := {0, 1}, let us denote the ith character of a binary string z € B"™
by ; and let || := S0 2,2¢ identify its value. The class of Boolean functions
f:{0,1}™ — {0,1} will be denoted by B,,. We define the characteristic Boolean
function x; € By, of some I € BN by x(x) := I, for n := [log, N|, z € B",
and IN, e ,Ign_l = 0.

Definition 1. A Symbolic Random Access Machine (SRAM) M corresponds
to a classical RAM without input and output tapes. In addition to its working
registers R = Rg, Ri,... (containing integers), it has symbolic registers S =
S0, 51, ... which contain Boolean functions initialized to the zero function. The
input I is presented to M as characteristic Boolean function xj in So. Finally,
M presents its output O as xo in Sp.

Besides the usual RAM instructions, an SRAM M offers the following op-
erations on registers (resp. functions) S; and S;:

— Request the number n of Boolean variables all functions S; are defined on
(initially [logy N1 ).

— Increase the variable count n by some amount An € N.

— Set Sz = Sj.

— FEwaluate S; due to some variable assignment a € B™.

— Compute the negation S;.

— Compute S; ® S; for some binary infix operator ® € Bs.

— Replace a variable i for S; by a constant ¢ € B.

— Swap two variables xy, xp for S;, i.e., S'(xoy. .. XTpy .o, Tpy oo, Tpy) =
Si(xo, oy T—1, X0y T4 1y e ooy Lp—1y Lhy Ll41y - - - ,-Tn—l)-

— Decide whether S; = S;.

— Compute the number |S;(1)| of satisfying variable assignments.

— Write all satisfying variable assignments S;l(l) into R.

— Compute the subset of {xo,...,Tn_1} on which S; essentially depends on.

— Set Sy to some function f € B, represented in R due to some standard
encoding (e. g., as polynomial, circuit, or OBDD). The encoding must enable
to be evaluated in linear sequential time w. r. t. its length.

FEach operation costs one unit of time.

(The last operation enables to create fundamental building block functions hav-
ing some short description. Quantifications and variable replacements by func-
tions can be implemented by a constant number of negations and binary opera-
tors.)

This model is independent of a concrete data structure for Boolean functions;
it is chosen with the aim of showing lower bounds on the number of functional
operations. It covers what is considered as a symbolic resp. implicit algorithm
in most of the literature. Depending on the type of input data (e. g., graphs) the
definition of x; may vary; due to its interchangeability in this context, this does
not affect our results.



3 Parallel Simulation of Symbolic Algorithms

It is known from P-completeness theory that P-complete, FP-complete, resp.
quasi-P-complete problems cannot be solved by PRAMS in parallel time
O(logh N) using O(N¥) processors for problem size N and some constant k,
unless P=NC (see, e.g., [9]). Sieling and Wegener [20] present NC-algorithms
for all important OBDD operations. We use a simpler approach which suits
better for our purpose to prove the first main result of this paper.

Theorem 1. An SRAM M using time typ(N) and at most klog N Boolean
variables on implicitly represented inputs I € BY can be simulated by a CREW-
PRAM M’ in parallel time O((tp(N))?-log? N)) using O(N*) processors work-
ing on the explicit representation of I.

Proof. Each assignment a € B™ of the n < klog N Boolean variables the func-
tions of M can be defined on at any point in time is handled by its own processor
P, which locally saves the value S;(a) for all symbolic registers S; used so far.
Hence, 2" = O(N*) processors are used. At the beginning, P, reads cell |a| on the
input tape and sets Sp(a) accordingly. Common RAM instructions are executed
only on P,. Symbolic operations are simulated in parallel time O(t x((N)-log® N)
each (see Appendix A). Finally, Sy contains xo and each processor P, writes
So(a) into position |a| on the output tape. O

Corollary 1. Unless P=NC, (strongly) P-complete, FP-complete, and quasi-P-
complete problems cannot be solved by SRAMs in (pseudo-)polylogarithmic time
O(logF(N)) (O(log"(N) - log*(M))) using at most klog N Boolean variables,
where N is the input size, M is the mazimum magnitude of all numbers in the
input, and k is constant.

We briefly add an inapproximability result. Let A4 be a strongly quasi-P-
complete integer-valued combinatorial maximization problem whose optimal so-
lution value is polynomially bounded both in the input size N and the input’s
largest number M. Analog to Theorem 10.3.4 in [9] it follows:

Proposition 1. If A has a fully polynomial symbolic approximation scheme, it
can be solved by an SRAM in pseudopolylogarithmic time 0(logk(N) -logk (M))
using O(log N) Boolean variables, k constant.

Corollary 2. A has no fully polynomial symbolic approximation scheme using
O(log N) Boolean variables, unless P=NC.

