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Abstract. Ordered Binary Decision Diagrams (OBDDs) are a data
structure for Boolean functions which supports many useful operations.
It finds applications in CAD, model checking, and symbolic graph algo-
rithms. We present an application of OBDDs to the problem of schedul-
ing N independent tasks with k different execution times on m identical
parallel machines while minimizing the over-all finishing time. In fact,
we consider the decision problem if there is a schedule with makespan
D. Leung’s dynamic programming algorithm solves this problem in time
O(logm . N2(k71)). In this paper, a symbolic version of Leung’s algo-
rithm is presented which uses OBDDs to represent the dynamic program-
ming table T'. This heuristical approach solves the scheduling problem
by executing O(k log mlog(mD)) operations on OBDDs and is expected
to use less time and space than Leung’s algorithm if T is large but well-
structured. The only known upper bound of O((m . D)3k+2) on its re-
source usage is trivial. Therefore, we report on experimental studies in
which the symbolic method was applied to random scheduling problem
instances.

1 Introduction

The problem of nonpreemptively scheduling N independent tasks with integral
execution times on m identical and parallel machines while minimizing the over-
all finishing time (the makespan) is one of the most fundamental and well-studied
problems of deterministic scheduling theory. It is known to be NP-hard in the
strong sense [5]. In this paper, we consider the restricted case that the tasks
have only a constant number k of different execution times. Moreover, we are
interested in the decision problem if there is a schedule with makespan not larger
than D. This restricted problem is simply referred to as scheduling problem
throughout this paper.

Definition 1 (Scheduling Problem). A scheduling problem P consists of
k execution times t1,...,tx € IN, corresponding demands Ny,..., Ny € IN, a
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number m of machines, and a makespan bound D. The over-all demand of P
is defined by N := ", ... Ni.

A schedule S: {1,...,k} x {1,...,m} — IN for a scheduling problem P is
called valid if 3372, S(i,j) > Nj for everyi € {1,...,k} and Zle t;-S(i,7) < D
for every j € {1,...,m}.

A scheduling algorithm has to decide if there is a valid schedule S for P.

Leung [13] presents a scheduling algorithm with time (’)(log m- Nz(k’l)) and
space (’)(logm - N (k_l)). Following a dynamic programming approach, it com-
putes a table T of O(logm - N*~1) partial solution values. The author considers
the algorithm as polynomial for constant k because the input size of general
scheduling problems is 2(N). However, due to the restriction to k different exe-
cution times, the input can be represented by 2k + 2 numbers of length log(mD).

The idea behind the symbolic scheduling algorithm presented in this paper
is to use Ordered Binary Decision Diagrams (OBDDs) [3L/4,22] to represent the
dynamic programming table 7. OBDDs are a data structure for Boolean func-
tions offering efficient functional operations, which is well-established in many
areas like CAD, model checking [8][14], and symbolic graph algorithms [9,[18]17]
20,23]. Tt is known to be a compact representation for structured and regular
functions and allows to compute many table entries in parallel by few operations
applied to the corresponding OBDDs. On the one hand, we expect this approach
to require essentially less space than Leung’s method; on the other hand, this
implies also less runtime, because the efficiency of OBDD operations depends on
the size of their operands.

In order to analyze the behavior of symbolic OBDD-based heuristics, we have
to analyze the OBDD size of all Boolean functions occurring during their exe-
cution. This is known to be a difficult task in general and has been done only
in a few pioneer works so far [I8,20L21123]. So in most papers the usability of
symbolic algorithms is just proved by experiments on benchmark inputs from
special application areas [9T0,[12][15,24]. In other works considering more gen-
eral graph problems, mostly the number of OBDD operations (often referred to
as “symbolic steps”) is bounded as a hint on the actual runtime [2,6][7]16].

To evaluate the usefulness of the presented scheduling method, it has been
implemented and applied to random input instances for k = 3 due to three pop-
ular distributions of execution times. On these instances, the symbolic algorithm
was observed to beat Leung’s scheduling algorithm w.r.t. time and space if the
product P := II J]:lle of task quantities is sufficiently large.

