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Flows over time have been introduced about forty years ago by Ford and Fulk-
erson [0, 7]. We consider the computation of maximum flows over time in a net-
work N consisting of an asymmetric directed graph (V, E) with edge capacities
u: ' — N. In contrast to static flow problems [1, 1], we additionally incorporate
transit times 7: E — N needed by flow units to travel along an edge e. In such
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Abstract

Flows over time may be maximized by computing a static maximum
flow on the corresponding time-expanded network, which contains a copy
of the original network for each discrete time step. This makes available the
whole algorithmic toolbox developed for static flows. The major drawback
of this method compared to a polynomial (motivated by Ford and Fulker-
son [6, 7]) is that the time-expanded networks may become exponentially
large. However, the interconnections between the network copies are of
simple structure. Implicit network representations by ordered binary de-
cision diagrams (OBDDs) reward such structures with good compression.
Therefore, the presented heuristic algorithm transforms an implicitly given
0-1 network into a time-expanded network, which serves as input of existing
implicit methods for the static maximum flow problem. After their execu-
tion, the resulting maximum static flow is converted into a flow over time in
the original network. It is shown that time-expanded networks have com-
pact OBDD-representations under certain structural assumptions, which
hopefully makes the flow maximization efficient w.r.t. time and space.
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a network, a maximum flow f has to be sent from a source node s to a terminal
node t within a time horizon 7T . In contrast to static flow maximization, we allow
storage of flow at intermediate nodes. Due to natural capacities and transit times
we may consider a discrete time model with times {0,...,7 }.

Ford and Fulkerson [, 7] presented a reduction to the min-cost flow problem
that yields a polynomial algorithm. Another technique in the context of flows over
time is the generation of a time-expanded network N [6, 7, 5], which contains a
copy of the original network for every discrete time p € {0,...,7}. A maximum
static flow in N* can be interpreted as a maximum flow over time in N. Then, a
maximum static flow in N* can be computed [/, 1] and interpreted as flow over
time.

If N consists of |V| nodes and |E| edges with time horizon 7, the time-

expanded network N* consists of O(|V|-T) nodes and O((|V| +|E|) -T) edges.

Thus, this method to compute maximum flows over time is pseudo-polynomial,
and may take exponential runtime. Nevertheless, time-expanded networks are
used within an FPTAS [5] for the quickest multicommodity flow problem, for
which no polynomial algorithm is known yet.

Anyhow, we will use this approach to solve the maximum flow problem over
time in 0-1 networks. That is, we consider a simplified variant of the problem
where for all edges e € E it is u(e) = 1. This restriction enables an implicit
representation of E using ordered binary decision diagrams (OBDDs) [2, 3, 12],
which are graph-based data structures for Boolean functions. They are used to
represent the characteristic function yg: V2 — {0,1} of E, which maps binary
encodings of edges (v,w) € F to 1, while other pairs (v,w) ¢ E are mapped to
0.

The size of an OBDD that represents a graph G = (V, E) is bounded both
by O(|V|*/log|V]) and O(|E|log?|V|). Hence, it is not essentially larger than
the corresponding adjacency matrix resp. the adjacency lists. Because OBDDs
reward structures and regularities with good compression, we hope that advan-
tageous properties of G lead to “small,” that is sublinear or even polylogarithmic
OBDD-sizes O(logk \V\), for a constant k. Examples are grid graphs [15, 1],
which have OBDDs of logarithmic size, and cographs [13], which have OBDDs of
size O(|V|log |V]).

OBDDs offer a set of functional operations which are efficient w.r. t. the sizes
of the participating OBDDs. These operations like disjunction and quantifi-
cation have to suffice for the design of algorithms working on implicitly defined
data (called implicit algorithm). Although each single operations is efficient, a se-
quence of O(log |V|) operations may generate OBDDs of exponential size. Thus,
besides of the input OBDD-sizes, the over-all runtime of an implicit algorithm
is essentially influenced by the sizes of OBDDs generated during the algorithm
execution. In general, it is difficult to analyze these sizes for an interesting input
subset. Two results of Sawitzki [I 1] and Woelfel [15] represent first steps in this



area. Often, only the number of OBDD-operations is bounded as a hint on the
real over-all runtime. Because implicit algorithms typically have a higher worst-
case runtime than corresponding algorithms which work on traditional adjacency
lists (called explicit algorithms), they can be considered as heuristics to save time
and/or space when the input graphs are heavily structured, and maybe too large
for an explicit representation (e.g., by adjacency lists).

