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Abstract. Ordered binary decision diagrams (OBDDs) are a data struc-
ture for Boolean functions which supports many useful operations. It
finds many applications in logic design, CAD, model checking, and sym-
bolic graph algorithms. Nevertheless, many simple functions are known
to have exponential OBDD size w.r.t. their number of variables. In or-
der to investigate the limits of symbolic graph algorithms which work on
OBDD-represented graph instances, it is useful to have simply-structured
graphs whose OBDD representation has exponential size. Therefore, we
consider fundamental arithmetic and storage access functions with ex-
ponential OBDD size and transfer these results to the graphs of these
functions. Concretely, lower bounds for the graphs of integer multiplica-
tion, indirect storage access, and the hidden weighted bit function are
presented. Finally, an exemplary application of the result for multipli-
cation to the analysis of a symbolic all-pairs shortest-paths algorithm is
discussed.

1 Introduction

The representation of Boolean functions by branching programs has been ex-
tensively studied both in complexity theory and logic design and verification.
Lower bounds on the branching program size imply lower bounds on the space
complexity of computations. Moreover, tradeoff results for the depth and size
of branching programs imply time—space tradeoffs on sequential machines (see,
e.g., [4]). Therefore, there are many lower bound results on the size of restricted
types of branching programs for at best simple and important functions like
arithmetic functions and storage access functions.

On the other hand, in the practical area of logic design and verification,
there is the need of succinct representations for Boolean functions which allow
efficient algorithms for functional manipulation. In this context, oblivious read-
once branching programs [10, 17, 27] (also called ordered binary decision diagrams
(OBDDs)) have proved to be very useful for the implicit representation of state
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transition graphs and their symbolic manipulation. The research in this practical
area is limited to some application-related problems and experimental analyses.

Recently, a new research branch has emerged which is concerned with the the-
oretical design and analysis of symbolic algorithms for classical graph problems
on OBDD-represented graph instances. The input of these specialized heuristic
algorithms consists of one or more OBDDs which represent the input graph in-
stance in an implicit way avoiding an explicit enumeration of nodes and edges.
For example, a directed graph G = (V, E) with V = {vg,...,van_1} can be
represented by its characteristic Boolean function xg: {0,1}?" — {0,1} with
xelz,y) =1 :& (v|z|,v|y|) € E for the binary values |z|, |y| of binary node
number encodings z,y € {0,1}"™.

Symbolic algorithms have to solve problems on G by efficient functional op-
erations offered by the OBDD data structure. Until now, symbolic methods for
flow maximization [11, 22], topological sorting [30], shortest paths computa-
tion [21, 24], and component analysis [7, 8] have been presented. Most papers
justify the new OBDD-based approaches by an analysis of the number of exe-
cuted OBDD operations [3, 7, 8, 20] or by experimental results [11, 12, 14, 18, 31].
Newer research also tries to analyze the over-all runtime of symbolic methods,
which includes the analysis of all OBDD sizes occurring during the algorithm.
In general, even basic problems like reachability analysis are PSPACE-hard on
OBDD-represented graphs [6]. So analyses must investigate input instances with
special properties that enable sublinear runtimes w.r.t. the explicit graph size.

OBDDs during the run of a symbolic graph algorithm represent intermediate
results and, therefore, typically not well-structured functions. In order to prove
that an OBDD-based algorithm needs exponential time w.r.t. input and output
size we have to estimate the size of these intermediate OBDDs. Although lower
bound techniques for OBDDs are well-known [5, 27, 28], it is not easy to apply
them in such situations. Intermediate OBDDs often check whether some condi-
tion is fulfilled. We formalize this type of function by defining the symbolic graph
function of a vector of Boolean functions. In the following, the class of Boolean
functions f: {0,1}™ — {0,1}, n € IN, is denoted by B,,.

Definition 1. Let f = (fo,..., fm—1) be a vector of m Boolean functions f; €
By, forn,m € N, 0 <i<m—1. The function ~-GRAPH € B, y,, defined by

m—1

f'GRAPH(mOa ey Tn—1,Y0,5 - - - ay’m—l) = /\ [fl(x) = yz]
=0

is called the symbolic graph of f.

The contribution of this paper is to transfer existing lower bounds for some
fundamental functions to their corresponding symbolic graphs. These can then be
applied in the construction of worst-case inputs for symbolic algorithms yielding
exponential running times.

Section 2 introduces general branching programs for Boolean functions as
well as two restricted types that are of particular interest in this paper. In
order to disprove the reasonable assumption that lower bounds for single output



bits directly carry over to the symbolic graph of a vector of functions, Sect. 3
investigates the OBDD size of a specially constructed storage access function.

After these preliminaries, exponential lower bounds on the OBDD size of the
graphs of integer multiplication (see Sect. 4), indirect storage access (see Sect. 5),
and the hidden weighted bit function (see Sect. 6) are presented. Then, Sect. 7
gives an exemplary application of the result for multiplication to the analysis of
a symbolic all-pairs shortest-paths algorithm. Finally, Sect. 8 gives conclusions
on the work and mentions open problems.

2 Branching Programs for Boolean Functions

We denote the value of a binary string z = x,—1...79 € {0,1}" by |z| :=
Z?:_Ol 7;2°. On the other hand, we denote by (a) the binary string with value
a =|(a)| € N. Let X := {z0,...,2,—1} be a set of n Boolean variables.

Definition 2. Branching programs (BPs).

(a) A branching program P defined on the variable set X is a directed acyclic
graph with two kinds of nodes: Inner nodes and sink nodes. Each inner node
v is labeled with a variable x; =: label(v) € X and left by two edges called 0-
and l-edge. Each sink w is labeled with a Boolean constant ¢ =: label(w) €
{0,1} and has no outgoing edge. A special node s is marked as source node.

