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Abstract. Ordered Binary Decision Diagrams (OBDDs) are a data
structure for Boolean functions which is successfully applied in many
areas like Integer Programming, Model Checking, and Relational Alge-
bra. Nevertheless, many basic graph problems like Connectivity, Reacha-
bility, Single-Source Shortest-Paths, and Flow Maximization are known
to be PSPACE-hard if their input graphs are represented by OBDDs.
This holds even for input OBDDs of constant width. We extend these
results by concrete exponential lower bounds on the space complexity of
OBDD-based algorithms for the Reachability Problem, the Single-Source
Shortest-Paths Problem, and the Maximum Flow Problem. This involves
the first exponential lower bound on the OBDD size for the highest bit
of Integer Multiplication w.r.t. the natural interleaved variable order.

1 Introduction

Algorithms on (weighted) graphs G with node set V and edge set E C V?
typically work on adjacency lists of size O(|V| + |E|) or on adjacency matri-
ces of size O(|V]?). But in areas like CAD, Model Checking, and Relational
Algebra graphs arise whose size does not allow an explicit enumeration of all
their elements. There [2, 10] and in further areas like Algorithmic Learning [7]
and Integer Programming [1], the implicit representation of data by Ordered
Binary Decision Diagrams (OBDDs) [3, 4, 21] is well-established as a succinct
alternative. Their convenient algorithmic properties help to save time and space
through solving problems by efficient logical operations. So OBDDs are applied
in heuristic methods with hopefully sublinear resource usage.

Though each single OBDD manipulation is always efficient, a short sequence
of them may suffice to cause an exponential blow-up in the OBDD size. Most
algorithms on OBDD-represented graphs have only been analyzed experimen-
tally [11, 12, 24] or w.r.t. rough measures like the number of OBDD manipula-
tions [8, 9, 14]. Feigenbaum et al. [6] showed that even the very basic problem of
s—t-Connectivity is PSPACE-complete on OBDD-represented graphs. That is,
the success of OBDD-based approaches has to be explained by means of advan-
tageous properties of real-world instances causing an essentially better behavior
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than in the worst case. Recent research tries to build theoretical foundations for
the analysis of the over-all runtime of OBDD-based algorithms [16, 17, 23]. This
includes the investigation of the parameterized complexity of graph problems
when structural properties of input and/or output OBDDs are counsidered as
fixed parameters [18]. So basic graph problems are known to be fixed-parameter
intractable w.r.t. a fixed input OBDD width (unless P=PSPACE). (The book
of Downey and Fellows [5] gives a comprehensive introduction to the field of
parameterized complexity.)

Despite these hardness results, there is no nontrivial lower bound for the
complexity of any problem on OBDD-represented instances so far. The challenge
is to prove both an upper bound on the input’s OBDD size and an exponentially
larger lower bound on the size of some OBDD occurring during the computation.
We present such bounds for the Single-Source Shortest-Paths Problem and the
Maximum Flow Problem. For the Reachability Problem this succeeds only for a
certain class of OBDD-based algorithms. However, all existing algorithms known
to the author belong to this class. We do not assume a separate output tape
because the separation of working space and output size is not reasonable in
practical applications.

The paper is organized as follows: After giving foundations on OBDDs in
Section 2, we sum up both known and some trivial new results on the complexity
of graph problems on OBDD-represented instances in Section 3. In Section 4,
we introduce a construction method for functions with constant OBDD width.
With these preliminaries we are able to construct pathological instances for all
three considered graph problems in Sections 5, 6, and 7 giving us the desired
exponential lower bounds. The technical lower bound on the OBDD size of the
highest bit of multiplication has been shifted to Appendix A.2. Finally, Section 8
gives conclusions on the work.

2 Ordered Binary Decision Diagrams

For B := {0,1}, let us denote the ith character of a binary string @ € B" by
x; and let |z| = Z?:_Ol 7;2% identify its value. The class of Boolean functions
f:{0,1}™ — {0,1} is denoted by B,,. The set of all permutations of n elements
is denoted by X,.