Implicit algorithms for some particular graph problems like reachability anal-
ysis are well established in the context of sequential circuits [8]. Newer research
tries to attack more general graph problems by implicit methods. The algorithm
of Hachtel and Somenzi [9] represents one of the first steps in this direction. It
solves the maximum flow problem on implicitly given 0-1 networks, i. e., it com-
putes an edge-disjoint path set of maximum cardinality between a source node
s € V and a terminal node ¢t € V in a network N = (V, E,s,t). In the worst
case, it performs Q(|V|*log|V|) OBDD-operations and takes over-all runtime
O(|V|?log|V]). In experiments, the algorithm performed better and was able
to efficiently solve maximum flow problems on state-transition graphs with 1027
nodes and 103¢ edges.

Sawitzki [10] presented an implicit maximum flow algorithm which uses the
technique of iterative squaring to compute at least one augmenting path by
O(log|V|) OBDD-operations. This enables exponential less OBDD-operations
on graphs with long augmenting paths from s to ¢. This approach hopefully
leads to a better over-all runtime on specially structured networks. This has been
shown for the case of grid networks [11], on which the algorithm takes over-all
runtime O (log” |V|), while Hachtel and Somenzi’s method needs Q(|V|"/?log |V])
operations.

Using implicit time-expanded networks, these maximum flow algorithms can
directly be used to compute flows over time. In contrast, there is no implicit
version of the polynomial algorithm using min-cost flows yet. Thus, the presented
algorithm may by considered as a heuristic method to solve the maximum flow
over time problem if the network size does not allow an explicit representation.
Furthermore, the regular interconnection structure of time-expanded networks
enables compact OBDD-representations. We hope that this leads to better over-
all runtimes than the polynomial algorithm on special networks.

The paper is organized as follows. Section 2 formally introduces the prob-
lem of computing maximum flows over time as well as the detailed structure of
time-expanded networks. Section 3 gives some foundations on implicit network
representations by OBDDs. The implicit flow over time algorithm is described in
Section 4. In Section 5, the consequences of different properties of the input net-
work and the transit time function 7 on the OBDD-sizes are considered. Finally,
Section 6 gives conclusions, and hints to possible future work.



2 Maximum Flows over Time

We consider a network N = (V, E, s,t,u,7), where (V, E) is a directed asymmet-
ric graph, s € V' the source, and ¢ € V the terminal node. Function uv: £ — N
assigns capacities to the edges, while 7: £ — N assigns transit times to them.
In the mazximum flow over time problem, our aim is to send as much flow as
possible from source s to terminal ¢ within a time horizon 7 while respecting
the edge capacities. We consider a problem variant that allows storage of flow at
intermediate nodes.

Formally, we search a flow over time f: E x {0,...,7} — Ny, which assigns
f(e, p) units of flow to every edge e and time p. This means that f(e,p) flow
units are send into edge e during the time interval [p, p + 1[. f has to respect
the edge capacities, i.e., f(e,p) < u(e), e € £, 0 < p < 7. In order to obey
the time horizon 7, we require that f(e,p) = 0 for all e = (v,w) € E, w # t,
and 7 — 7(e) < p < 7. Furthermore, the flow has to fulfill the flow conservation
constraints

pot(v,p) = | Y. fleé—r@)— >, fled] =0 (1)

£=0 \e=(u,w)EFE e=(v,w)EE

forall 0 < p <7 and v € V' \ {s,t}. This enables flow storage at intermediate
nodes, and guarantees for any time p that every node (except source and terminal)
received at least as much flow as it gave away. Moreover, for p = 7 we require
that equality holds in (1), meaning that no flow remains in the network after
time 7. Finally, the flow value that has to be maximized is defined as pot(t, 7).
We do not consider cost bounds in this paper.