(b) Each assignment a = (ag,...,an—1) € {0,1}™ to the variables in X defines
a unique computation path p, in P from s to a sink t, by leaving inner
nodes v labeled with x; = label(v) via their a;-edge. The function f € B,
represented by P is defined by f(a) := label(t,).

(c) The size size(P) of P is defined as its number of nodes.

We consider two restrictions of branching programs. Let 7 € X™* be a se-
quence of variables from X.

Definition 3. A BP P is called m-oblivious if the sequence m(p) of variables
visited on any path p from the source node to a sink is a subsequence of .

Definition 4. Oblivious read-once branching programs or ordered binary de-
cision diagrams (OBDDs).

(a) A m-oblivious BP P is called m-oblivious read-once branching program or
ordered binary decision diagram (7-OBDD) if w contains every variable from
X at most once. Then, 7 is called the variable order of P.

(b) The size of a minimal OBDD for a Boolean function f € B, is denoted by
OBDD(f). The size of a minimal 7-OBDD for f is denoted by m=-OBDD(f).

Every Boolean function f € B, has a unique minimal-size 7-OBDD P, for
any variable order 7. It is --OBDD(f) < (2 4+ o(1))2" /n.

The book of Wegener [27] gives a comprehensive survey on the topic of
branching programs.



3 Lower Bounds Do Not Necessarily Carry over

Consider a vector f = (fo,..., fm—1) of m Boolean functions f; € B,, 0 <i <
m — 1. One could conjecture that any lower bound on the OBDD size for some
fi is also a lower bound on the OBDD size for the symbolic graph f-GRAPH
of f. This pleasant property would made it obsolete to transfer lower bounds
for f to [~GRAPH explicitly. Unfortunately, this is not the case as the following
example shows.

We define generalized versions of the well-known functions DSA and ISA
which will be combined to construct the counterexample function vector FSA.

Definition 5. Let n = 2™, m € IN, and i € INg. The shifted direct storage
access (SDSA) function SDSA,, ; € Byt is defined by

SDSA, i(x,y) === where a(y) := (Jy| +¢) mod n

aly) >
and z € {0,1}™, y € {0,1}™.

That is, y controls which bit of « to output. Note that SDSA,, o = DSA,, (see [27,
Def. 4.3.1)).

Definition 6. Let n = 2™, m € IN, and ¢ € INg. The shifted indirect storage
access (SISA) function SISA.,; € Bptm s defined by

SISA,, i(z,y) := SDSA,, i(x, SDSA, 0(x,y), ..., SDSA, m—1(z,y))
for x € {0,1}", y € {0,1}™.

That is, we output the bit (4 (z,y)+i) mod n for the indirect address a(z,y) :=
|.T‘y‘ mod 7 - - - L(|y|+m—1) mod n|- Note that SISA,, o = ISA, (see [27, Def. 2.2.5]).

We now combine SDSA and SISA to obtain a counterexample to the conjec-
ture stated above.

Definition 7. Let n = 2™ and m € IN. The full storage access (FSA) vector
FSA, = (FSA,0,...,FSAy, 9m—1) of Boolean functions FSA, ; € Bpim, 0 <
1 < 2m —1, is defined by

_ _ J SDSAui(z,y)  ,0<i<m—1
FSAn,z(zay) T { SISAn,l_m(x,y) ,m S 7 S 2m —1

forz €{0,1}™ and y € {0,1}™.
The OBDD size of FSA is dominated by the hard function SISA.
Proposition 1. OBDD(FSA4,,,,) > 2ln/legnl-1,

Proof. The OBDD size of FSA, ,, = SISA, o = ISA, is bounded below by
2ln/logn]=1 " (See [5] or [27, Theorem 4.3.3].) 0



Let FSA-GRAPH, be the symbolic graph of FSA,. While the inclusion
of SDSA into FSA, did not influence the lower bound on its OBDD size
(which is dominated by SISA, ), it does simplify the OBDD representation
of FSA-GRAPH,:

Proposition 2. OBDD(FSA-GRAPH,) = O(n®-logn).

Proof. Let each FSA,, ; be defined on the variables z € {0,1}" and y € {0,1}™
for n = 2™. Moreover, let z € {0,1}*™ be variables corresponding to the 2m
results of the functions FSA, o, ..., FSAn 2m—1.

We choose m = (Yo, -+, Ym—1,20s - « - s 22m—1,Z0s - - - , Tn—1) as variable order.
The following m-OBDD P for FSA-GRAPH,, has size 0(n3 -log n) On the first
3m layers, P consists of the complete binary tree on the variables y and z having
O(n3) nodes. At each of its n® leaves v, ,, y and z are already fixed. It remains
to test if z; = SDSA, i(z,y) for all 0 <i <m —1 and z; = SISA,, j_m(z,y) for
all m < j < 2m—1. This is done by connecting a chain of at most 2m = O(logn)
nodes testing x-variables to each leaf v, . implying size O(n3 -log n) for P. O

Nevertheless, the next sections will reveal that the exponential lower bounds
for three fundamental functions actually do carry over to the symbolic graph
scenario.

4 Integer Multiplication

Integer multiplication is one of the most important and difficult functions in
logic design. All data structures considered so far whose algorithmic properties
allow efficient circuit verification have exponential size for this hard function
(see, e.g., [27]). Only for the special case of Wallace-tree like multipliers, a poly-
nomial formal verification method using multiplicative binary moment diagrams
(*BMDs) has been presented by Keim et al. [16].

Definition 8. The integer multiplication (MUL) wvector MUL, =
(MUL,, 0, ..., MULy, 2,—1) of Boolean functions MUL,,; € Bay, 0 <i<2n—1,
is defined by

MULp i(z,y) = (lz] - [y])s
for x,y € {0,1}™.
Especially, the OBDD size of MUL,, ,—1 is exponential w.r.t. n.
Theorem 1 (Woelfel [28]). OBDD(MUL,, ,_1) > 2"/?/61.

