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Problem Definition

General problem:

m Schedule N independent tasks onto m parallel identical
machines

m Job / has execution time t; € N

m Decision variant: Is there a schedule S: [N] — [m] with
makespan at most D?

m NP-hard even for m = 2!
Restricted problem:
m Only k different execution times: |{t1,...,tn}| = k
m Dynamic Programming: O(Nz(k_l) -log m) (Leung 1982)
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Leung’s Scheduling Algorithm (1/2)

m Let there be N; jobs with time t;, i =1,... k

Compute table T with entries T(¢, p1,...,pk—1) = E s.t.:
0< /< logym

0<pi <N,

E type-k-jobs can be scheduled onto 2¢ machines together
with p; type-i-jobs (i =1,...,k —1),

E is maximum

T has size

(logom+1)- (Ny + 1)+ (Ni_g + 1) = O(Nk*1 log m)

m Valid schedule exists < T(logy m, Ny, ..., Nxk_1) > N
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Leung’s Scheduling Algorithm (2/2)

m Initial values for 1 = 2% machines:

T(0,p1,...,pk—1) {( Zt: P/>/th

m Recursion:

T(£+ 17pla . '7pk—1)
= max{T(f, ar, ..., ak_l) + T(f, bi,..., bk—l)
| Vi: pi = a; + bi}

m Time per entry: O((Ny + 1) (Nk_1 + 1)) = O(NK71)
m Altogether: (’)(Nz(kfl) -log m)
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Ordered Binary Decision Diagrams (OBDDs)

(Bryant 1985)
m Represents f: {0,1}" — {0,1} on
variables xg, ..., x,—1 € {0,1}

m OBDD ¢ is acyclic digraph with inner
nodes and sinks

m |nner nodes: Labeled with variable, left
by 0- and 1-edge

m Sinks correspond to f(xp, ..., Xn—1)

m Pointer marks source node s

m Variables areread w.r.t. 1€ X,
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OBDDs — Properties and Operations

m OBDD are well-established in CAD and Model Checking
m Every function f on n vars. has an OBDD of size
(24 0(1))2"/n
m Hope for structured function: OBDD size poly(n)
m Efficient operations on OBDDs Gr and G:
m Binary Synthesis: f ® h in time O(size(Gr) - size(Gp))
m Quantification: (3/Vx;)f in time O (size?(Gr))
m Equivalence Check: f = h in time O(size(Gr) + size(Gp))
m Variable Replacement: fi,._q/1 in time O(size(Gr))

Daniel Sawitzki On Symbolic Scheduling Independent Tasks



The Algorithm
Computing 7
Computing 7y
Time/Space

A Symbolic Scheduling Algorithm

A Symbolic Scheduling Algorithm

min

m Motivation: Table size Q(N"’1 -log m) intractable

Daniel Sawitzki On Symbolic Scheduling Independent Tasks



The Algonthm

A Symbolic Scheduling Algorithm Gomputine r“ L

Time/Space

A Symbolic Scheduling Algorithm

min

m Motivation: Table size Q(Nk L. log m) intractable
m Hypothesis: Table T is well-structured = Compact OBDD

Daniel Sawitzki On Symbolic Scheduling Independent Tasks



The Algorithm
Comput;
Computing 7y
Time/Space

A Symbolic Scheduling Algorithm

A Symbolic Scheduling Algorithm

m Motivation: Table size Q(Nr’;;]1 -log m) intractable

m Hypothesis: Table T is well-structured = Compact OBDD
m Heuristic: Represent T's fth row by Boolean function 7

Tg(pl,. . .,pk) =1:& T(ﬁ,pl,. . .,pkfl) = Pk
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A Symbolic Scheduling Algorithm

min
m Hypothesis: Table T is well-structured = Compact OBDD
m Heuristic: Represent T's fth row by Boolean function 7

m Motivation: Table size Q(Nk L. log m) intractable

To(p1,.- -, pk) =1: T(,p1,...,Pk—1) = Pk
m Compute OBDDs 7, by func. operations and building blocks:

f(pl,---,Pk <ZWI P,Z‘D)

f(p17"‘7pk <
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- pi = ® mod /\/I)>
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m Problem: 7y contains division and floor function

k-1
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A Symbolic Scheduling Algorithm: Computing 7

m Problem: 7y contains division and floor function
B = Rewrite 79 s.t. it consists solely of building blocks

k-1
o(pL,--sPk) =1 & PkZKD—Zti'Pi>/th
i=1
< (Jy,2) (y D— Zt p,) (Iz] < t)