The corresponding time-expanded network N contains a copy of N for every
discrete time {0,...,7}, and enables the application of static maximum flow
algorithms. It consists of the nodes V' := V x {0,...,7}, where s := (s,0)
becomes the new source and t* := (¢,7) becomes the new terminal. N*® contains
the edges E'* := Ei* U El°, with

B = {(w.p), (w.p0) | (v,0) € E,

(pw — Pv = T(U,U))), 0 < pv, puw < T} (2)

and

Efe ::{((v,p), (v,p+1)) veV, O§p<T}.

Flow on an edge ((v, py), (W, pw)) € Et° corresponds to sending flow on (v, w) €
E in the time interval [p, p + 1[. Therefore, all v—w-edges in E* have the same
capacity as in F.

The edges Ei° are called holdover edges, and correspond to flow storage in
time interval [p, p + 1] in a node v. Therefore, they get unlimited capacity.
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This paper’s algorithm solves a simplified variant of the problem where all
edges e € E have the same capacity u(e) = 1. Because also the time-expanded
network N* may only contain edges of capacity 1, we will add extra-nodes and
-edges to simulate edges with higher capacity (see Section 4).

3 Implicit Network Representation

In the following, the class of Boolean functions f: {0,1}" — {0, 1} is denoted by
B,,. The ith character of a binary string « is denoted by z;, while |z| := Z;:Ol x;2!
identifies its value. If not stated otherwise, x has length n, and encodes the graph
node number |z|.

Node resp. edge sets S handled by implicit algorithms are represented by
their characteristic Boolean function yg, which maps binary encodings of el-
ements e € S to 1 and all others to 0. Therefore, the nodes get numbers
|z] € {0,...,|V]| — 1}, whose binary encoding x is passed to the function as
n = ﬂog |Vﬂ Boolean variables. Edges are passed as pairs of node numbers by
2n variables.

The Boolean functions in turn are represented by OBDDs [2, 3, 12]. In par-
ticular, the 7=-OBDD G for the function f € B, defined on the variable set
X :={xg,...,x,_1} is an acyclic directed graph containing two kinds of nodes:
mner nodes and sinks. Inner nodes are labeled with variables, and have two
outgoing edges: the 0-edge and the I-edge. Sinks are labeled with one of the
function values 0 or 1 and have no outgoing edges. Finally, the function pointer
points to the node that represents f. The variable labels at inner nodes have to
respect the permutation m € X, (called variable ordering) on every path from
the function pointer to a sink. This implies that every variable occurs at most
once on these paths.

In order to evaluate the function according to a given variable assignment, we
start at the function pointer. If we reach an inner node v labeled with variable
x;, we follow v’s 0-edge for x; = 0 respectively its 1-edge for z; = 1. If we reach
a sink, its label gives us the desired function value. Each variable is tested once
at most, why f can be evaluated in time O(n).

The size |G¢| of an OBDD Gy is measured by the number of its nodes. In
general, the OBDD-representation of a function f € B, is not canonical. Though,
for a fixed variable ordering 7, we can minimize a 7-OBDD F' for f in linear time
|F'|. In this paper, we adopt the usual assumption that all occurring OBDDs
are minimized. This is reasonable since all mentioned OBDD-operations produce
only minimized diagrams, which are known to be canonical.

Whether a function f is satisfiable (i.e. f # 0) can be decided in time O(1).
The negation f as well as the replacement of a function variable z; by a constant
¢ (i.e. fiz=c) is computable in time O(|Gy|). Whether two functions f and g are
equivalent (i.e. f = g) can be decided in time O (|G| + |Gy|). These operations



are considered as cheap.

Further essential operations offered by OBDDs are the binary synthesis f ® g
for f,g € B,, ® € By and the quantification (Qx;)f for @ € {3,V}. The
computation of Gyg, takes time O(|Gy| - |G,|), and, therefore, is considered
as an expensive operation. The quantification (Qz;)f can be realized as two
cheap operations and one binary synthesis, why it is considered as an expensive
operation.

Besides implicit node sets S C V and edge sets T' C V2 there may be functions
created within an algorithm which receive more than two node arguments. Let
k be the maximum number of node encodings passed to a characteristic function
along the algorithm execution. The OBDDs are then defined on the variable set
Xpp =12} |1 <i <k, 0<j <n—1}, which contains k subsets 2* € {0,1}"
corresponding to node numbers ||, 1 < i < k.