On the other hand, multiplication is simply-structured, and its graph is easy to
encode into characteristic functions; Sect. 7 gives a corresponding application
example in symbolic algorithm analysis.

So let MUL-GRAPH,, be the symbolic graph of MUL,. Jukna [15] presents
an exponential lower bound on the size of nondeterministic read-k-times BPs for
the symbolic graph of a subvector (MUL,, ;),., for indices I C {0,...,n — 1},
|7] < +/n. Despite the title of Jukna’s work, this is neither a lower bound for the
graph of multiplication nor does it imply the following theorem and corollary.



Theorem 2. Any w-oblivious BP for MUL-GRAPH, whose variable sequence

m contains each variable at most k times has a size of at least on/((4k-1)(2")) -1

An OBDD is an oblivious branching program reading each variable at most once.
Choosing k =1 in Theorem 2, we obtain the following corollary.

Corollary 1. OBDD(MUL-GRAPH,) > 2™/768-1,

Wegener [26] presents a read-once projection from integer multiplication to
squaring (SQU) which is so far the only way to prove exponential OBDD sizes
for the latter function. It can also be used to prove a lower bound for a restricted
version of the symbolic graph of SQU which verifies only a subset of the result
variables.

Corollary 2. Let n = 3m + 2 for m € IN and SQU-GRAPH, €
Bgimta be defined by SQU-GRAPH, (x,y) = /\f;nz'lf_*_3 [(|z[?)i =yi]. It is
OBDD(SQU-GRAPH) > 2m/768=1 > gn/2304-2,

4.1 Proof of Theorem 2

In order to prove Theorem 2, we use techniques from Gergov’s proof of Theorem 2
in [9].

Let the Boolean variables X := {zo,...,2zn—1} and Y := {yo,...,Yn-1}
denote the factor variables of MUL-GRAPH, and Z := {z0,...,22n,-1} its
result variables. That is, MUL-GRAPH,(z,y,z) = 1 < |z| - |y| = |#| for
T=Tpn—1..-T0, Y = Yn—1---Yo,and z = 29,1 ... 29. Let P be a m-oblivious BP
for MUL-GRAPH, whose variable sequence 7 contains each variable at most k
times.

First, we show a lower bound for a restricted symbolic graph of MUL,,.
Therefore, let p be some arbitrary sequence that contains each variable from X,
Y, and Z exactly 2k =: ¢ times and which has 7 as subsequence.

Definition 9. For two disjoint subsets S and T of X, an interval (p;,...,p;)
of p is called link if piy1,...,pj—1 € SUT and either p, € T ANp; € S or
pi€SAp;eT.

Lemma 1 (Alon and Maass [2]). Let M = (mq,...,mue) be a sequence
in which each element m; € X appears exactly £ times. Suppose X1UXs is a
partition of X into two disjoint non-empty sets. Then, there are two subsets
S C Xy and T C Xo with |S| > | X1|/2%7L, |T| > | X2|/2%71, and such that the
number of links between S and T in M is bounded above by 2-£ — 1.

Let X7 := {zo, . ,an/QJ} and X, := {Z'Ln/2J+1, . ,xn,l}. Due to Lemma 1,
there are subsets S C X; and T' C X such that |S|,|T| > (n/2 — 1)/2%~! >
n/22¢ — 1 and there are no more than 2 - £ — 1 links between S and 7" in p.
Since D := {(2;,2;) | z; € S, zj € T} contains at least (n/2%* — 1)2 pairs,
there is some index set I C {0,...,n—1} and distance parameter d €



{1,...,n—1} such that D’ := {(z;,2,14) |7 € I} C D contains at least
(n/22¢ — 1)2 /n > n/2* — 1 pairs and max [ < min I + d.

Let MUL-GRAPH;, := N4 IMUL, ;(x,y) = 2]. Moreover, we con-
sider the subfunction f,, of MUL-GRAPH,, defined by the following partial vari-
able assignments:

(¢ =minl)V (i = minT + d)

b U (min T < i < maxI) A i & T)] —

0 n (i =max1)V (i =maxI + d)
VI[((t <minl)V (maxI <i))A (i —d¢g1I)
wefo we YT @
Zr {(1) gse: max I + d) ) (3)

Lemma 2. Any p-oblivious BP Q for f, has a size of at least gn/((26=1)(2"))-1,

Proof. In (1), we replace all variables between min I and max I by 1 which do
not take part in D’ as well as Zyins and Tuminr1q. All z-variables lying outside
the interval [min I, max I] and not taking part in D’ are replaced by 0 as well as
Tmax1 a0d Tmax 1+4. In (2), the y-variables are chosen such that we sum up ||
and |z| - 2%, The result is checked against |z| = 2m#/+4 (gee (3)). (See Fig. 1.)

(b+d) (a+d) b a
0 0 0l
+ 0 0 0] z.2d
b+d) (a+d) b a
= | 0 0 0 0|,
(b+2d) (a+ 2d) (a+d) b a
(b+d)

Fig. 1. Illustration of the effect of variable replacements (1), (2), and (3) for @ := min J
and b := max I. Function MUL-GRAPH,, verifies only the result bits zq1d, ..., 2b+d
which correspond to the sum of zp4q...Tatrd and xp . .. Tq.

The function f,, depends only on the z-variables being part of pairs in D’ \
{(min I, Tmin I+d) , (Tmax I, Tmax1+d)}; it can be easily seen that it computes 1
if and only if ; # ;14 for all ¢ € I'\ {min I, max I} =: I'. We now use methods
from communication complexity (see, e.g., [13]).