We have proved that none of the many P-complete problems can be solved
by symbolic algorithms using a polylogarithmic number of functional operations
and O(log N) variables, unless P=NC. All existing symbolic methods known to
the author use less than 10log, IV variables, which is a usual restriction to keep
concrete data structures small. In particular, there is neither an NC algorithm
nor a P-completeness proof for the unit capacity maximum flow problem yet [9],



which gives a hint why not even the best known symbolic methods [16] for this
problem can guarantee polylogarithmic behavior on all the instances.

In the remainder of the paper, we will consider the complexity of problems on
OBDD-represented inputs, which makes it necessary to give some foundations
on this well-established data structure. Hence, the terms “implicit”, “symbolic”,
and “OBDD-based” will be used interchangeable.

4 Ordered Binary Decision Diagrams

A Boolean function f € B,, defined on variables xg, ..., z,_1 can be represented
by an Ordered Binary Decision Diagram (OBDD) [2]. An OBDD G is a directed
acyclic graph consisting of internal nodes and sink nodes. Each internal node
is labeled with a Boolean variable x;, while each sink node is labeled with a
Boolean constant. Each internal node is left by two edges one labeled 0 and the
other 1. A function pointer p marks a special node that represents f. Moreover,
a permutation 7w € X, called variable order must be respected by the internal
nodes’ labels on every path from p to a sink. For a given variable assignment
a € B™, we compute the function value f(a) by traversing G from p to a sink
labeled with f(a) while leaving each node labeled with z; via its a;-edge.

An OBDD with variable order 7 is called 7-OBDD. The minimal-size -
OBDD for a function f € B,, is known to be canonical and will be denoted by
7-OBDD]f]. Its size size(m-OBDD][f]) is measured by the number of its nodes.
We adopt the usual assumption that all OBDDs occurring in symbolic algorithms
have minimal size, since all essential OBDD operations produce minimized di-
agrams. On the other hand, finding an optimal variable order leading to the
minimum size OBDD for a given function is known to be NP-hard. Independent
of 7 it is size(m-OBDD{f]) < (2 + 0(1))2"/n for any f € B,.

Efficient algorithms on OBDDs. OBDDs offer algorithms (called OBDD
operations in the following) for nearly all the symbolic operations of Defini-
tion 1, which are efficient w.r.t. the size of involved OBDDs. The satisfiability
of f can be decided in time O(1). The negation f, the replacement of a variable
; by some constant ¢ (i.e., fi;;—.), and computing |f~!(1)| are possible in time
O(size(m-OBDD[f])). The set f~(1) of f’s minterms can be obtained in time
O(n-|f~'(1)]). Whether two functions f and g are equivalent (i.e., f = g) can
be decided in time O (size(r-OBDD]f])+size(r-OBDD][g])). The most important
OBDD operation is the binary synthesis f ® g for f,g € B, ® € By (e.g., A, V),
which corresponds to the binary operator of SRAMs; in general, it produces the
result --OBDD[f ®g] in time and space O (size(r-OBDD]f])-size(r-OBDD][g])).
The synthesis is also used to implement quantifications (Qx;)f for Q € {3,V}.
Hence, computing 7-OBDD [(Qz;)f] takes time O(size*(7-OBDDIf])) in gen-
eral.

Nevertheless, a sequence of only n synthesis operations may cause an expo-
nential blow-up on OBDD sizes, in general. The book of Wegener [21] gives a
comprehensive survey on different types of Binary Decision Diagrams.



Representing graphs by OBDDs. In Section 2, we defined characteristic
functions x; for inputs I of general problems. The next sections’ results will
mostly be connected to decision problems on graphs G = (V, E) with N nodes
vo, - - -, UN—1. Hence, we adapt the definition of x; to xg(z,y) = 1:& (|2, ly| <
N) A (Vg|,v)y) € E, where z,y € B" and n := [logy N, which is common in
the literature. Undirected edges are represented by symmetric directed ones. It
can be easily seen that this is equivalent to the definition of x; in Section 2 if T
is the row-wise adjacency matrix.

Symbolic graph algorithms typically use intermediate functions defined on a
constant number k > 2 of variable vectors (1, ..., 2(*) € B" mostly interpreted
as node numbers or components of them. Therefore, reordering a function’s
arguments becomes an important operation:

Definition 2. Let p € Xy and f € By, be defined on wvariable wvectors
e .. 2 € B". The argument reordering R,(f) € By, w.r.t. p is defined
by R, (f) (;,;(1)7 o 7x(k)) - f(;,;(ﬂ(l))7 o 7$(P(k)))_

In order to enable efficient argument reorderings (see Lemma 3), it is common
to use k-interleaved variable orders, denoted by 7y ,,, which read bits of same
significance en bloc:

1) *) (1) (k) (k) )
—1) ’

Tl i= (x,r(o), B L1y Ty(1yr e T

where 7 is the local order of every (), ..., z*®) . The order ﬂ}gn is called natural
in the following.