The interleaved variable ordering 7y, € Xk, defined on Xy ,, maps variable x;
to position jk + ¢. Accordingly, 7, tests the node numbers’ bits with increasing
significance, and has the appearance

(zdy . xm oh, kel k).

The use of 7y, as the variable ordering for an OBDD G allows to swap node
arguments in time and space O(|Gy|). Furthermore, it leads to small OBDDs of
size O(n) for important functions like value comparisons (see Section 5.1). Due to
these convenient properties, this paper’s algorithm uses 7, as variable ordering.

While the characteristic function of a set S is usually denoted by xs € B,
and G, identifies the OBDD for xg, we simplify the notation, and just write
S or S(z) for all three kinds of representations. Furthermore, both the binary
encoding x of the node v, as well as the node itself are just denoted by z.
For example, the OBDD G, representing a graph’s edge set E is denoted by
E(x,y); for the singletons {s} and {t} of source and terminal node this is s(z)
resp. t(z). In the following, the OBDD-representation of node and edge sets and
the operations offered by OBDDs will be considered as black boxes. In Section 4,
the algorithm will be described mainly by means of functional assignments like
“F(z) := G(z) N H(xz).” This example corresponds to the computation of a
new OBDD called F(z) for the function g A h, where G(z) represent g, H(z)
represents h, and all three functions are defined on the variables x = xg, ..., Z,_1
that encode one graph node number |z|.

4 The Algorithm

The algorithm receives the input network N = (V| E,s,t,7) in form of four
OBDDs E(z,y), s(x), t(x), and TAU (z,y, p). E(z,y) is the characteristic func-
tion of the edge set F, s(x) and ¢(x) represent the singletons {s} and {¢}, and
TAU(x,y, p) corresponds to the transit time function 7: E — N. In contrast to
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the characteristic functions considered so far, TAU depends also on a variable
set (namely p) that represents no node number but the natural function value
7(e). TAU'’s first two arguments x and y match the start- resp. end-node of 7’s
edge argument.

To enable a small OBDD-size, TAU does not exactly reflect 7; we relax its
definition so that TAU (z,y, p) = 1 does not necessarily imply (z,y) € E. Instead,
we define it as

TAU (z,y,p) =1 & ((z,y) € E = 1(z,y) = p).

This enables us to represent constant transit times 7 = ¢, ¢ € N, by the simple
check (p = ¢) =: TAU(x,y, p), which has an OBDD of size O(log(|V| T)) (see

Section 5.1).

The result of the algorithm will be an OBDD FOT(zx,y, p) which represents
the set of all edges e = (z,y) and times p such that the maximum flow over time
lays flow on e in the time interval [p, p + 1].

4.1 Replacing the hold-over arcs

Holdover edges ((v, p), (v, p+ 1)) model the storage of flow in a node v € V from
time p to p 4+ 1. Intuitively, they have unlimited capacity due to the unlimited
storage capacity of nodes. Both implicit algorithms [9, 10] which may be uses
to solve the static flow problem on the time-expanded network are only able to
handle 0-1 networks. Anyhow, in a 0-1 network, at most (|V|—1)-7 < |V|-T —1
units of flow can enter a node v € V until time 7. Therefore, we simulate the
behavior of an unlimited edge by introducing extra-nodes and -edges. We extend
the node set V* by building the Cartesian product with the set {0, sV -T—l},
ie.,

V=V x{0,....,T} x {0,...,|V|-T — 1}.

We will use nodes (v, p, o) € V' with o > 0 as extra-nodes, while node (v, p,0) €
Ve will represent the copy of v for time p. Therefore, the new definition of Ei°
demands o = 0 and it is s* := (s,0,0) and t* := (¢,7,0):

E{e = {((Uapv>0)> (w>pw70)) ’ (’U,’LU) € F,
(pw = Pv = T(va))7 0 < po, pu < T} (3)

Instead of holdover edges ((v, p), (v, p+ 1)) with capacity [V|-T — 1, we use
edges

By = {((0.0,0), (1.9,0)). ((v.p,0). (v,p+1,0))

vev, pefo,..., T -1}, 06{1,...,|vy.7_1}} (4)



(v, p) (v,p+1)

o—————>®
V|- T -1
(0.0 V] T = 1)
(a) Holdover edge ((v, p), (v,p+1)). (b) Subgraph that simulates the

holdover edge.