Claim. The deterministic communication complexity of f, w.r.t. the variable
set partition {x; | i € I'} U{x;yq | i € I'} is at least |I'| = |I]| — 2.

Let C be the 27 x 2/T'l communication matrix of f,,. It is C(i,5) = 1 iff (3)
is bit-inverse to (7). Hence, C' is a permutation matrix and has rank 2l7'l. The
value log(rank(C)) = |I’| is known to be a lower bound on the deterministic
communication complexity of a Boolean function.

Due to the construction of I, any p-oblivious BP Q for f,, can be partitioned
into at most 2- ¢ parts S1, 71, ..., Se, Ty such that S; (T;) contains only variables
from S (T'). Therefore, @ yields a communication protocol of length (2-¢—1) -
log (width(Q)), where the width of @ is the maximum number of nodes labeled
with the same variable. (For the trivial construction see, e. g., [27, Sect. 7.5].) Due

to the lower bound of |I’| = |I| -2 > n/2% —3 on the communication complexity
of f,, @ must have at least width (and, therefore, size) gn/((2¢-1)(2%))-3/(2¢-1) >
271/((25—1)(2“))—1_ 0

We are now able to show the lower bound on the size of P.

Proof (Theorem 2). The lower bound of Lemma 2 does also hold for P because
we can construct an oblivious BP P’ for f,, from P without enlarging it: At first,
we apply variable replacements (1), (2), and (3). Then, we have to get rid of the
z-variables 2q, ..., Zmin I+d—1, Zmax I+d+1; - - - » 22n—1- 10 satisfying inputs of f,, it
holds z; = x; for i € I and z; = z;_q for j —2d € I (see Fig. 1). In order to
force these variable pairs to be equal, we replace node labels z;, i € I, by x; as
well as labels z;, j —2d € I, by x;_4. The remaining z-variables are replaced by
0. The resulting BP P’ represents fp,.

We added no more than k nodes for each z-variable, and P’ is w’-oblivious
for some variable sequence 7’ containing each variable 2k = ¢ times and having
m as subsequence. Lemma 2 implies the lower bound of gn/((2e=1(2%))-1 _

on/ (k=1 (2%))=1 o1 P’ and P. O

5 Indirect Storage Access

In Sect. 3 Def. 6, we defined a generalized version called SISA of the well-known
ISA function. Breitbart, Hunt III, and Rosenkrantz [5] present an exponential
lower bound of 2L/ 1°8"]=1 for the OBDD size of ISA. Let SISA-GRAPH,, ,, €
By tm+w be the symbolic graph of the vector (SISAy o, ..., SISA, w—1) for n =
2™ and 1 < w < n. Also SISA-GRAPH,, ,, has superpolynomial OBDD size for
w = o(n / log? n) Due to the storage access character of SISA, this restriction is
not too prohibitive.

Theorem 3. OBDD(SISA-GRAPH,, ,,) > 2"/ (wlogn)—4,
Proof. So let SISA-GRAPH,, ,(z,y,z) = 1 < /\;.”;01 [SISAy i(z,y) = z] for

Boolean variable sets X := {zo,...,zn—1}, ¥ = {yo,...,Ym—-1}, and Z :=
{ZO;---;Zw—l}-



We define a subfunction SISA—GRAPH’:LW of SISA-GRAPH,, ,, which has

at least m-OBDD size 2™/ (w10gm)=4 for any variable order m. We divide z into
[n/logn| blocks of length m = logn plus a final block of length ¢ < m. Let
X’ € X denote the first [n/logn| — 1 X-variables according to m. There is
at least one block B = (xp,...,Zptm—1) whose variables are lying completely
outside of X’.

We replace y by (b) and z by 0%. Moreover, the variables
L(b—w+1) mod ns -+ +»L(b—1) mod n and L(b+m) mod ns -+ +» L(b+m+w—2) modn L€
replaced by 0. Finally, we make a cyclic traversal modulo n over those x-
variables which have not been fixed yet; when passing a variable from X', we
replace the following w — 1 z-variables by 0. Let X" C X’ denote the subset
of X’-variables not yet fixed. We repeat the traversal until any two subsequent
variables from X" are separated by at least w — 1 variables from X \ X”.
Obviously, X has at least size

s | - 120w -1 o

4 .

w _w-logni

The remaining variables from X \ (X" U B) are also replaced by 0. We obtained
the subfunction SISA-GRAPH,, ,, depending only on X" and B.

Consider two different assignments a and b to the variables of X”. We show
that the corresponding subfunctions f, := SISA-GRAPH, , | a resp. f, :=
SISA-GRAPH,, ,, | b of SISA-GRAPH,, ,, are different. Assume that a assigns
0 to variable z; € X", while b assigns 1 to z;. f, and f, both depend only on

Loy« oy Tbotm—1-
Claim. fa((i)) = 1# 0 = f,((0))-
Due to the input B = (i), the variables x;, ..., Z;tm—1 are compared with 0%.

All w — 1 variables following a variable of X’ are replaced by 0. Moreover, we
have left enough space around the block B. So x; = 0 decides if the subfunction
computes 1. Hence, the assignment B = (4) is a witness for f, # fp. (See Fig. 2.)