5 Fixed-Parameter Tractable OBDD Operations

Feigenbaum et al. have proved some fundamental graph problems to be hard if
the input is represented as OBDD. That is, there is no hope of beating classical
algorithms on explicit inputs in general. However, symbolic methods for maxi-
mum flows [16], shortest paths [18], and topological sortings [22] could be proved
to have polylogarithmic runtime when the input graphs are of special structure.
The analysis technique relies on the complete-OBDD width of Boolean functions:

Definition 3. An OBDD for f € B, is called complete if every path from its
function pointer to a sink has length n.

That is, complete OBDDs are not allowed to skip variable tests. The minimal-
size complete 7-OBDD for f € B, is also known to be canonical [21] and will
be denoted by m-OBDD,[f] in the following.

Definition 4. The complete-OBDD width of a function f € B, w.r.t. a vari-
able order m € X, is the mazimum number of OBDD nodes labeled with the same
variable in m-OBDD.]f].



Clearly, it is size(m-OBDD][f]) < size(n-OBDD.[f]) = O(nw) for any f € B,
with complete-OBDD width w and variable order 7. On the other hand, it is
size(m-OBDD.[f]) < n - size(m-OBDD][f]) (see, e.g., [21]).

We now briefly introduce the concept of fixed-parameter tractability. For a

comprehensive introduction, the reader is referred to the book of Downey and
Fellows [4].

Definition 5. (1) Let I' be a finite alphabet. A parameterized problem IT is
a map II: I' x N — I'*. The second component k of a problem instance
(I,k) € I'* x N is called the problem parameter.

(2) An algorithm for a parameterized problem II is called fixed-parameter
tractable (FPT), if it solves II in time O(N* - B(k)) on any instance
(I,k) € I'N x N for a constant o and an arbitrary function 3: N — N.

That is, II can be solved in polynomial time for fixed k. Recent symbolic
algorithm analyses [16, 18, 22] use that critical OBDD operations which may
cause OBDDs to grow are fixed-parameter tractable, where the complete-OBDD
width serves as the fixed parameter.

Let fM), ) ¢ B, be defined on variables g, ..., z,_1; assume f() resp.
f® has complete-OBDD width w; resp. ws w.r.t. some variable order m € X,,.

Lemma 1 (Binary synthesis). The binary synthesis result m-OBDD[f(") ®
f(Q)], ® € Bs, is computed in time O(nw1w2 log(nwlwg)) and space O(nwlwg)
and has a complete-OBDD width of at most wiws.

Often, symbolic algorithms contain quantification sequences over 2(n) vari-
ables of some variable vector (e.g., a graph node encoding). While each single
one is efficient, a sequence of length 2(n) may cause an exponential blow-up
in general. Hence, we consider the properties of quantifications over a subset of
variables.

Lemma 2 (Quantification). Let X C {xo,...,xn_l}. The quantifi-
cation result W—OBDD[(QX)f(l)], Q € {3V}, is computed in time
(9(|X|7122“’1 1og(n22“’1)) and space (9(|X|n22“’1) and has a complete-OBDD
width of at most 2.

Let f®) € By, be defined on variable vectors (Y, ..., z(®) € B"; assume f(3)
has complete-OBDD width w3 w.r.t. a variable order 7y ,,, 7 € Xy,. Let p € L.

Lemma 3 (Argument reordering). The argument reordering result R ,(f))
of f®) w.r.t. pis computed in time C’)(nwgkr?)k) and space (’)(nwg,Sk) and has
a complete-OBDD width of at most ws3".

(Proofs of Lemmas 1-3 can be found in Appendix A.)
As a final building block we introduce multivariate threshold functions, which
are used to implement weighted comparisons.

Definition 6 ([22]). Let f € By, be defined on variable vectors x(V ... z*) ¢
B™. Function f is called k-variate threshold function iff there are W € N, T € Z,
and aq,...,ar € {=W,..., W} such that
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e0as®) = (3o o] 7)
i=1

The corresponding class of functions is denoted by 'I['Kn.

Clearly, each of the relations >, <, <, and = can be composed of O(1) multi-
variate threshold functions.

Lemma 4 ([22]). Functions f € ']I‘Efn have complete OBDDs of width O(k*W)

using the natural variable order W}vdn.

Having considered all critical OBDD operations which may enlarge their
operands, Lemmas 1-4 imply a general result on the fixed-parameter tractability
of bounded sequences of operations.