Figure 1: Holdover edge of capacity |V|-7 — 1 versus an equivalent construction
with [V]-7 — 1 extra-nodes.

with capacity 1. Figure 1 illustrates that this replacement does not influence the
maximum flow value.

4.2 Building the time-expanded network

In order to apply an implicit static maximum flow method, we have to generate
an OBDD E*(z, py, 04,9, py, 0y) for the time-expanded network’s edge set E*,
which depends on binary encodings of all three components of both the start- and
the end-edge. We compose it from two functions that correspond to the edges
Ei and E%¥, which in turn are obtained by Boolean equations that correspond
to (3) and (4):

EY (&, pay 00, Y, pys 0y) = E(,y)
A (3p) [(py = pz = p) N TAU (2,9, p)] A (00 = 0, = 0). (5)

This equation corresponds to (3), and explains as follows: To be connected in
N* (x,y) has to be an original edge in E. Furthermore, there has to be a time
p which is the difference between the times p, of y and p, of x and which equals
to 7(x,y). This is the Boolean formulation of the condition p, — p, = 7(z,y).
Finally, these edges are not defined on the extra-nodes but on the copies of V,
why the o-values have to be 0.

The following equation defines the edges Ei° that simulate holdover edges



corresponding to (4):

ES(2, pay 00, Y, pys 0y) = (2 = 1)
Ao = p) A (02 = 0) A (0, > 0))
V(py = pr = 1) Aoz > 0) Ao, =0))]. (6)

Because the extra-edges of EY° are used to model the storage of flow at nodes
v € V over time, their node components x and y have to be equal. The case
pz = py corresponds to edges that leave a copy node (o, = 0) and enter an extra-
node (o, > 0). Analogously, the case p, — p, = 1 corresponds to edges that leave
an extra-node and enter a copy node.

Finally, we have to conjoin Ei® and E%:

Ete(x7px7 Uxa y7 pyvay) = E{e(x7px7 Jx7y>py> Uy) \/ E;e(xa px70x7ya py7 Jy)'

Note that the argument values are only bounded by the number of bits rep-
resenting them. Therefore, the OBDD for E* may contain more edges than
provided by (3) and (4): If p, and p, are encoded by n bits and 7 is smaller
than 2" — 1, then there are copies V' corresponding to times p > 7. However,
this does not influence the maximum flow in N* because t* := (¢,7,0) has no
ingoing edge from nodes (v, p, o) with p > 7.

The same reason may cause that the amount of extra nodes (v, p,0), o > 0,
per node v € V and time p € {0,...,2" — 1} is higher than the largest possible
flow storage at v. Of course, this neither changes the maximum flow.

Source and terminal of N* are defined straight-forward:

Ste(x>vaax) = 8(x) A\ (pr =0, =0), (7)
tte(x7pma Ox) = t(%) N (px = T) N (Um - O) (8)

Equations (5), (6), (7), and (8) for E*, s* and ¢* are build from basic
operations of By (disjunction, conjunction) and existential quantifications on the
input functions E(x,y), s(x), and t(x) as well as on supporting functions that
realize comparisons like p, = 7. The functional operations are provided by
the OBDD data structure, while the comparison functions have small OBDDs,
and, therefore, can be efficiently generated. They are composable of multivariate
threshold functions introduced by Woelfel [15], and are handled more detailed in
Section 5.1. Altogether, the equations that lead to the characteristic functions of
N can be generated by OBDD-operations.

4.3 Computing the maximum flow over time

We now apply an implicit algorithm on the time-expanded network that solves
the static maximum flow problem on it. One can use Hachtel and Somenzi’s
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algorithm [9] as well as the iterative squaring approach of Sawitzki [10]. These
methods return an OBDD for the function F(x, p,, 04,9, py, 0,) which implicitly
represents the set of all edges carrying a flow unit. From this flow we have to
compute the final result FOT(z,y, p). Note that flow on holdover edges does not
correspond to flow in the final maximum flow over time. Only flow on edges of
E%© contributes to FOT. This leads to the following equation:

FOT(z,y,p) = (3p') F(x,p,0,y,0,0).