All variables of X" are tested before variables of block B. Therefore, the
number |X”| > 27/(wlogn)=4 of different subfunctions {fc | c€ {0, 1}|X”‘} is
a lower bound on the OBDD size of SISA-GRAPH;, ,, (see, e.g., [27, Theo-
rem 3.1.4]). 1 O

6 The Hidden Weighted Bit Function

We now consider a generalization of one further important and fundamental
storage access function.



w—1lw—-—1 w-—1 w—1 w—1 w—1 w-—1
[ ] 1 [ ] [ 1T

W T 1 1[5 [IITI0

Tp Tbo+m—1

(a) The input variables z of SISA-GRAPH, .. Black and grey cells indicate
variables of X”'. The visit of black cells during the traversal causes grey cells to
be replaced by 0. For every black cell, we loose at most w—1 grey ones. Moreover,
we clean w — 1 cells before and after block B.

z o] o [ o | 0 B o [ o Jo]
= JLo T o Jlo] wo w0 ][0

(b) The input variables of SISA-GRAPH,, ,,. The function depends only on black
cells and on block B. By choosing an appropriate assignment to B, the result
z = 0% can be aligned with any black cell serving as a witness for the mutual

inequality of all subfunctions {fc | c € {0, 1}‘X”‘ }

Fig. 2. Illustration of SISA-GRAPH,, ,, and the witnesses for the inequality of all
subfunctions {fc | c € {0, 1}‘X”‘}.

Definition 10. Let n € IN and i € INg. The shifted hidden weighted bit
(SHWB) function SHWB,, ; € B,, is defined by

SHWB () = Za(a) » where a(x) := Z:I:j +¢ | modn |,

j=1
x=(z1,...,2,) € {0,1}", and xo := 0.

That is, the number of ones in = plus the shifting parameter i determines the
address a(z) of the output bit z,(,). Note that SHWB,, o = HWB,, (see [27,
Def. 1.1.3]).

Wegener [27, Theorem 4.10.2] presents an exponential lower bound of
9(2"/5) on the OBDD size of the HWB function. Let SHWB-GRAPH,, ,, €
B+ be the symbolic graph of the vector (SHWB,, o,...,SHWB,, ,—1) for
n € INand 1 < w < n. As for SISA, a certain restriction on the number w
of verified result variables suffices to retain a superpolynomial lower bound.

Theorem 4. OBDD(SHWB-GRAPH,, ,,) = _Q(Qn/(llw)),

10



Proof. So let SHWB-GRAPH,, ,,(x,y) = /\Z-w:B1 [SHWB;(x) = y;] for variables
x € {0,1}™ and y € {0,1}". Let 7 be an arbitrary variable order of the z-
and y-variables. We subsequently define a subfunction SH WB-GRAPH:;,W of
SHWB-GRAPH,, ,, yielding the lower bound on the 7m-OBDD size. First, we
replace all y-variables by 0.

If the k first z-variables of 7 are assigned s ones, the number a(z) of ones
in z lies in the window {s,...,s+n — k} =: W(k,s). Let X'(k,s) be the set
of variables x; whose index i lies in W(k, s) and which belong to the k first
z-variables of .

We now assume w.l.o.g. n = 11m for m € IN and choose k = 7m. If s = m,
then W(k,s) = {m,...,5bm} and if s = 5m, then W(k,s) = {bm,...,9m}. In
one of these two cases, X'(k, s) has at least 2m elements.

Our goal is to “clean” enough variables with index in W (k,s) in terms of
replacing them by 0 such that the comparison result (z;,...,Zitw—1) = 0¥
depends only on the first variable z; € X'(k, s) for a sufficient number of dif-
ferent positions i. For each replaced variable, the window size |W(k, s)| shrinks
at most by 1. Hence, after replacing at most m variables by 0, the address
a(xz) may be still in the window W'(k,s) = {m,...,4m} for s = m resp.
W'(k,s) = {5m,...,8m} for s = 5m. Due to |X'(k,s)| > 2m, there are still
at least m variables of X'(k, s) with indices in W’'(k, s). We present an appro-
priate replacement scheme similar to the proof of Theorem 3:

At first, we replace Tsin—k—m—w+2,-- s Tstn—k—m by 0. Then, we traverse
Ty .-y Tstn—k—m—w+1; When visiting a variable of X'(k, s), we replace the fol-
lowing w — 1 variables by 0. We repeat this until exactly [(m — (w —1))/w] =: ¢
variables of X'(k, s) have been visited this way without replacing them; we de-
note their set by X”(k, s). No more than (w—1)+¢- (w—1) < m variables have
been replaced by 0. We finished the definition of subfunction SHWB-GRAPH,, ,,,.

Denote by X"(k, s) the set of variables SHWB-GRAPH,, ,, is still depending
on and which belong to the first k positions of .

Claim. Consider two different assignments a and b to the variables of X'(k, s)
such that s ones are assigned to the first & z-variables of 7. If ¢ and b differ
in some variable z; € X" (k,s) C X"'(k,s), the corresponding subfunctions
fa := SHWB-GRAPH,, ,, | a and f, := SHWB-GRAPH,, ,, | b are different.

Due to the definition of SHWB-GRAPH,, ,, it is i € W'(k, s). That is, we can
complete a and b by an assignment y such that x contains ¢ ones. Therefore, the
graph of shifted hidden weighted bit compares the word (z;,...,2;1w—1) with

0". Because a and b differ in x; and x;41,...,%;4w—1 have been replaced by 0,

it is fa(v) # fo(7)-
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We now define (Z) =0 for k <0 or k& > n. Consider the case s = m. Because
of | X" (k,s)| —|X"(k,s)| > k —c— m there are at least

(o lem) = ()
2 (o ron o —mp) =+ (")

e (R

different assignments to the variables of X" (k, s) such that the k first z-variables
due to 7 contain exactly s ones. For s = bm, this number is also at least

Qm_&Z@@;h_m>+m+<W@;”)

N e

Hence, fixing the first k z-variables of 7 yields at least 2L"/w=1] = 9(2"/(11“’))
different subfunctions of SHWB-GRAPH,, ,, implying the lower bound on its
OBDD size (see, e.g., [27, Theorem 3.1.4]). O

That is, the OBDD size of SHWB-GRAPH,, ,, is superpolynomial w.r.t. n if
w = o(n/logn). Due to the storage access character of SHWB, this restriction

is not too prohibitive. Moreover, for n = 11m and m € IN the lower bound is
2|_n/(11w)J—1.