A function f € B,, defined on variables zq,...,x,—1 can be represented by
an Ordered Binary Decision Diagram (OBDD) [3, 4]. An OBDD G is a directed
acyclic graph consisting of internal nodes and sink nodes. Each internal node
is labeled with a Boolean variable x;, while each sink node is labeled with a
Boolean constant. Each internal node is left by two edges one labeled 0 and the
other 1. A function pointer p marks a special node that represents f. Moreover,
a permutation 7 € Y, called variable order must be respected by the internal
nodes’ labels on every path from p to a sink. For a given variable assignment
a € B™, we compute the function value f(a) by traversing G from p to a sink
labeled f(«) while leaving each node labeled z; via its a;-edge. An OBDD with
variable order 7 is called 7-OBDD. The minimal-size 7-OBDD for a function



f € B, is known to be canonical and will be denoted by m-OBDD][f]. Its size
size(m-OBDD(f]) is measured by the number of its nodes; its width is the maxi-
mum number of inner nodes labeled with the same variable. Finding an optimal
variable order leading to the minimum size OBDD for a given function is known
to be NP-hard. Independent of 7, it is size(m-OBDD[f]) < (2 + o(1))2"/n for
any f € Bj,. The book of Wegener [21] gives a comprehensive survey on different
types of Binary Decision Diagrams.

Efficient algorithms on OBDDs. Functional operations on OBDD-
represented functions can be implemented by efficient algorithms called OBDD
operations in the following. The satisfiability of f can be decided in time
O(1). The negation f, the replacement of a variable x; by some constant c
(i-e., flzi=c), and computing |f~(1)| are possible in time O (size(r-OBDDIf])).
The set f~!(1) of f’s minterms can be obtained in time O(n - |f~'(1)|).
Whether two functions f and ¢ are equivalent (i.e., f = g) can be de-
cided in time O(size(r-OBDD|f]) + size(r-OBDD[g])). The most important
OBDD operation is the binary synthesis f ® g for f,g € B,, ® € By (e.g.,
A, V); in general, it produces the result m=-OBDD[f ® ¢] in time and space
O (size(r-OBDD]f]) - size(m-OBDD]g])). The synthesis is also used to implement
quantifications (Quz;)f for @ € {3,V}. Hence, computing m-OBDD [(Qu;)f]
takes time O(size*(7-OBDD[f])) in general. All operations produce minimum
size m-OBDDs.

Representing graphs by OBDDs. One canonical way to represent data im-
plicitly by an OBDD is to express it in terms of a subset S C {0,..., N — 1}*,
where N depends on the data size and k is constant. Assuming w.l. o.g.
N = 2" S can be represented by an OBDD for the characteristic function

Xs € Bpn of S defined by yg(z™®,....2®) =1 & (jzW|,...,[z®]) € S,
where (1) ... z(®) € B". Correspondingly, a digraph G = (V, E) with nodes
o, ...,vn—1 can be represented by xg € Ban with xg(z,y) =1 : (vj5),v)y|) €

FE for x,y € B™. Undirected graphs are then considered as digraphs with symmet-
ric edges. If G’s edges are weighted by ¢: E — {0, ..., B} with maximum weight
B, we extend the definition to xg(2,y,a) = 1 :6 (V)z],V)y|) € E A c(v)z],v)y]) =
|a|. In the context of characteristic functions, one further functional operation is
of interest: the argument reordering.

Definition 1. Let p € Xy and f € By, be defined on variable vectors
e .. 2 € B". The argument reordering R,(f) € By, w.r.t. p is defined
by R, (f) (x(l), o ,x(k)) - f(x(p(l))’ o 7x(p(k))),

In order to enable efficient argument reorderings (see Lemma 3 and Theorem 1),
it is common to use k-interleaved variable orders.

Definition 2. The k-interleaved variable order 71',;” € Yin of k variable vectors

M 2 e B™ reads bits of same significance index en bloc:
(1 (k) (1) (k) (k)
Thon = (xT(O), e gy Ty Ly ,zT(n_l)) ,
where T is the local order of each 2O M) The order 71'}3” 18 called natural.



3 Survey of Previous and New Results

Even the very basic problem of deciding whether two nodes s and t are con-
nected in a digraph G = (V, E) is known to be PSPACE-complete if the input
graph is represented by m=-OBDD[x¢] (see [6]). In [18], this result is extended to
fixed-parameter intractability results for a variety of fundamental graph prob-
lems including Connectivity, Bipartiteness, Planarity, Acyclicity, Single-Source
Shortest-Paths, and Flow Maximization. This is for the fixed parameter of the
input graph’s OBDD width and under the assumption P # PSPACE. Unless
stated otherwise, we assume in the following that input and, if required, output
are represented by OBDDs.

With similar techniques, it can be proved that these problems as well as
computing minimum spanning trees on OBDD-represented graphs remain fixed
parameter intractable when the maximum of input and output OBDD width
is considered as fixed parameter. That is, even if the characteristic functions of
input and output have OBDDs of constant width and, therefore, size O(log |V|),
intermediately generated OBDDs may still be superpolynomially larger, unless
P=PSPACE. Because these negative results rely on the compactness of OBDD-
represented configuration graphs of Turing machines, they directly carry over
to more general branching program models. Interestingly, the situation changes
when the edge weight zero is forbidden. Then, the All-Pairs Shortest-Paths Prob-
lem can be solved in polynomial time if certain width restrictions apply to input
and output OBDD [16]. The prefix “PW-" indicates the restriction to positive
weights (PW-APSP and PW-SSSP).