Theorem 2. Let f € By, be defined on variable vectors xV, ... «*) e B™ for
a constant k. Assume f has complete-OBDD width w w. r. t. the variable order
mid,. Let S be a sequence of O(1)

— operations as introduced in Section 4 and
— quantifications over variable subsets X € B"
o)

e s and intermediate results generated by the

applied on f, functions from T
current prefix of S.

Each function generated by S has a complete-OBDD width of at most G(w)
w. 1. t. ﬁ}gn for some appropriate function 8: N — N. So S can be imple-
mented as an FPT algorithm on ﬂ}cdn—OBDD[f} with parameter w, runtime

O(nvy(w)log(n)), and space O(ny(w)) 1f0r some appropriate function v: N — N.

Using this result it is possible to prove that some OBDD-based graph algo-
rithms have polylogarithmic runtime w.r.t. N on special instances [16, 18, 22].
Nevertheless, for none of these analyses it is sufficient to restrict only the in-
put’s complete-OBDD width; for example, the symbolic shortest paths algorithm
in [18] requires also the output to have constant complete-OBDD width. This
motivates the question if there are any FPT algorithms for fundamental graph
problems whose parameter is associated solely to the input OBDD.

Starting from a PSPACE-hardness result in [5, Theorem 16], we show in the
next section that such algorithms do not exist for some basic graph problems,
unless P=PSPACE. This will incorporate FPT reductions build upon Theorem 2
which assure that the fixed parameter grows independently of N.

6 Fixed-Parameter Intractability Results

The Graph Accessibility Problem (GAP) is defined as follows: Given a directed
graph G = (V, E), decide whether there is a directed path from some source
s € V to some terminal ¢ € V. Due to Theorem 16 in [5], the GAP is PSPACE-
complete if G is represented by an OBDD for y¢.



The reduction generates an OBDD representing the configuration graph G aq
of a polynomially space bounded Turing machine M with some input I € B*.
The OBDD for x¢,, checks for each local pair (X,Y,Z),(X",Y’,Z’) of three
consecutive tape positions of the configuration encodings if they are consistent
with a computation step. From the construction in [5] it directly follows that
the complete-OBDD width of xg,, w.r.t. the natural 2-interleaved variable
order 7Ti2f71p 7)) is constant (i.e., independent of |I]), where p(|I]) is a polynomial
number oé Boolean variables used to encode one configuration. Hence, an FPT
algorithm for GAP on OBDDs would be able to decide in polynomial time w.r. t.
|1] if there is a path between the start and accepting configuration—we have our
first fixed-parameter intractability result:

Corollary 3 (from Theorem 16 in [5]). The GAP on OBDD-represented
graphs has no FPT algorithm with the fized parameter being the input’s complete-
OBDD width, unless P=PSPACE.

(In the following, we always assume that the fixed-parameter is the input’s
complete-OBDD width.)

In [18], the All-Pairs Shortest-Paths Problem (APSPP) on OBDD-
represented graphs is investigated assuming a canonical generalization to graphs
with edge weights c: E — N by xg(z,y,a) = 1 & c(v)z,v)y) = |al. An
FPT algorithm is presented whose fixed parameter depends also on the out-
put’s complete-OBDD width. This additional condition is necessary (unless
P=PSPACE) because the GAP can be trivially reduced to a shortest path prob-
lem. Similarly easy, the GAP can be reduced to the Maximum Flow Problem.

Proposition 2. Neither the APSPP nor the Mazimum Flow Problem on
OBDD-represented graphs has an FPT algorithm, unless P=PSPACE.

Analog to Theorem 3.2(1) in [3], the result G generated in the PSPACE-
hardness proof for GAP can be modified to three fundamental problems on
undirected graphs: Acyclicity, Connectivity, and the GAP in undirected planar
graphs, UPGAP. In doing so, the OBDD width is not essentially enlarged (proved
in Appendix A).

Theorem 3. Acyclicity, Connectivity, and the UPGAP have no FPT algo-
rithms on OBDD-represented graphs with 2-interleaved natural variable order,
unless P=PSPACE.

Last but not least, we transfer a selection of reductions from [1, 3, 12] to
symbolic OBDD-based reductions which satisfy the preconditions of Theorem 2
and, hence, are transitive FPT reductions (see, e. g., [4, Definition 9.3]). We write
A <s.ppr B if such a reduction exists for decision problems A and B.

Theorem 4. (1) Connectivity <g.ppr FEulerian-Cycle,
(2) UPGAP <gswpr Bipartiteness,
(8) UPGAP <gypr Planarity.



Proof. We describe reductions from xg € Ba, to xgr for G = (V,E), V =
{vo,...,on-1}, N=2" and G' = (V', E').