7 An Application to Symbolic Algorithm Analysis

Finally, we present an application of the lower bound for the graph of integer
multiplication to the analysis of a symbolic algorithm for the all-pairs shortest-
paths problem in OBDD-represented weighted graphs. Input is the OBDD of a
graph G = (V, E,¢), ¢: E — IN, while the output OBDD represents the shortest
path distances dist: V2 — INg. The algorithm presented in [24] (called A in the
following) has polylogarithmic runtime O(log® (|V] - ¢™®)), ™2 := {c(e) | e €
E}, if both input and output OBDD have constant width while not skipping any
variable tests. Such functions are called bounded-width functions (see Def. 12).
However, the method works only for strictly positive edge weights c(e) € INxg.

Another approach mentioned in [24] works also for weights c(e) = 0. It it-
eratively generates OBDDs for functions S with S*)(z,y,d) = 1 iff there is
a shortest path from node |z| to node |y| of length |d| visiting no more than
2% edges. We call this algorithm B. In order to justify algorithm A, it can be
shown that B has not necessarily polylog. runtime on constant width OBDDs.
Similar to [23, Sect. 7], we construct an input graph G,, = (V,,, E,, ¢,,) such that
both G,, and the algorithm output dist,, have constant width OBDDs, while the

12



intermediate function S,(ln) generated by B on G, has only exponential OBDDs
w.r.t. n.

First, we define GG,,. Then, we give foundations on bounded-width functions
and introduce multivariate threshold functions before the symbolic representa-
tion of G, is discussed. We show that G,, and its corresponding shortest-paths
function dist,, have bounded width—our counterexample fulfills the conditions
demanded for polylog. runtime of A. Finally, we show that Sr(ln) has exponential
OBDD size for every variable order.

7.1 Definition of G,

G, is the union of subgraphs G with 271 + 1 < d,j < 2r—1
sharing only one special node s. Each subgraph GS’]) is a path

(8,%0, ..., Ugmn_j_1,Van_j,...,Van_1) =: p;; with edge weights c,(-,u.) := 1,
cn(v.,-) =1, and cp(ugn_j_1,von_j) 1= i + j — 2™. Moreover, there are nodes
Wan_j, ..., won_1 connected by shortcut edges (ugn_;—_1,wan_j;), (Wan_;, vVan_;),

(ve, wes1), and (weg1,ve41) for 27 — j < £ < 2™ — 2 with weight 1. Note that
shortcut edges bridge all edges whose weight is larger than 1. Figure 3 shows
subgraph G§6’5).

S1U01U11U231}361}46U56’L)66’U7

Fig. 3. Gge,s). Edges incident to w-nodes have weight 1.

7.2 Bounded-Width Functions

We now introduce the class of Boolean bounded-width functions, whose conve-
nient properties have been successfully used in the analysis of symbolic algo-
rithms.

Definition 11. A 7-OBDD for a function f € B, is called complete if every
path from its source node to a sink has length n.

That is, complete OBDDs are not allowed to skip variable tests. The minimal-
size complete 7-OBDD for f € B,, is also known to be canonical.

Definition 12. Let F' := (fn)new be a sequence of functions f, € Barn),
N:IN — NN, defined on wvariables X,, = {xo,...,z,\/(n)_l}. Moreover, let
II := (mp)new be a sequence of variable orders m, on X,. F has bounded
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width b w.r.t. IT (F is b-bounded by IT) iff for all n € IN the minimal mp,-
OBDD for f, contains no more than b nodes labeled with the same variable x;

forie{0,....N(n) —1}.

Later on, we will use the convenient property that bounded-width functions
are closed under binary operations in Bs, e.g., conjunction and disjunction [23,
Sect. 3]. In order to compose the characteristic function of G, of simple ex-
pressions, we will use comparisons like h(x,y, z) := (Jz| + |y| = |2|) as building
blocks. These can be composed of multivariate threshold functions.

Definition 13 (Woelfel [30]). Let f € DBy, be defined on wvariables
x® . x®) € {0,1}". Then, f is called k-variate threshold function iff there
are W eN, T € Z, and wy,...,w; € {-W,...,W} such that

k
f(x(l), - ,x(k)) = (Zwi : ’x(i) > T)
i=1

Assume w.l.0.g. W = max{|w1|,...,|wk|}. Then, W is called the maximum
absolute weight of f. The class of k-variate threshold functions f € By, with
mazximum absolute weight W is denoted by ']I‘Kn.

Obviously, our example h can be expressed as (Jz|+|y|—|z] = 0) A
(|z] = |=| = |yl > 0). Analogue, the relations >, <, and < can be composed
of multivariate threshold functions, too.

Assume that each of the k function arguments =V, ... z(*®) ¢ {0,1}™ has
its own variable order 7. The global order 7 is called interleaved if it respects
each 7y while reading variables 29 with same bit index [ en bloc, that is,
7= (11(0),72(0), ..., 76(0), 71 (1),...,7(n — 1)). We say that argument 7 is read

with increasing bit significance if 7, = :L'(()é), e ,zgﬁl).

Theorem 5 (Woelfel [30]). Let F := (fu)new be a sequence of functions
fn € Binmy, k € N, N:IN — IN, and II := (m,)new interleaved variable
orders mw, with increasing bit significance. If for all n € IN it is f, € TZ‘,/N(n)
then F is O(k*W)-bounded by II.

From the closedness under binary operations, we conclude that weighted
comparisons with relations >, >, =, <, and < have also bounded width w.r.t.
interleaved variable orders IT with increasing bit significance. Because W and k
are independent of n, the comparisons have 7,-OBDD size O(N (n)).

