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Motivation
I Applicationsproduce\la rge" graphs:

I Logic designand veri¯cation (e.g. 1030 nodes)
I Modeling tra±c or the WWW
I . . .

I Possiblecon°icts with resourcelimitations:
I Graphsdo not ¯t into internal memory.
I Evene±cient algorithms get intractable.

I Observation:Many applicationsproducelarge, but structured
graphs.

I Heuristicapproach: Symbolic algorithms
1. ConsidergraphG as a characteristicBooleanfunction C.
2. RepresentC by a compactdata structure.
3. Solveproblemin G by few and e±cient operationson C.
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Symbolic GraphRepresentation

I ConsiderdirectedweightedgraphG = (V ; E; `) with

N := jV j; M := jEj; 0 · `(e) · T :

I De¯ne C : V £ V £ [T ] ! f 0; 1g by

C(u; v; d) = 1 ,
£
(u; v) 2 E

¤
^

£
`(u; v) = d

¤
:

I Graph-baseddata structure for Booleanfunctions:

OrderedBinary DecisionDiagrams(OBDDs) (Bryant, 1985)
I OBDD C hasworst-casesizeO

¡
(NT )3=log(NT )

¢
.

I Structuredgraphshopefully havesublinear OBDD-sizeo(NT ).
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Symbolic GraphAlgorithms

I Symbolic algorithms work on the OBDDs of graphs.
I Are restrictedto functional operations:

I Satis¯ability, equivalence,variable replacement
I SynthesisF ­ G, ­ 2 f^ ; _ ; ©; ) ; ,g
I Quanti¯cations (9x)F, (8x)F

I Criterionsfor e±ciency:
I Runtime: Sum of sizesof generatedOBDDs
I Space:Maximum occurringOBDD-size

I Challengesin algorithm analysis:
I logN operationsmay causeexponentialblow-up.
I OBDD-sizesare di±cult to analyze.
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PreviousWork
I Practical research in circuit veri¯cation:

I Symbolic reachability analysisfor state graphs

I Flow maximization: (Hachtel, Somenzi,1997), (S., 2004)
I Topologicalsorting: (Woelfel, 2003)
I Stronglyconnectedcomponents: (Gentilini et al., 2003)
I Shortest paths: (Bahar et al., 1993), (S., 2004)
I There are mainly two di®erentdesigngoals:

1. Sublinear (polylogarithmic) runtime on specialgraphs
2. Acceptableaverage-casebehavior
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Symbolic Shortest-Path Algorithms

I Approach: Developsymbolic versionsof Dijkstra and
Bellman-Ford.

I Input: GraphG = (V ; E; `), sources 2 V

C(u; v; d) = 1 ,
£
(u; v) 2 E

¤
^

£
`(u; v) = d

¤

I Output: Distancefunction dist: V ! N [ f1g as OBDD

DIST(v; d) = 1 , dist(v) = d
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I Nodesv 2 A ½ V alreadyhaveshortest paths.
I Selectvmin 2 V n A with minimal dist(vmin).
I Add vmin to A.

V

s

A
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I Update dist for neighbors w of vmin:

dist(w) := minf dist(w); dist(vmin) + `(vmin; w)g

I O(N) iterationsand O
¡
N ¢log(NT )

¢
OBDD-operations

s

A

V
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OBDD-operations
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`(e)
u

v

dist(u)
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ComputingRELAX(u; v; d):

RELAX(u; v; d) := (9d(1) ; d(2) )
£
DIST(u; d(1) ) ^ C(u; v; d(2) )

^ (d = d(1) + d(2) )
¤

^ (9d(1) )
£
DIST(v; d(1) ) ^ (d(1) · d)

¤
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ExperimentalAnalysison RandomGraphs

I What do we expect from both algorithms?
I Dijkstra . . .

I . . . works node by node ) many operations.
I . . . handlesstructuredsymbolic sets) fast operations.

I Bellman-Ford . . .
I . . . relaxesedgesin parallel ) lessoperations.
I . . . may handlelarge, unstructuredsetsRELAX(x; y; d) )

complex,slow operations.
I Expectations/hopes:

I Dijkstra needslittle space(at best linear in size[C]).
I Bellman-Ford needslittle runtime (at best linear in size[C]).
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I N 2 f 100; 200; 300; 400g
I Edgeprobability p = q ¢0:05, q 2 f 1; : : : ; 20g.
I 10 experimentsper setting.
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Summary

I Symbolic algorithms are heuristicsto solveproblemsin large
but structureddata.

I Dijkstra and Bellman-Ford havebeentransformed into
OBDD-algorithms.

I On random,grid, and thresholdgraphs. . .
I . . . Dijkstra is dominant w. r. t. space.
I . . . Bellman-Ford is dominant w. r. t. runtime.

I Dijkstra evenlinear in input sizesize[C].
I Future research:

I Experimentson real-world graphs
I Consideringfurther SP-problems
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