Part (1): We set V' := VU {u;; |0<i<j<N}U{a;b |0<i< N}
E’ contains E, {v;,a;}, {a;,b;}, and {b;,v;} for all 4, and {v;, u;;}, {wij,v;} iff
{vi,v;} € E. Note that all nodes in V' have even degree and G’ is connected iff
G is connected. Hence, G’ has an Eulerian cycle iff G is connected.

We define g+ on 4(n 4 1) variables with order i, , ;. A node number x €
B2("+1) consists of two concatenated variable vectors of length n + 1 each. Bits
ZTp—1...xo encode the index 4, bits xa, ...x,+1 encode the index j for nodes
u;,j, and the remaining bits z, and 2,41 encode the node type (i.e., v, u, a, or
b). We denote these three components of a node number z by i(z), j(z), resp.
T'(z) and define

xe (@,y) = [(T(x) = T(y) = v) A xa(i(z),i(y))]

)
Vv [(T(z) = v) AT (y) = a) A (i) = i(y))]
Vv [(T(z) = a) A (T(y) = b) A (iz) = i(y))]
Vv {(T(x) =b) AT (y) =v) A(i(2) = i(y))]
vV [(T(z) =v) AT (y) = u) A (iz) = i(y) A xali(y) 5()]
V[(T(@) = u) AT(y) =v) A (@) = 5() Axelilz),j(2))]
where tests T'(z) = v,u,a,b check z, and 22,41 and ensure [j(z)] = 0 for

Part (2): We set V' := (VUE) x {1,2}U{w}. E’ contains edges {(v,7), (¢,¢)}
fore € E,v € VNe, and r = £. Moreover, £’ contains {(s, 1), (s, 2)}, {(t, 1),w},
and {(t, 2), w} for source and terminal s,t € V. G’ contains an odd cycle (i.e.,
is not bipartite) iff G' contains a path between s and .

We define g+ on 4(n + 2) variables with order i, ,,. A node number x €
B2("+2) consists of two concatenated variable vectors of length n + 2 each. The
additional bits x,, Tn+1, Tont2, and zo,4+3 are used to encode the node type
(i.e., v, e, or w) and the copy index (i.e., 1 or 2). We denote z,_1...2¢ by
i(2), Tant1 - .- Tnt2 by j(z), the type by T(x) € {v,e,w}, and the copy index
by c(z) € {1, 2}.

X (z,y) =
[(T(@) = v) AT (y) =) A (i) = i(y)) A (c(@) = e(v)) A xa(i(y), 5(y))]
v [(T(z) =€) A )

) (T(y) =v) A (G(2) = §(y) A (e(x) = c(y) A xa(i(x),j(z))]
V(T (x) = T(y) = v) A (Vi) = Vjity)] = 8) A ( )
)

V[(T(z) =v) A(T(y) = w) A (Vi) =1)]

where tests against T'(x) and c¢(x) check the additional bits x,, Tnt1, Tont2,

and x2,43 and ensure |j(z)| = 0 for T(z) = v as well as |i(z)|,|j(z)] = 0 for
T(z) =w.
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Part (3): We set V' := V U {w1, ws,ws} and define wy := s and ws := t.
E’ is obtained by adding the edges of the complete graph on wq,...,ws to E
except of the edge {wy,ws}. Because G is planar, G’ is planar iff there is no
path between s = w4 and t = ws. Now the definition of x¢s in terms of binary
operators and comparisons is straightforward and left to the reader.

Final thoughts: In order to obtain an undirected graph G’, we set x¢ (z,y) :=
xe (z,9) V xar (y, ). Additional singletons appearing due to the node encoding
do not affect any of the three considered graph properties. We have seen that x g
can be expressed in terms of a constant number of disjunctions, conjunctions,
negations, and argument reorderings applied to the original yg, multivariate
threshold functions from ']I‘gg; O(n)’ and intermediate results. Due to Theorem 2,
all three reductions can be implemented as an OBDD-based FPT algorithm on
the Wigf}n—OBDD for xq. |

Because Theorem 3 satisfies the preconditions on the variable order of The-
orem 2, we conclude:

Corollary 4. None of the problems Bipartiteness, FEulerian-Cycle, and Pla-
narity on OBDD-represented graphs has an FPT algorithm, unless P=PSPACE.

In contrast to this paper’s exemplary applications of the symbolic FTP re-
duction technique, more sophisticated reductions (e.g., to the Bipartite Perfect
Matching Problem [3]) require quantifications and more complex multivariate
threshold functions.

7 Conclusions

The complexity of problems on implicitly represented inputs has been consid-
ered from two different points of view: First, the number of Boolean operations
as a lower bound on the over-all runtime of typical symbolic algorithms. Un-
less P=NC, no P-complete problem can be solved by (9(10g;]C N) operations on
functions defined on O(log N) variables.