On the other hand, all decision problems mentioned so far can be trivially
solved in space poly(log |V]) by a nondeterministic Turing machine using y¢g as
oracle. Each oracle request can be implemented by an OBDD evaluation opera-
tion. Together with the reasonable assumption size(m-OBDD[x¢]) > log, |[V| and
the fact NPSPACE=PSPACE, we conclude that these problems can be solved in
polynomial space w.r.t. size(m-OBDD|[y¢]). But what about search problems?

If the output OBDD has polynomial size w.r.t. the input size
size(m-OBDD|[x¢]), we can enumerate all potential output OBDDs of polyno-
mial size and verify the result in polynomial space. Without bounding the out-
put OBDD size, this is not possible: We prove in this paper that constant input
OBDD width does not suffice for polynomial space complexity of the Single-
Source Shortest-Paths Problem, the Maximum Flow Problem, and the restricted
reachability problem Reachability™. That is, their space complexity is not fixed-
parameter tractable w.r.t. the parameter of input OBDD width.

Table 1 gives an overview of the state of affairs w. r. t. eight complexity classes
named a-3-y for a € {I, 10}, 8 € {FPT, P}, and v € {T,S}. Component « indi-
cates whether the complexity is related to input (I) or input and output OBDDs
(I0); B separates fixed-parameter (FPT) from polynomial (P) complexities; v
separates time (T) from space (S) complexity. The classes are related as follows:

CI0-6T¢

AT s ¢

10-p3-S, a-P-v C a-FPT-v .



|-FPT-T[I0-FPT-T[I-FPT-S[IO-FPT-S|I-P-T[10-P-T|I-P-S[IO-P-S

MaxFlow no f no no % yes no f |no no * |yes
APSP no t no no * yes no ¥ [no no * |yes
PW-APSP no f yes T no x yes T not |7 no *x |yes
SSSP no f no no * yes no f |no no * |yes
PW-SSSP no t ? no * yes no t |7 no * |yes
Reachability ™ [|no no no x yes no |no no * |yes
TransClos®  [|no no no * yes no no no x |yes
MST no no ? yes no |no ? yes
s—t-Conn. no t - yes - not |- yes |-
Connected no f - yes - nof |- yes |-
Bipartite no f - yes - not |- yes |-
Acyclic no f - yes - not |- yes |-
Euler Cycle |no - yes - nof |- yes |-

Table 1. The complexity of graph problems on OBDD-represented inputs, unless
P=PSPACE. The IO case is left out for decision problems. Results from [16, 18] are
marked with daggers. The main contributions of this paper are starred.

4 Constructing Functions with Constant OBDD Width

The pathological graph instances constructed in the following sections will have
constant OBDD width w.r.t. natural interleaved variable orders. This section
supplies a convenient construction method for functions with constant OBDD
width. Actually we generate OBDDs with constant complete-OBDD width.

Definition 3. An OBDD for f € B, is called complete if every path from its
function pointer to a sink has length n.

That is, complete OBDDs are not allowed to skip variable tests. The minimal-
size complete 7-OBDD for f € B, is also known to be canonical [21] and will
be denoted by m-OBDD,[f] in the following.

Definition 4. The complete-OBDD width of a function f € B, w.r.t. a vari-
able order m € Xy, is the width of m-OBDD.[f].

So it is size(m-OBDD|[f]) < size(m-OBDD.[f]) = O(nw) for any f € B,
with complete-OBDD width w and variable order 7. On the other hand, it is
size(m-OBDD,[f]) < n - size(m-OBDD[f]) (see, e.g., [21]).

The basic building blocks of the construction technique are multivariate
threshold functions [23].

Definition 5. Let f € By, be defined on variable vectors (V... «®) e B".
A function f is called k-variate threshold function iff there are W € N, T € Z,
and 01,...,0k € {=W,..., W} such that

1)

f(l’(l), . ,ac(k)) = <zk: 5; - ‘x(i)
i=1




The corresponding class of functions is denoted by 'H‘,‘;‘fn.

Clearly, each of the relations >, <, <, and = can be composed by binary syn-

theses of a constant number of multivariate threshold functions.