The maximum flow over time lays flow on (z,y) from time p to p + 1 if and
only if the maximum flow in the time-expanded network carries flow from node
(x,p,0) to some node (y, p’,0). Therefore, it suffices to replace o, and o, by 0
and afterwards to quantify existentially over the end-edge’s time component p’
in order to obtain FOT.

5 OBDD-Sizes of Time-Expanded Networks

We now investigate upper bounds for the OBDD-size of time-expanded net-
works. In general, the size of an OBDD depending on n variables is bounded
by (2+o0(1))2"/n [12]. E® depends on the six variable sets x, pz, 0z, Y, py,
and o,. Both node numbers x and y can be represented by ﬂog |Vﬂ variables
each. p, and p, are bounded by 7', why |log 7 | + 1 variables suffices to represent
each of these time values. Finally, each o-value is bounded by |V| -7 — 1, why

[log(ﬂ/\ -T )W variables suffice. This leads to the worst-case size

4(log |V |+log T 4 4
]Ete|:0<2(g|| g)):O< Vit T )
log |V| +log T log |V| +log T

Of course, the use of heuristics like implicit flow algorithms is motivated by
the hope that the worst case does not apply. In contrast, we hope that OBDDs
are suited to catch the structures of the considered time-expanded networks. In
the following, we will present a function property leading to small OBDD-sizes,
and analyze E'’s size under different degrees of structural assumptions. For the
singletons s(z), t(z), s*(z, ps,0.), and t°(z, ps,0,) we will obtain trivial size
bounds without any assumptions.

5.1 Functions with complete OBDDs of constant width

An OBDD F' defined on n variables is called complete if every path from F’s
function pointer to a sink has length n [12]. This may cause that the OBDD is
not minimal. The width of an OBDD refers to the maximum numbers of nodes
labeled with same same variable.

Woelfel [15] has introduced the class of k-variate threshold functions.
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Definition 1 A function f € By, k,n € N, defined on the variable set Xy, =
{5 |1 < i<k, 0<j<n} is called k-variate threshold function if there are
weights wy, ..., w € Z and a threshold T' € Z such that

k
flt,. .. 2 = <sz 2t > T>.
i=1

The maximum absolute weight of f is defined as w(f) := max{]wl\, . \wk\}

An interesting property of k-variate threshold functions f with constant k£ = O(1)
and w(f) = O(1) is that they have complete 7y ,,-OBDDs F of constant width,
where 7, is the interleaved variable ordering (see Section 3). That is, every
variable z% € Xj,, labels only O(1) nodes and F has size O(n). This holds in
particular for the corresponding minimized OBDD F' as well as for any formula
over a constant number of threshold functions. The latter follows from Lemma 1
which is proven in Appendix A.

Lemma 1 Let F' and G minimal 7-OBDDs of functions f,g € B,, m € X,,
which have complete m-OBDDs F and G of constant width k. The binary synthe-
sis [12] F ® G, ® € By, generates a minimal m-OBDD H of size O(n) in time
and space O(n) which also has a complete m-OBDD H of constant width k2.

It is easy to see that also the comparisons =, >, <, and < can be expressed
by a formula of constant size over threshold functions. For example, p, = p,
corresponds to the formula

(1 po+(=1)py 2 O] A [(=1) - po+1-py >0].

In general, applying O(n) existential quantifications on an OBDD of size O(n)
may cause an exponential blow-up. Lemma 2 [11] states that this worst cases
does not apply for functions with complete OBDDs of constant width. Its proof
has been moved to Appendix A.

Lemma 2 Let f € B, be a Boolean function defined on the wvariables
{zo,...,xpn_1} that has a complete m-OBDD F, 7 € X, of constant width k.
Then, for every sequence x;,, ..., x; of ¢ variables and a quantifier Q € {3,V},
the function g := (Qx;, ...Qxy)f, r < ¢, has a complete 7-OBDD G of width
2k = 0(1).