Then, we turned to lower bounds on the concrete over-all runtime of OBDD-
based graph algorithms. While the hardness of some basic problems in this sce-
nario was already known, we showed that even the restriction to inputs with con-
stant complete-OBDD width does not yield polylogarithmic algorithms w.r. t.
|V|, unless P=PSPACE. While applied to a selection of fundamental problems
yet, the technique of symbolic FPT reductions can be used for various further
problems on OBDD-represented inputs by substituting existing constant depth
reductions and projections used for circuit representations (which are more pow-
erful in general, see [21, Section 4.12]).

We conclude that symbolic resp. OBDD-based algorithms, though very suc-
cessful in practical applications, have quite limited capabilities on many polyno-
mially solvable problems, even for strongly restricted instances.

Acknowledgments. Thanks to Detlef Sieling and Ingo Wegener for proof-
reading and discussions.
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A Additional Proofs

Proof (Addendum to Theorem 1). We consider the parallel simulation of all
functional SRAM operations of Definition 1 assuming that Sy serves as register
for symbolic results.

Increasing the variable count. In order to increase the amount n of variables
by An, we first write all function values into R-registers. Assume the SRAM
M has activated the symbolic registers Sy, ..., Sr_1. Processor P, writes
all locally stored values Sp(a),...,Sr—1(a) into the shared R-registers o +
la| - L,...,0+|a|- L+ L — 1, where o is some offset in order to preserve the
current working state of R. Then, we activate further 274" — 2" processors.
If a processor represented assignment a € B”, it now represents 0°™a. A new
processor P, for b € BA" and ¢ € B" reads its local function values from
R-registers o+ |c| - L,...,0+|c|- L+ L —1.

Copying register S; to S;. Each processor P,, a € B", sets S;(a) to Sj(a). If
S; has not been used yet, it allocates local memory for S;(a).

Evaluating S;. To evaluate S; for an assignment a € B™, processor P, writes
Si(a) in working register Ryg. L

Negating S;. Each processor P,, a € B", sets Sy(a) to S;(a).

Computing S; ® S;. Each processor Py, a € B, sets Sy(a) to S;(a) ® S;(a).

Replacing variable z; by constant ¢ for S;. Analog to increasing the num-
ber of variables, each processor P,, a € B", writes its function value S;(a)
into position |a| within a free interval of shared R-registers. Then, each P,
locally sets Sp(a) to S;(b) as read from the corresponding shared R-register,
where b:=agp,...,05—1,C, Qfg1,---,Qn_1-

Swapping variables x; and z, for S;. Analog to increasing the number
of variables, each processor P,, a € B™, writes its function value
Si(a) into position |a| within a free interval of shared R-registers.
Assume k < ¢ Each P, locally sets Sp(a) to S;(b), where b :=
AQy e ooy Afg—1, A0y Qg1+ + 5 Ap—1, AL, Ap41y .-« y Ap—1.

Deciding whether S; = S;. Analog to increasing the number of variables,
each processor P,, a € B", writes its function value S;(a) into position |a]
within a free interval of shared R-registers. Assume that S;(b) and S;(b+ 1)
are placed in neighboring R-registers for b € B™ with by = 0. Each such
value pair is assigned to its own processor P, which compares them and
writes the result into the |b,—1 ...b1[th R-register of some interval of on—1
free R-registers. If S;(b) = S,;(b), P, writes their common value; else, it is
S; # S; and we abort. The procedure is applied on the remaining 2"~! val-
ues and is repeated until the number of pairs is 1—the final result is known.
The parallel runtime is O(log N).

Computing |S; 1(1)|. Analog to increasing the number of variables, each pro-
cessor P,, a € B", writes its function value S;(a) into position |a| within
a free interval of shared R-registers. Assume that S;(b) and S;(b + 1) are
placed in neighboring R-registers for b € B™ with by = 0. Each such value
pair is assigned to its own processor P, which writes S;(b) + S;(b+ 1) into
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the |b,—1...b1|th R-register of some interval of 2"~1 free R-registers. The
procedure is applied on the remaining 2"~! values and is repeated until the
number of pairs is 1—the final result is known in parallel time O(log N).