ANly—z=0mod tx) A(y =tk - px + 2)
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Recursion:
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k
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A Symbolic Scheduling Algorithm: Computing 7/,

Recursion:

hﬁ+1(P17 s 7pk) =
k

(3a1, b1, ..., ak, bk) /\ (pi = aj + b;)
i=1
/\Tg(al, RN ak) A Tg(bl, ceey bk)
Maximality:

To41(p1, - -5 Pk) = heya(p1, - - Pk)
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A Symbolic Scheduling Algorithm: Time/Space

The algorithm executes O(k - log m - log(mD)) OBDD operations
on OBDDs with ©(k - log(mD)) Boolean variables.

m Time for each operation on some OBDD G: O(sizez(g))
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A Symbolic Scheduling Algorithm

A Symbolic Scheduling Algorithm: Time/Space

The algorithm executes O(k - log m - log(mD)) OBDD operations
on OBDDs with ©(k - log(mD)) Boolean variables.

m Time for each operation on some OBDD G: O(sizez(g))
m Trivial bound on OBDD size: O((mD)3*+2)

(by bound (2 + o(1))2"/n for every f: {0,1}" — {0,1})
m Hope: Much more compact OBDDs due to structure of T!

m = Experiments on random instances
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Experimental Setting

Properties of random instances:
m Expected load E[L] := Zf'(:l ti- N; = (mD)/1.2
m Load L is distributed uniformly onto task types 1,..., k
m Task count N; is drawn uniformly due to mean parameter
E[Ni]
m Execution time t; is drawn due to uniform, exponential, or
Erlang distribution
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Experimental Setting

Properties of random instances:
m Expected load E[L] := Zf'(:l ti- N; = (mD)/1.2
m Load L is distributed uniformly onto task types 1,..., k
m Task count N; is drawn uniformly due to mean parameter
E[Ni]
m Execution time t; is drawn due to uniform, exponential, or
Erlang distribution
Chosen parameters:
m Three series with mD = 800, 1600, 3200 and kK = 3
m Within each series: m=2,4,8,16,32
m 10 values for E[N;] € {(mD)/6,...,(mD)/3}

m 20 random instances per setting
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Example:
m mD =3200, k=3 g
m Exponential distr. t;s g ]
m Plot: log(B/S) vs. log B BT + ﬁiﬁ . ]
10 b ‘;*‘Ei LI ]

0 12 14 16 18 20 22 24 26 28 30
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Example:

m mD = 3200, k =3 @
< 20+ 4
m Exponential distr. t;s g
m Plot: log(B/S) vs. log B =T . §§ " ]
10 + é;**sﬁ R . il
5 L .‘ L L . L L L .

10 12 14 16 18 20 22 24 26 28 30
log B

Observations:
m Small N, large t;s = small T, large OBDDs
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Experimental Results

Example:

m mD = 3200, k =3 g

m Exponential distr. t;s 2 *

m Plot: log(B/S) vs. log B "
10
5

Observations:

Setting
Results

N

Yex

10

log B

m Small N, large t;s = small T, large OBDDs
m Large N, small t;s = large T, small OBDDs

30
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Setting
Results

Experimental Results

Experimental Results

Example: Regression ?:sﬁlzt S
25 + 4
m mD =3200, k=3 @
< 20+ 4
m Exponential distr. t;s g §€§
15 | ~ e o ]
m Plot: log(B/S) vs. log B ) ;ﬂ‘iﬁ 1< .
10 + é;**sﬁ R . il

0 12 14 16 18 20 22 24 26 28 30

Observations:
m Small N, large t;s = small T, large OBDDs
m Large N, small t;s = large T, small OBDDs
m Break-even point depends on mD, k, and t;-distribution
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Conclusions

Conclusions

m For the first time, OBDDs have been applied in Dynamic
Programming and scheduling

m Many jobs with small execution times = Structured DP table

m Structured DP table enables OBDD-based algorithm to beat
Leung's algorithm
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Conclusions

“That's all Folks!”
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