That is, also the existential quantification of the minimized OBDD F of f over an
arbitrary variable subset produces intermediate OBDDs of the same asymptotical
size O(|F]) = O(n).

Definition 1 assumes that all arguments z? consists of the same number n of
variables. In our case, n is dominated by the o-values, which are encoded by

n = [log(\V\ T)-‘ variables. The functions s(z) and ¢(z) resp. s*(z, p., 0,) and
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t*(x, ps, 0,) Tepresent singletons, that is, each of them maps exactly one variable
assignment to 1. The minimal OBDD for such functions consists of just one path
to the 1-sink, and has size O(n).

At next, we will consider assumptions of different strength and their conse-
quences on the size of £*. In detail, we will assume that both £ and TAU have
complete OBDDs of constant width respectively that only one of both has this

property.

5.2 Assuming a compact edge relation

Here, we consider the case that E(x,y) is compact by means of having a complete
OBDD of constant width, while the size of TAU(z,y,v) is only bounded by
the worst case O(|V|*- T /n). Grid networks for example have such compact

OBDDs [15, 11]. In order to analyze the size of E}°, we rewrite its definition:
Lz, 00,y 0) = (3p) [(py — po = p) A TAU (2,9, )],
I(x,0.,y,04) = E(x,y) A\ (0, =0,=0),
E{e(x7 Pzs 0z, Y, Py, 0y> = ]1(I7 Pz, Y, py) A IQ(xa O0z,Y, Uy>'

The intermediate OBDD for I; occurring during the computation of (5) depends
on z, y, ps, and p,. We can bound its size only by the worst case O(|V[*-T?%/n).
Being a formula over a constant number of threshold functions, I5 has size O(n).
Therefore, Ef® has size O(|I1] - |I|) = O(|V[*- T2 -n/n) = O(|V|*- T?).

E%° is composed of threshold functions, and, therefore, has size O(n). The
union with E° leads to |E*| = O(|V|?-7T?-n). Although this size is smaller than
the general worst-case size of E'* without assumptions, the flow maximization has
still pseudopolynomial runtime.

5.3 Assuming compact transit times

Here, we consider the case that TAU(x,y,v) is compact by means of having a
complete OBDD of constant width, while the size of F(z,y) is only bounded by
the worst case O(|V|?/log|V|). Constant transit times 7 = ¢, ¢ € N, for example
have such compact OBDDs TAU (z,y,v) := (v = ¢). In order to analyze the size
of Ei°, we rewrite its definition:

[3<x7vao'x7yapy7ay) = (Ello) [(py - pr = p) /\ TAU(Q?,y,p)} /\ (Jff = Uy = O)’
EY (2, pu, 00, Y, py, 0y) = E(2,y) AN I5(2, po, 00, Y, py, 0y)-
For p, — p, = p, TAU, and (0, = 0, = 0) the constant width property holds.
Due to Lemmas 1 and 2, it still holds for I3 being the result of O(1) binary

synthesis and one quantification. Altogether, I3 has size O(n), so that EI® has
size O(|V[>n/log |V|]). The conjoin with E¥° leads to [E*| = O(|V[>n?/log |V|).
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Hence, the size of the implicit time-expanded network is polynomial in the input
size |V|+ |E|+logT, and we may hope that this holds also for the over-all
runtime of the low maximization.

5.4 Assuming a compact edge relation and compact tran-
sit times

If we assume that both E(z,y) and TAU(x,y,v) have the constant width prop-
erty, it follows from above that E'* has also a complete OBDD of constant
width. Therefore, the implicit time-expanded network has size |E*| = O(n) =
O(log |V| +log T), which is linear in the input size |V|+ |E| + log T.

6 Conclusions

An implicit algorithm for the maximum flow over time problem has been pre-
sented which works on OBDD-representations of the input network N and the
transit times function 7. It generates an implicit time-expanded network N,
and incorporates existing implicit algorithms for the static maximum flow prob-
lem. Due to the simple interconnection structure of time-expanded networks, a
compact OBDD-representation of 7 suffices to obtain also a compact OBDD for
N* which is a necessary (though not sufficient) condition for the efficiency of
OBDD-algorithms.