Writing Si_l(l) into the shared memory R. Analog to increasing the num-
ber of variables, each processor P,, a € B", writes its function value S;(a)
into position |a| within a free interval of shared R-registers. Assume that
S;1(1) should be written into shared R-register positions 0,0+ 1,.... If b is
the jpth satisfying assignment, its n binary digits are written into R-registers
o+(jpb—1)n,...,0+jp-n—1by processor Py; the over-all parallel time for this
step is O(n) = O(log N). Before this final output step, we have to compute
b’s rank jp. This is done through n—1 = O(log N) iterations similar as for de-
ciding S; = S;. At the beginning of the kth iteration, b’s rank jék) within the
interval a, ..., is known for a := [|b|/2¥"1] - 21 and B := a +2F"1 — 1.
For assignments b which lie in the left half of the next coarser interval of
length 2% (i.c., b < [[|b]/2%] - 28 +26=1 = @' it is ;Y = i) 1f b lies in
the right half, its processor P, computes jékﬂ) =
since jgi)l corresponds to the sum of ones in the interval 5/ —2%=1, ... 3 —1.
The over-all parallel time is O(log V), too.

Computing S;’s essential variables. Analog to increasing the number of
variables, each processor P,, a € B", writes its function value S;(a) into po-
sition |a| within a free interval of shared R-registers. Then, we check for each

jék) +jgi)1. This is correct

variable z; € {xo,...,zn—1} if its is essential to S;: This is the case, iff not
all 2"~1 pairs S;(b), S; (V') are equal, where b = cq, ..., ¢j—1,0,¢j41,. .., Cno1
and V' = cg,...,¢j—1,1,Cj41,. .., Cn_1 for all ¢ € B"1. Analog to deciding

S; =S, this equality check can be done in parallel time O(log N) implying
an over-all parallel time of O(n -log N) = O(log® N).

Setting Sy to some function f. Each processor P,, a € B"™, just sets
So(a) := f(a). Because the encoding of f has at most length tr((N), its
evaluation takes time O(taq(N)).

O

Proof (Lemma 1). We adopt the usual assumption that the binary synthesis
is computed by recursively constructing the reachable subgraph of the prod-
uct graph of m-OBDD[f()] and 7-OBDD[f(?)] (see [21], Chapter 3). Assume
that the result of a recursive call is placed into a dictionary D with logarith-
mic access time. The constructed part of the product graph will be denoted by
7-PROD[f(), f?)]. Moreover, we assume w.1l.o.g. 7 = id.

At first, we prove the lemma’s statements for the computation of
id-OBDD,[f") ® f®)] from id-OBDD.[f"] and id-OBDD.[f®)]. Consider
OBDD nodes v; of id-OBDD.[f(")] resp. vy of id-OBDD.[f®)] representing
subfunctions ¢ resp. ¢®. Due to both OBDDs being complete, ¢(*) and
g(2) participate in a recursive computation g(l) ® g(2) if and only if v; and
vg are labeled with the same Boolean variable x;. Hence, the reachable subgraph
id-PROD.[f()), )] contains at most w;ws nodes labeled with 2; and has size
O(nwlwg). Looking up the result of ¢(!) ® ¢(® in D takes time O(log(nwlwg))
leading to the over-all time of O(nw1w2 1og(nw1w2)).
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We now investigate the binary synthesis of minimal-size OBDDs
id-OBDD[f(V)] and id-OBDD[f(?)]. In general, id-PRODIf, g] for some functions
f,g may have worst-case size {2(size(m-OBDD]f]) - size(m-OBDD]g])), because
recursive computations may combine nodes with different variable labels. This
is not the case for fV) @ f@.

Consider OBDD nodes v; of id-OBDD[f(!)] resp. vy of id-OBDD[f?] rep-
resenting subfunctions ¢! resp. ¢(®. Let v; be labeled x; and vy labeled
x; with i < j. If id-PROD[f(), f®)] contains a product node (v, vs), then
id-PROD.[f(V), )] contains a node (vy,v}) which also represents gtV @ ¢g(2).
Node v} represents g(® and is labeled by ;. Because every pair (g1, g(®) of
subfunctions of f(1) and f( is represented at most once in id-PROD[f(), f(?)],
there is an injective map from the nodes of id-PROD[f(1), (2] to the nodes of
id-PROD.[f(), f?)] implying that also id-PROD[f(), f(?)] has at most width
wirwy. O

Proof (Lemma 2). Let X = {x;,,...,2;.} and assume w.l.o.g. m = id. Let V;
denote the set of OBDD nodes of m-OBDD,[f(!)] labeled with variable z;. We
construct an OBDD G* (not necessarily of minimal-size) that also represents
fM: G* consists of the node set V* := Uo<icn P(Vi), where v € P(V;) is labeled
by x;. Moreover, we define the a-successor v(a), a € B, of a node v € V* by
v(a) := U,e,dw(a)}. For v* being the unique node of 7-OBDD,[f(V)] labeled
by g, the function pointer of G* points to {v*}.