The paper is organized as follows: Section ] introduces OBDDs and the op-
erations offered by them. Then, Sect. B gives some preliminaries on symbolic
algorithms and their notation. After a brief description of Leung’s algorithm
in Sect. @, we present the symbolic scheduling method in Sect. Bl The exper-
iments’ setting and results are documented in Sects. [0l and [11 Finally, Sect. Bl
gives conclusions on the work.
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2 Ordered Binary Decision Diagrams (OBDDs)

We denote the class of Boolean functions f: {0,1}" — {0,1} by B,. The ith

character of a binary number x € {0,1}" is denoted by z; and || := 37" ;2!
identifies its value.
A Boolean function f € B,, defined on variables xg,...,x,_1 can be repre-

sented by an Ordered Binary Decision Diagram (OBDD) [3,[4]. An OBDD §G
is a directed acyclic graph consisting of internal nodes and sink nodes. Each
internal node is labeled with a Boolean variable z;, while each sink node is
labeled with a Boolean constant. Each internal node is left by two edges one
labeled by 0 and the other by 1. A function pointer p marks a special node
that represents f. Moreover, a permutation m € X, called variable order must
be respected by the internal nodes’ labels on every path from p to a sink. For
a given variable assignment a € {0,1}", we compute the function value f(a)
by traversing G from p to a sink labeled with f(a) while leaving a node z; via
its a;-edge.

An OBDD with variable order 7 is called 7-OBDD. The minimal-size 7-
OBDD g for a function f € B, is known to be canonical. Its size size(G) is
measured by the number of its nodes and will be denoted by 7G|[f]. We adopt
the usual assumption that all OBDDs occurring in symbolic algorithms have
minimal size, since all essential OBDD operations produce minimized diagrams.
On the other hand, finding an optimal variable order leading to the minimum
size OBDD for a given function is known to be NP-hard. There is an upper
bound of (2 + 0(1))2"/n for the OBDD size of every f € B,,.

The satisfiability of f can be decided in time O(1). The negation f as well
as the replacement of a function variable z; by a constant a; (i.e., fz,—a,)
is obtained in time O(size(rG[f])) without enlarging the OBDD. Whether
two functions f and g are equivalent (i.e., f = g) can be decided in time
O (size(wG[f]) +size(mG[g])). These operations are called cheap. Further essential
operations are the binary synthesis f®g for f,g € By, ® € By (e.g., “A” or “V”),
and the quantification (Quz;)f for a quantifier Q € {3,V}. In general, the result
TG[f @ g] has size O (size(rG[f]) - size(rG[g])), which is also the general runtime
of this operation. The computation of 7G [(Qz, ) f] can be realized by two cheap
operations and one binary synthesis in time and space (D(Size2 (mg]| f]))

The book of Wegener [22] gives a comprehensive survey on different types of
binary decision diagrams.

3 Preliminaries on Symbolic Algorithms

The functions used for symbolic representations are typically defined on a num-
ber of m subsets of Boolean variables, each having a certain interpretation within
the algorithm. We assume w.1. 0. g. that all arguments consist of the same num-
ber of n Boolean variables. If there is no confusion, both a function f € B,
defined on (M ... 2™ € {0,1}" as well as its OBDD representation 7G|[f]
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RO

, 7;—1) over all n

will be denoted by f in this paper. Quantifications (Qacéi), e
variables of argument ¢ will be denoted by (QJ;(“).

Argument reordering. Assume that each of the m function arguments
S B O {0,1}" has its own variable order 7; € X,. The global
order m € X, is called m-interleaved if it respects each 7; while
reading variables xgl) with same bit index j en bloc, that is, = :=

(1) (2) (m) (1) (m)
(xn(o)’ Loy (07 2 T (0) Ty (1) xrm(nq)) .

Let p € ¥,, and f € By, be defined on variables z(), ... (™) ¢ {0,1}".
A function ¢ € B, is called the argument reordering of f w.r.t. p if
g(z®, .. 2m) = f(2e@) . 2P(m)) Computing argument reorderings is
an important operation of symbolic algorithms and is possible in linear time and
space O(n) if an m-interleaved variable order is used and m is constant (see [19]).