Lemma 1 ([23]). Functions f € T,‘;‘fn have complete OBDDs of width O(k*W)
using the variable order W}C%n € Yin-

That is, for k,W = O(1) multivariate threshold functions have constant
complete-OBDD width. Moreover, both critical OBDD operations that may
increase the OBDD size preserve constant complete-OBDD width (proved in
Appendix A.1):

Let f1, fo € B, be defined on variables zg,...,z,_1 € B; assume f resp. fo
has complete-OBDD width w; resp. wy w.r.t. m € X,.

Lemma 2. The binary synthesis result m-OBDD[f1 ® fa2], ® € Ba, has a
complete-OBDD width of at most wiws.

Let f3 € By, be defined on variable vectors (), ..., z(*) € B": assume f3 has
complete-OBDD width ws w.r.t. 7f ,, 7 € Xy, Let p € X.

Lemma 3. The argument reordering result R,(f3) of fz w.r.t. p has a
complete-OBDD width of at most ws3F.

We conclude that a constant number of operations increases the complete-OBDD
width independently of n.

Theorem 1. Let (M), ... x*®) € B", k constant. Let S be a sequence of O(1)
operations as introduced in Section 2 applied to functions from TZYH defined on

W 2®) and to intermediate results generated by the current prefiz of S.
Each function generated by S has complete-OBDD width (W) w. r. t. ﬂ}gn
for some appropriate function B: N — N independent of n.

5 Single-Source Shortest-Paths

The previous section has enabled us to construct functions with constant OBDD
width starting from simply structured multivariate threshold functions. We now
have to use this framework to generate instances for graph problems with an
exponential gap between the input and output OBDD size. At first, we consider
the Single-Source Shortest-Paths Problem on a weighted graph G = (V, E, ¢) as
introduced in Section 2. Let D be the set of all solution pairs (v,d) € V x N such
that a shortest s—v-path (s, ...,v) =: P has weight d := ) . c¢(e). The input for
the problem’s OBDD-based version consists of =-OBDD|x]| for some 7 € Xy,
and a source node s € V; the output is 7=-OBDD[xp] for D’s characteristic
function xp. That is, we even restrict ourselves to computing only the costs of
shortest s—v-paths.

We define a sequence (Gp,)., of pathological graph instances with solution
sets Dipy. Gy := (Vi Epn, ) consists of 2™ components H;, 0 < 4 < 2™. Each



H; is a path of 2™ nodes w;o,...,w;am_1 with edges (w; ;,w; j+1) of weight
1 for 0 < i < 2™. Moreover, a common source node s is connected to all H;s
by edges (s,w;,o) of weight 0. So the path (s,...,w; ;) has weight ij and it is
(wi j,i7) € Dp. We add 22(m+1) — (22 4 1) dummy singletons and number the
nodes in Vi, := {vo, ..., Vg2m+1)_1} By Wi j := vjomt14; and s := vgzmy1.

Claim. The function xg,, has a complete 7ll, . ,-OBDD of size O(m) with con-
stant width independent of m.

Proof. We express X¢,, € Bsm41) in terms of Theorem 1. For z € B2(m+D
let i(x) := Zom+1 - .- Tmt1, and j(z) := Tp, ...x0. We begin with a tentative
function xg, .

XG, (@, y,a) = [(Ja] = 22" £ [y)) A (|5 (y)] = lal = 0)]
V[l # 22 £ [yl) A (li(@)] = li(y)] = lal) A (5@)] = i)+ D] (1)

for node numbers z,y € B2+ and a weight encoding a € B™*!. This def-
inition does not take care yet of dummy singletons occurring due to the node
numbering. Hence, let xv,, € Ba(m41) be defined by

XV, (@) = (Je| = 22" v (li(2)], |i(2)] < 2™) (2)
which is 1 exactly for all nondummy nodes. We finally have x¢,, with

XGom (2,9, @) == xv,, (¥) A xv,, (W) AXG,, (%,9,a) . (3)

Each comparison in (1)—(3) can be realized by O(1) functions from ngll. So

Theorem 1 applies and 7l . ,-OBDD¢[xg,,] has constant width. O

Having proved that G,, has compact complete OBDDs of constant width, it
remains to show that the output xp,, has exponential OBDD size.

Claim. Every OBDD for xp,, has exponential size w.r.t. m.