7.3 Symbolic Representation of G,

Node encoding. At first, we consider the node encoding of G,,. We overesti-
mate |V,,| by 237+ and denote its nodes by qo, - . ., gasnt1_1. Every node ¢ € V,,
that belongs to subgraph Ggf’j )
components:

gets a binary node number x consisting of 4
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1. The binary value (i) of length n,

2. the binary value (j) of length n,

3. a flag bit a, where a = 0 indicates that ¢ is a u- or v-node in G/ and @ = 1
indicated that ¢ is a w-node,

4. the final index b of g on p; ; respectively its corresponding w-part. It is a
binary string of length n.

For example, (i) (j) 00™ identifies node ug of G The unused singletons in-
herently included in this encoding do not disturb our further considerations.
Finally, we define s to have node number 0.

The maximum edge weight is at most 2™ — 1. Due to our node encoding, Gy,
has 23"*! nodes and the value 24"+! —1 is an upper bound for the length of any
path. That is, we use 4n + 1 bits to encode a binary distance value d. We now
represent G,, symbolically by its characteristic function x,, € B1gn+3 defined by

Xn(xvyad) =1l [(Q\z\aqlm) € En] A [Cn(|l‘|, |y|) = |d|] .

On the other hand, the shortest-paths function dist,, is symbolically repre-
sented by D,, € Bign+3 defined by

Dn(xayvd) = 1:& dist, (Q|m|aq\y\) = |d| .

In the following, we write the arguments x and y of x, and dist,, in terms of
their components, e. g., xn(%,j,a,b,i,j',a’,b',d) forx =ijaband y =4 5/ a’' V.

Expressing X, in terms of multivariate threshold functions. Let IT :=
(T ) e e the sequence of variable orders m, for G, which reads x,,’s variable
components (i, j,a,b,i’, j', a’,b’) interleaved with increasing bit significance (see,
e.g., [23]). Due to the node encoding discussed above, it is N'(n) = 10n + 3.

Proposition 3. The sequence X := (Xn), e has bounded width w.r.t. II.

Proof. We show that each y, can be composed of multivariate threshold func-
tions with constant maximum absolute weight, i.e., functions in T})/I,/IOn 13 for
W = O(1) and the number k = 9 of argument components x,, is defined on.

Therefore, we express x, as disjunction of six helping functions H,(ll), ey H,(IG)
representing different kinds of edges in G,.

6
Xn(igra,0,4,§' a0 d) = \) HE (G, j,a,0,4,',d' ¥/, d)
k=1

H,(ll) represents edges incident to node s.

H{M (i, 4, a,b,i, 5,/ b, d) == (|i| = |j| = a = [b = 0) A (|d| = 1)
AT ) A (d = V[ =0)
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H,(f) represents edges (ug, uey1) for 0 < £ < 2" — 5 — 2.

HP(i,4,a,b,7', 5" ',V d) == (2" + 1 <i], [5]) A (|d] = 1)
ANi=1)NG=7)N(la=ad =0)A(0']=[b] +1)A(Jp']<2" —j—1)

H,(f) represents edges (ugn_;_1,van_;).

HP)(i,4,a,b,7,5',d' 0, d) := (2" +1 <], |4]) A (|d] = |i] + ]| —2")
ANi=i"YNG=7)N(a=a" =0)A([b] =2" —|j| = 1) A(]b'| =2" —[j])

H,(,4) represents edges (vg, vp41) for 2" — j < £ <2 — 2,

H{V(i,j,a,b,,j',a b d) == (277 + 1 < il 5]) A (|d] = [il)
ANi=i)AG=j")A(a=a"=0)A(V|=b]+1)
A2" =il <[l <27 —2)

H,({r’) represents shortcut edges directed towards w-nodes.

HP) (i, 4,a,b,4,§',d' b, d) == (2" + 1 < i, |j]) A (|d] = 1)
ANi=1)NG=7)N(a=0)A(a"=1)A(]b'| = o] +1)
AR =il —1<[p] <27 —2)

H,(f) represents shortcut edges directed towards v-nodes.

HO,j,a,b,4,5',d/ b, d) == (2" + 1 < i, |j]) A (ld] = 1)
ANi=iYAG=5)A(a=1)A (" =0)AV]= b)) A 2" —1|j] < [b])

We have defined y,, according to the definition of G,,. Each atomic expression

of a function H,(lk), k € {1,...,6}, is a comparison that can be expressed as a

conjunction of a constant number of multivariate threshold functions. Each of
the latter has a constant maximum absolute value for all n € IN. Altogether,
Xn is composed by binary operations preserving the bounded width property;
hence, x has bounded width, too. a

7.4 Shortest Paths in G,,

Shortest paths in Ggf ) use shortcut edges to avoid visiting expensive edges of
weight ¢ or ¢ + 5 — 2™ > 1. We conclude

dist(dk, drr ) = max{(2” —j—-1)- k,O} — maX{(Q” —j—-1)- k’,O}
+2- [max{k’ — (@M= —1),0} —max{k— (2" —j — 1),0}}
<2-(k—k),
dist(dg, wis ) = dist(@g, drr—1) +1

dist(wg, dr ) = dist(dr, o) + 1,
dist(wg, wyr) = dist(Pr, drr—1) +2
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and dist(s,q) = dist(ug,q) + 1 for ¢ € {u,v}, 0 < k < K < 2" — 1, and
g€ VD {s}.

Proposition 4. The sequence D := (Dy,), . has bounded width w.r.t. II.

Proof. Analogue to the proof of Prop. 3, we express D, in terms of simple
expressions that can be realized by functions in ']I‘S,%)n 13- We only construct
a function D], for the case that start- and end-node are u- or v-nodes. The
remaining cases for s and w-nodes resp. identic start- and end-nodes are straight-

forward. Again, we use helping functions which we call P,Sl), e ,P,(f’) this time
and whose disjunction yields D},.