Multivariate threshold and modulo functions. The symbolic scheduling
algorithm contains comparisons of weighted sums with threshold values like
f(z,y, z) == (a-|z|+bly| > T),a,b,T € Z, which can be realized by multivariate
threshold functions.

Definition 2 (Woelfel [23]). Let f € B, be defined on variables
M (M) € {0,1}". Then, f is called m-variate threshold function iff there
are W e N, T € Z, and wy,...,w, € {—W,...,W} such that

f(aj(l),...,m(m)) - (Zw . ‘xu) > T)
=1

Clearly, the relations >, <, <, and = can be composed of multivariate threshold
functions. For constant W and m, such comparisons have m-OBDDs of size
O(n) for an m-interleaved variable order 7 with increasing bit significance (i. e.,
7; = id) [23]. These OBDDs can be computed efficiently in linear time.

Moreover, the symbolic scheduling algorithm makes use of multivariate mod-
ulo functions.

Definition 3 (Woelfel [23]). Let f € Bp, be defined on wvariables
M 2 € {0,1}". Then, f is called m-variate modulo function iff there
are M e N, T € Z, and wy, ..., w, € Z such that

f(a:(l)7 . ,x(m)> = (i w; - ‘x(i)
i=1

For constant M and m, m-variate modulo functions have 7-OBDDs of size O(n)
using an m-interleaved variable order 7 with increasing bit significance (i.e.,
7; = id) [23]. These OBDDs can be computed efficiently in linear time.

We conclude that all essential functional operations are realized efficiently by
OBDDs w.r.t. the corresponding OBDD size if an interleaved variable order is

mod M = T)
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used. Therefore, this property is assumed in the following. This is also crucial
for threshold and modulo functions to have compact OBDDs, which will be the
building blocks of all Boolean functions computed by the symbolic scheduling
algorithm.

4 The Scheduling Algorithm of Leung

Let P be a scheduling problem according to Def. [[l and assume that log,(m) €
IN. Leung’s algorithm [I3] computes a k-dimensional table T' with entries
T(f,il,...,ik_l) for ¢ = 0,...,10g2m, ij = 0,...,Nj, and ] = 17...,]{3 — 1.
Such an entry contains the maximum number I of tasks of type k that can
be scheduled onto 2¢ machines together with i; tasks of type j for all types
j=1,....,k—1.

We define upper bounds B, := min{N,, |D/t;|}, j =1,...,k, for the maxi-
mum number of tasks of type j that can be scheduled onto one machine. Let us
consider the case £ = 0: If 0 <i; < Bjforj=1,...,k—1and D > Zkfltjwij,

j=1
itis I = KD - 25;11 t; ~ij>/th; else, we define I := —1.

Having computed all H]]-:ll (N; + 1) entries T'(¢,i1,...,i,—1) for some ma-
chine count 2¢, the entries for 2! machines are obtained by

(41, yig—) = max {1, T((,4], ... i, ) + T(L3Y, . ix_y)

|Vje{l,....k=1}:d5,07 € {0,...,N;}, ij =4 + 1,

T, i) #—1£TW, )} - (1)

This procedure can be easily modified to cope with values m that are
not powers of 2. Finally, there is a wvalid schedule for P if and only
if T(logym, N1,...,Ny-1) > Ni. Altogether, O(logm - I}~ (N; +1)) =
O(logm'Nkfl) table entries are computed, each one as maximum over
(’)(Hf;ll (N; +1)) = O(N*1) vectors (if,...,i,_) implying the runtime com-
plexity (’)(logm : NQ(k_l)).

The minimal makespan can be found by a binary search using
O(log max {t1,...,t;}) executions of Leung’s algorithm (see [I3]). By storing
the optimal partition vector (z’l, .. 72';@71) for each table entry, the algorithm
can easily be extended to compute an optimal schedule if one exists.