Altogether, we hope that the algorithm, being a heuristic, represents a more
efficient alternative to explicit algorithms w.r.t. time and/or space on large, but
heavily structured networks that arise in practical applications.

At the moment, there exist only implicit maximum flow algorithms for the
special case of 0-1 networks. Areas of future research could be the extension to
networks with arbitrary edge capacities as well as attacking further flow problems
like the computation of multicommodity flows with implicit methods. This would
enable the generation of implicit condensed time-expanded networks [5], because
these contain scaled edge capacities.
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A  Proofs

Because there is a variety of possible implementations of the binary synthesis,
we adopt the usual assumption that the algorithm recursively constructs the
reachable part of F’s and G’s cross product graph before it minimizes the result
in linear time.

Proof of Lemma 1. We assume w.l.0.g. 7 = id for the variable ordering .
At first, we convince ourselves that the binary synthesis 7 ® G on the complete
OBDDs F and G takes runtime O(n). Let v and w be two OBDD nodes from
F resp. G which represent two subfunctions f’ resp. ¢’. Due to the completeness
of F and G, f’ and ¢’ participate in a recursive computation f’ ® ¢ if and only
if v and w are labeled with the same variable. Hence, F’s and G’s cross product
graph contains at most k% nodes in each layer and the OBDD H = F ® G is
computed in time and space O(n).

We now investigate the synthesis of the minimal OBDDs F' and G. These
are obtained from F resp. G through successive applications of two minimization
operators [12]:

e Eliminate nodes v whose 0- and 1-edge point to the same node.

e Merge nodes v and w which are labeled with the same variable, and which
have the same a-successors v, = w,, a € {0,1}.

For general OBDDs A and B, the result A® B may have size O (]A|-|B|), because
recursive computations may combine nodes on different layers. This problem does
not occur in F' ® G: a-edges (v,v,) in F or G, a € {0, 1}, which skip layers are
the result of elimination operators that have been applied on F resp. G. Let v of
F lie in layer i, while w of G lies in j > i. When a recursive computation f’ ® ¢’
combines v and w, this corresponds to the combination of two nodes v’ and w’
in the computation of F ® G that lie in the same layer ¢ < ¢ < j, and whose
successive elimination redirected their ingoing edges to v and w (see Figure 2).
Therefore, every recursive binary synthesis within F'® G can be associated with
one within F ® G. Hence, the OBDD H := F ® G contains not more nodes than
H, and can be computed in time and space O(n). O

Proof of Lemma 2. We assume w.l.o0.g. that F contains exactly k£ nodes in
each layer ¢ € {0,...,n — 1} as well as 7 = id for the variable ordering . At
first, we construct an OBDD P of width 2% that contains 2 nodes Vi,..., Vax
in layer ¢ corresponding to the 2* subsets of F’s nodes {v;,...,v;} in layer £.
Moreover, we define the a-successor V,, a € {0,1}, of a node V' in P as the union
of the a-successors of all original nodes v € V', i.e., V, := (J, ey {Wa}-

We now successively perform the quantifications on P in order to construct
G, where each constructed OBDD G, for g, := (Q;,. ... Qz;, ) f will not be larger
than P.
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(a) f/ and ¢ in F (b) f/ and ¢’ in F
resp. G. resp. G.

Figure 2: Examples of OBDD-representations of subfunctions f’ and ¢'.

Let Vy and V; be the 0- resp. 1-successor of V. We perform the quantification
over variable x; by replacing all edges (U, V') (which point to nodes V' in layer /)
by (U ,Vou Vl).

If the evaluation traversal on G, for a given input assignment z visits V' C
{v1,..., v}, this node represents the union of nodes reachable in the original
OBDD F for any assignment of the quantified variables z;,,..., z;, .

In generating P and the OBDDs Gi,...,G. := G, we also create terminal
subsets of {0,1}. When applying a sequence of existential quantifiers (Q = 3),
the sets {1} and {0, 1} are replaced by the terminal 1 and all others by 0—it
suffices if one assignment of the quantified variables leads to 1. When applying
universal quantifiers (Q = V), only the set {1} is replaced by 1—all assignments
must lead to 1.

We have constructed a complete OBDD G for g of width 28 = O(1). O
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