P,gl) covers the case that start- and end-node are both u-nodes.

PV, joabydly b d) o= (20 < i ) A G =) A G =)
Aa=a"=0)A([b] <[V A V<27 =] = 1) A (ld] = V| — [b])

P,§2) covers the case that start- and end-node are both v-nodes.

PP (i, joabyily 'l b d) o= (20 L < i i) A G =) A G =5)
Aa=a"=0)A (bl < b)) A 2" = 15] < [b]) A [ld] =2 (]b'] — [b])]

Pﬁg) covers the remaining case that the start-node is a u-node and the end-node
is a v-node.

P (i, j,a,b,4, 5 /b d) == (2" + L < il |§]) A (G =1') A (G =5")
Ala=a" =0)A (b <2" —|j| —1) A 2" = || < [V])
Afldl = @™ =il =1 —1[b]) +2- ('] — 2" + |j] + 1)]

7.5 Shortest Paths in G,, Consisting of at Most 2™ Edges

On the other hand, the intermediate function S,(l") generated by B on G,, must
not cover the shortest s—vsn _1-path in G’Sf ) because only 2" edges are allowed.
Therefore, it has to represent the direct path p; ; that uses no shortcut edges,
and which has length (2" —j) 4+ (i+j—2") + (j — 1)i = i - j. The OBDD
representation of the corresponding characteristic function inherently contains
the symbolic graph of integer multiplication. In this way, it is possible to show
an exponential lower bound on the OBDD size of S,(,n) w.r.t. its number of
O(log |V;,| + log ¢?2*) Boolean variables (see Theorem 6). This implies that B,
while allowing zero weights, has not the same convenient runtime properties as
A.

So Theorem 2 has been used to show limits of the symbolic APSP-algorithm
B and to justify the restriction of A to strictly positive edge weights.
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Theorem 6. The function S,(,n) has exponential m-OBDD size w.r.t. n =
O(N(n)) = O(log |V,| + log c2X) for every variable order m on N'(n) = 10n+3
variables.

Proof. Assume w.l.0.g. n=3m+1 for m € IN. Let P be a 7-OBDD for S,(L") for
some arbitrary variable order m on N'(n) = 10n + 3 variables. We now use P to
construct a 7’-oblivious BP P’ of size O(m - size(P)) for MUL-GRAPH,,, whose
variable sequence 7’ contains each variable at most twice. Due to Theorem 2,

this implies an exponential lower bound on OBDD (S,(l")).

In order to construct P’, we replace the variables for 4, 7, a, and b in P
by zeros forcing the start-node to be s. Moreover, we replace a’ by 0 and b’
by (2™ — 1). That is, the target-node is van_1 in p; ;. Finally, we replace izm,
and jo,, by 1 and all other variables iy, jx with k& > m by 0. We denote the
resulting function by f,, the remaining m i-variables by x, and the remaining
m j-variables by y.

Because shortest paths represented by S,(l") may visit at most 2" edges,
no shortcut edges may be used on the s—wvan_i-path in Gsf’]). Hence, it is
fn(mayvd) =1iff

] =il |71 = (el +277) - (lyl +2°7) = Jal - Jyl + Jal - 27 + [y - 277 42

and |z|,|ly| > 0. Then, the 2m variables dao,,—1,...,do contain the multipli-
cation result (|z| - |y|) =: r. Moreover, dsm—1,...,dan, corresponds to xz and
dam—1, - - -, dsm corresponds y. Besides ds,,, = 1, all other d-variables are 0.

We force d-bits not belonging to r to fit this bit scheme for satisfying inputs:
We replace ds,, by 1 and relabel BP nodes labeled by do,+x by xx resp. dsm+k
by yr for 0 < k < m — 1. All other d-variables not belonging to r are replaced
by 0.

The remaining 2m d-variables are denoted by z. We obtained a restricted
version MUL-GRAPH,, of MUL-GRAPH,, with

MUL-GRAPH, (z,y,z) =1 < (|| - [y| = [2]) A (|z], ly] > 0)
which can be easily extended to MUL-GRAPH,, by

MUL-GRAPH,,(z,y,z) = MUL-GRAPH;, v [((|z] = 0)V(ly| = 0))A(ld| = 0)] .
(4)

Let P’ be the resulting BP. Due to our node relabeling, each variable is read

at most twice. Replacing variables by Boolean constants does not enlarge BPs.
Comparisons with 0 are of bounded-width and have OBDD size O(m) for any
variable order. Hence, the disjunction with MUL-GRAPH" in (4) causes the BP
size to grow at most by a factor of O(m) (see, e.g., [27, Sect. 3.3]), and P’ has
size O(m - size(P)). O

8 Conclusions and Open Problems

Exponential lower bounds on the OBDD size of the fundamental and hard func-
tions MUL, SQU, ISA, and HWB carry over to the symbolic graph scenario.
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This has not to be the case in general as seen for the counterexample function
vector FSA. Graphs of such simply-structured functions can then be used to
show limits of symbolic graph algorithms, which has been done exemplarily for
a symbolic all-pairs shortest-paths algorithm.

Corollary 2 covers only a restricted version of the symbolic graph of squaring.
The OBDD size of its unrestricted graph is an open question yet; experiments
suggest that it is also exponential. Moreover, it is of interest whether exponential
lower bounds for integer multiplication w.r.t. more general types of branching
programs carry over to the symbolic graph scenario, too (see, e.g., [1, 19, 29]).

Acknowledgments. Thanks to André Gronemeier, Martin Sauerhoff, Detlef
Sieling, and Ingo Wegener for proofreading and helpful discussions.
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