5 The Symbolic Scheduling Algorithm

We again assume that log,(m) € IN. Moreover, it is reasonable to require t; < D
and N; < mD for i = 1,...,k. Then, [logy(mD + 1)] =: n Boolean variables
suffice to represent the number arguments of all Boolean functions occurring
during the algorithm.
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The symbolic scheduling algorithm works with characteristic Boolean func-
tions xr.¢ € By of Leung’s dynamic programming table T defined by

XTg(x(l),...,x(k)) =1:& T(Z7 ‘x(l)‘ R ‘x(k_l)‘) = ‘m(k)‘

for ¢ = 0,...,log, m and vectors z9) € {0,1}*, j = 1,..., k. The binary value
of 1) corresponds to the number i; of tasks in Sect. @l Because |x(k)| is non-
negative, xr ¢ is false for table entries —1.

In order to compute the initial function xr,0, we express the conditions for
£ = 0 stated in Sect. @ in terms of Boolean equations using multivariate threshold
and modulo functions as building blocks. At first, we state a function g for the

condition |ac | = K k_l |x 7) |> /th which is equivalent to
k-1 k—1
D — tj-‘x(”‘ = ‘x(k)‘-tk—k D — tj-‘a:m‘ mod tj, .
j=1 j=1

This leads to the following symbolic formulation for g which can be computed by
subsequent applications of OBDD operations starting with multivariate thresh-
old and modulo functions. It uses two vectors y,z € {0,1}" of intermediate
helping variables.

k—1
9(m(1), .. ,as(k)) = (Fy, 2) lyl=D — th ' ‘x(])‘
j=1

A2l < ) A Iyl = 2] mod b = 0) A (Jy] = [« - ¢, +2])

Altogether, the initial function x7 ¢ is obtained by

XT,O(w(l),...,x(k)) [\ (‘x(J ‘ )

?T‘
,_.

ANl D> ‘ (])‘ /\g( M, ..,x(k)).
1

J

At next, the iterative step (Il) is realized in terms of OBDD operations
using 2k + 1 vectors y,u™ v . u®) v*) € {0,1}" of intermediate help-
ing variables. Assume that yr, has already been computed for some ¢ €
{0,...,logym — 1}. We define hpi1 € By, as
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hett (33(1), ceey x(k)) = (Hu(l)7 U(l), . ’u(k—l)’ U(k—l))

k—1
/\ (’x(j)’ _ ’uu)’ 4
j=1

U(j)D N XT.e (u(l), S ,u(k)) AN XT,0 (v(l), . ,v(k))

That is, hyy1 represents load vectors (|x(1)| ey |.13(k) |) that can be partitioned
into loads (|u(1)| R |u(k)|) and (|v(1)| sy |v(k)|) each fitting onto 2¢ ma-
chines while respecting makespan bound D.

Finally, we have to guarantee the maximality of the number of type-k-tasks:

XT, 041 (x(l)v cee 7x(k)) = hf+1 (x(l)v s 7x(k))

A (Hy) [(|y| > |x(k)|) A hg.i,.l(l'(l), s ,x(kil)vy)} .

That is, there is no number |y| of type-k-tasks greater than |x(k)| that can also
be distributed onto 2! machines according to hy ;.

Having computed Xt 10g,m this way, we replace each variable vector
) by the binary representation of N; for j = 1,...,k — 1. Then, the
unique satisfying assignment of the remaining variables z(®) correspond to
T(logg m, N1, ..., Ni_1) which is compared to Nj. The correctness follows from
the correctness of Leung’s algorithm. We have solved scheduling problem P
following Leung’s approach by using a symbolic OBDD representation for the
dynamic programming table T.

Similar to Leung’s algorithm, the symbolic scheduling methods can be easily
modified to handle arbitrary numbers m of machines as well as to compute
concrete schedule S.

Theorem 1. The symbolic scheduling algorithm solves a scheduling problem P
with task execution times ty, ..., tx, task demands N1, ..., N, machine count m,
and makespan bound D by executing O(klogmlog(mD)) operations on OBDDs
defined on (3k + 2)n Boolean variables with n := [logy(mD + 1)].