Let G; be the OBDD for the intermediate quantification result
(Quy, ... x4y ) ) =t g9 We perform the quantification over z;, by replacing
all edges (u,v) by (u,v(0) Uv(1)) for all nodes v € P(V;,). If the evaluation
traversal on G visits v(0) Uv(1), this node represents all nodes reachable in the
original OBDD 7-OBDD,[f(M)] for any assignment of the quantified variables
Ly .,ZL'Z'J..

In generating G* and Gy, ..., G}, we also create terminal subsets of B. When
applying a sequence of existential quantifiers (Q = 3J), the sets {1} and B are
replaced by the terminal 1 and all others by 0—it suffices if one assignment of
the quantified variables leads to 1. When applying universal quantifiers (Q = V),
only the set {1} is replaced by 1—all assignments must lead to 1.

We have constructed a complete OBDD G for (QX)f M of width
2"t implying the same width bound for the minimal-size complete OBDD
id-OBDD[(QX)f(l)}. This result is generated by r = |X| quantification opera-

tions (Qu;; ) each involving one binary synthesis g(jflz)()@g(jfl) (see, e.g., [21]).

|Iij ‘:E,,J =1
Because ¢/~ has at most width 2%, Lemma 1 implies that each of the r binary
syntheses takes time (’)(n22w1 1og(n22w1)) and space (’)(n22“’1). a

Proof (Lemma 3). Each variable 27 can be brought to its new position p=(5)
within bit significance block 7 by a sequence S;; of at most k — 1 swap op-
erations exchanging the positions of two subsequent variables (see, e.g., [21,
Definition 5.7.1]). At first, we consider ﬂ';,n—OBDDC[f(?’)]:
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We assume w.l.o.g. that p~1(j) < j. That is, the swap sequences move
argument () to a “higher” position with smaller index. So the whole argument
reordering corresponds to no more than (k — 1)n sequences S; ; each shorter
than k. Analog to [21, Theorem 5.7.4] it can be easily seen that the subset
{S0,j;...,5n—-1,;} increases the complete-OBDD width at most by a factor of
3. Altogether, the result Rp(f(3)) has complete-OBDD width w33*. This bound
holds in particular for the minimal-size OBDD 7  -OBDD [Rp(f(3))].

Each of the k subsets {So j,...,Sn—-1,j}, 1 < j <k, is done in linear time and
space w.r.t. its result of size O(nw33k) implying time O(nwgk?)k) and space
O(nwg.?)k). O

Proof (Theorem 3). We modify the construction in [5, Theorem 16] to ob-
tain PSPACE-hardness results for Acyclicity, Connectivity, and the UPGAP
on OBDD-represented graphs starting with the UPGAP.

Let M be a deterministic polynomially space bounded Turing machine and
I € BY an input of length N for M. We assume that M counts its computation
steps on an extra tape. If no decision has been made after 2P(N) configuration
changes (p being an appropriate polynomial), then M rejects I. After finishing
its computations, M cleans its working tape. So any computation starting from
some configuration C* of M ends in either a unique rejecting configuration Cj
or a unique accepting configuration C;. This holds also if C* is not reachable
from the start configuration C; corresponding to input I.

The directed configuration graph G x4 for M on I contains an edge between
configurations C' and C’ iff C' is the deterministic successor of C. It is a planar
forest consisting of two trees rooted at both end configurations. We consider the
undirected version G, of Grq: Machine M accepts I if and only if the start
configuration C7 is connected to C1 in GY),.

Each configuration resp. node of G s can be encoded by a binary string of
polynomial length. Due to Theorem 16 in [5], there is a W;(}poly(m)—OBDD for
XG e With constant complete-OBDD width. Hence, Theorem 2 applies and the
operations in xay, (7,y) = XGum(T,¥) V XGu (¥, ) leave the complete-OBDD
width constant. We have proved the theorem’s statement for UPGAP.

For Acyclicity, we assume that M makes at least two configuration changes
on any I. We add the edge {Cr,C1} to Gar by xa (2, y) V [(z = Cr) A (y =
Cl)] =: X¢ before computing x¢v . The result has a cycle containing Cr and Cy
if and only if M accepts I. Again, the computation of xg/ consists of a constant
number of binary operators, comparisons, and argument reorderings and leaves
the complete-OBDD width constant due to Theorem 2. We have proved the
theorem’s statement for Acyclicity.

For Connectivity, we add the edge {Cr,Co} to Gar by xau(z,y) V [(x =
Cr) Ay = CO)] =: Xg~ before computing xgy,. So both trees in G}, are
connected by Cy if and only if C; and Cy are connected, i.e., M accepts I.
Again, the computation of xg~ consists of a constant number of binary oper-
ators, comparisons, and argument reorderings and leaves the complete-OBDD
width constant due to Theorem 2. We have proved the theorem’s statement for
Connectivity. O
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