Proof. We compute log, m + 1 Boolean functions xr, with £ = 0,...,logy, m.
Each function occurring during the algorithm is defined on no more than
(3k + 2)n variables and computed by a constant number of binary syntheses
and quantifications over variable vectors of length n. Altogether, each x 7, takes
O(klog(mD)) OBDD operations. O

The upper bound of (2 + 0(1))2”/n for the OBDD size of every f € B,
implies a maximum OBDD size of O((mD)3k+2). Hence, each OBDD operation
takes time O((mD)6k+4) in the worst case. After having computed X741 we
may discard x7,. Therefore, O((mD)g’”z) is also an upper bound on the over-
all space usage. Of course, these theoretical bounds cannot compete with the
complexity of Leung’s algorithm.

Nevertheless, we hope that heuristical methods like the symbolic scheduling
algorithm perform much better than in the worst case when applied on practical
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problem instances or in the average case. Then, they are expected to beat known
algorithms with better worst-case behavior. Hence, we applied the presented al-
gorithm to randomly generated instances hoping that structures and regularities
of table T lead to compact OBDDs for the functions xr, and, therefore, to an
efficient over-all time and space usage.

6 Experimental Setting

The symbolic scheduling algorithm was implemente in C++ using the gce
2.95.3 and the OBDD package CUDD 2.3.1 by Fabio Somenzil Initially, an
interleaved variable order with increasing bit significance is used for the Boolean
variables of each function argument. After quantification operations, the actual
variable order 7 is heuristically optimized by permuting three adjacent variables
while keeping 7 interleaved. This is iterated until a local optimum is reached
(see [I1).

The scheduling problem instances P generated for the experiments have a
load sum L := Zle t; - N; with mean E[L] = M := (mD)/1.2. That is, the
effective capacity mD is 20% larger than the expected load. This is achieved by
first drawing a uniformly distributed fraction F}; of M such that Zle F; =M
for each task type j = 1,...,k. Then, the number N; of tasks of each type j is
drawn uniformly due to a mean parameter E[N;]. Finally, the execution times
t; are drawn due to the uniform, exponential, or Erlang distribution (shape
parameter 2) with mean E[t;] := F;/N;, which are common distributions in
modeling synthetic scheduling instances (see, e.g. [1]).

k k k
E[L]=) Elt;-N;J =) E[t;]-N; =Y F=M
j=1 j=1 j=1
This random procedure has parameters m, D, and E[N;] for j = 1,... k.

The values t; and N; are rounded randomly to integers. Moreover, only those
instances are accepted that fulfill the conditions ¢; < D, N; < mD, and t; # t;
for 1 <j<j <k.

The experiments consist of three series with mD = 800, 1600, 3200 and k£ = 3.
Within each series, m was chosen to be 2, 4, 8, 16, and 32. For each setting,
20 instances have been generated due to the three execution time distribution
mentioned above. Moreover, 10 different values of E[N;] between (mD)/6 to
(mD)/3 have been used per series (E[N;] = --- = E[Ng]).

The experiments took place on a PC with Pentium 4 3GHz processor and 1
GB of main memory running Linux 2.4.21. The runtime has been measured by
seconds of process time, while the space usage is given as the maximum number

! Implementation and experimental data are available at http://thefigaro.
sourceforge.net/.
2 CUDD is available at http://v1si.colorado.edu/!
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Fig. 1. Experimental results on random instances with exponentially distributed exe-
cution times. P denotes IT J’-leNj, S denotes the symbolic algorithm’s space, T denotes
the symbolic algorithm’s time
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of OBDD nodes present at any time during an algorithm execution. The latter
is of same magnitude as the over-all space usage and independent of the used
computer system.

7 Experimental Results

In order to compare Leung’s algorithm to the symbolic approach, we have to
take a closer look at the resources used by the former one. Because we exclu-
sively consider values m with log,(m) € IN, each subtable T'(¢,...) due to some
machine count can be discarded after having computed the subtable for £ + 1
machines. Moreover, we assume that N min {N,..., Ny}. Then, Leung’s
algorithm needs space Q(U ;:11 N, j) and time Q(U j’.cz_ll sz)-

We consider the experimental results for exponentially distributed execution
times: Figures|1(a)| [L(c)} and|l(e)|show plots of the ratios P/S for P := HJ’:lle
and the symbolic algorithm’s space usage S for growing P using logarithmic
scales. Analogue, Figs. [[(b)} [1(d)} and [1(f)] show plots of the ratios P?/T and
the symbolic algorithm’s time usage T for growing P2. We observe the symbolic
method to beat Leung’s algorithm w.r.t. both time and space for inputs with
high task demand products P.

Concretely, the presented plots for exponentially distributed execution times
as well as the omitted plots for the other two distributions hint to a linear
dependence of log(P/S) of log P resp. log (P?/T) of log P2. Therefore, a least
squares method has been used to fit parameters a; and b; for log(P/S) =
aj - log P + by tesp. a and by for log(P?/T) = as - log P? + by. Table [] shows
the fitting results for all three values of mD and the three considered distribu-
tions. The gradients’ a; and as asymptotic standard errors never exceed 1.4%.

Table 1. Fits of a; and b, for P/S (Tab.[2(a)) resp. a2 and bs for P?/T (Tab. 2(b))

Distribution / m.D|| 800 1600 3200

Uniform

1.28270 / -13.21930

1.32832 / -14.21380

1.36477 / -15.22760

Exponential

1.21732 / -12.77160

1.28701 / -13.93220

1.34987 / -15.22830

Erlang

1.26583 / -13.11690

1.37385 / -14.63660

1.44698 / -16.14440

(a) Fits for the symbolic algorithm’s space usage

Distribution / mD||

800

| 1600

3200

Uniform

1.06093 / -0.47254

1.08898 / -1.35841

1.12353 / -2.51579

Exponential

1.05560 / -0.43123

1.09418 / -1.55419

1.11825 / -2.50760

Erlang

1.06234 / -0.52043

1.11002 / -1.82228

1.15972 / -3.31591

(b) Fits for the symbolic algorithms time usage
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The Erlang distribution seems to result in slightly higher absolute values a
and |b].

The hypothesed linear dependencies imply P/S = P%.201 & § = pl=a1.2=0
resp. T = P2(1=22) . 2752 Due to 1 < ay,as < 1.5 (see Tab. ), we conclude the
symbolic scheduling algorithm to have space usage 2%/ VP for ¢; = 1/(a; —
1) > 2 resp. time usage 272/ %P for ¢, = 1/(2a3 —2) > 1.

That is, the a- and b-parameters seem to depend only on mD and k while be-
ing independent of m. For fixed mD and k, the OBDD sizes shrink proportional
to /P leading to essentially smaller time and space than Leung’s algorithm.
Although only experiments with k = 3 are documented, these results have been
also observed for higher values k.

8 Conclusions

We presented a symbolic algorithm for the decision problem of scheduling in-
dependent tasks with restricted execution times. It solves the problem by per-
forming O(klog mlog(mD)) OBDD operations, while its final runtime and space
usage depends on the size of the OBDDs it generates. Therefore, it was applied
to random scheduling instances whose execution times were generated due to the
uniform, exponential, and Erlang distribution. On these instances, the symbolic
algorithm was observed to beat Leung’s scheduling algorithm w.r.t. time and

space if the product P := II J’:lle is sufficiently large. For fixed mD and k,

the symbolic time and space usage is observed to grow as @(1 / \‘7?) for some

constant ¢ > 1 depending on mD and the measured quantity.

Hence, we consider the application of OBDDs to Leung’s scheduling method
as a useful way to compress its dynamic programming table, which succeeds in
savings of runtime and space on inputs with large demand N. Future research
could address experiments on real world instances as well as several heuristics
like different strategies for OBDD variable reordering.

Acknowledgments. Thanks to Detlef Sieling, Ingo Wegener, and Berthold
Vocking for fruitful discussions.
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