Proof. Assume w.l.0.g. that m is even. Replacing some variables of a Boolean
function by constant values does not enlarge the corresponding m-OBDD. So
we show a lower bound on a subfunction f,, € Bay,, of xp,, which is obtained
by replacing Tom-+1,- - - Tmiymy24+1 and Ty, ..., Ty 2 by 0. Hence, argument x
represents a w; ; node with i,7 < 2™/2 and it is fm,(z,a) = 1 & [i(2)| - |j(z)| =
|a|, where |a| < 2™. So f,, is the Graph of m/2-bit Integer Multiplication whose
7-OBDD size is bounded below by 27/1536=1 for any variable order 7 (proved
in [17]). a

The claims in this section imply the result on the space complexity of SSSP.

Theorem 2. The Single-Source Shortest-Paths Problem on OBDD-represented
graphs has exponential space complexity, even for instances with constant
complete-OBDD width. This implies SSSP ¢ I-FPT-S.



By further variable replacements, the single-source variant can be trivially re-
duced to the all-pairs variant as defined in [16]. In Section 3, the special role of
the edge weight zero has been mentioned. Though G,, contains such edges they
can be avoided by constructions which are a little more complicated.

Proposition 1. PW-SSSP, PW-APSP ¢ I-FPT-S.

6 Maximum Flow

We continue with an exponential lower bound on the space complexity of
the OBDD-based Mazimum Flow Problem. Again, the input is an OBDD
m-OBDD[x¢]| representing a weighted graph instance G. We want to compute a
maximum flow ¢: E — {0, ..., B} from a source s € V to a terminal ¢ € V. This
time, the edge weights represent capacities. The flow ¢ must respect ¢(e) < c(e)
as well as }2._(, ,y&(e) = Do, (, ) () for each v € V. The final output is
7-OBDD|x ] for the solution set F := {(v,w,d) : ¢(v,w) = d}.

We define a sequence (G.,)m of pathological graph instances with unique
maximum flows ¢, and solution sets F,. Gy, := (Vin, Em, ¢m) consists of 22™
components H; ;, 0 <14,j < 2™. Each H; ; consists of j + 2 nodes s; 5, t; ;, and
Wi 5.6 for 0 < ¢ < 7. Hi,j contains 2j edges (Siﬁj,’wi’jyg) and (wiﬁjyg,tiﬁj) with
capacity ¢. The global source s and terminal ¢ are connected to all components
H; ; by edges (s, s; ;) and (t; ;,t) of capacity 22™. Obviously, ¢, sends 4 - j units
of flow through each H; ; and it is (s, s; ;j,4j) € Fp.

The nodes in Vi, := {vo,...,U9sem+1y_1} are numbered by w; ¢ =
Vig2(m+1) 4 jom+14yp, Sij = Uj2(m+1) 4jom+1pom, tiyj ‘= Ujg2(m41) 4 jom+lyom,
5 := Ugam+1, and t 1= vVgem+141.

Claim. Function x¢,, has a complete i, ,-OBDD of size O(m) with constant
width independent of m.

Proof. We express xq,, € Bg(m+1) in terms of Theorem 1. For x € B3(m+D) Jet
i(2) := Zamt2 .- Tamt2, J(T) = Tomt1 - Tmt1, and £(z) := Xy, ... 20. Again
we begin with a tentative function xg = reflecting all four types of edges.

XG, (@y,0,b) = [(|z] = 22" ) A (v € {51 :4,5}) A (ab] = 2°™)]
V [(ve) € {tiy : 1,31 A (Jyl = 22"+ + 1) A (b = 22™)]
V [(va] € {si5}ig) A gy € {wigetige)
A (Ji(x)] = li(y)| = ladl]) A ([()] < |5 ()] = 13 ()])]

V(e € {wigiebige) A (o) € {ti5}is)
A (Ji(x)] = li(y)| = [ad]) A ([(2)] < [5(x)] = i(»)D] (4)
for node numbers z,y € B>+ and a weight encoding ab consisting of concate-
nated components a,b € B™*+!. This definition does not take care yet of dummy

singletons occurring due to the node numbering. Hence, let xv,, € B3(ni1) be
defined by

A
A

XV () 1= (Vg € {5,8, 805, Wije,tij:i,5,L}) (5)



We finally have x¢,, with

XG (xa Y, a) =XV, (l‘) A XV, (y) A XZ‘m (l‘, Y, a’) : (6>

Each comparison in (4)—(6) can be realized by O(1) functions from ng)ﬂ.

This holds also for type checks like v, € {si; : i,5} < (|i(z)], |7(z)] < 2m) A

(|¢(m)] = 2™). Comparisons with the concatenation |ab| can be broken down
to O(1) comparisons with both parts |a| and |b|. So Theorem 1 applies and
7, 11-OBDD.[xq,,] has constant width. O

Claim. Every OBDD for xr, has exponential size w.r.t. m.

Proof. We show a lower bound on a subfunction f,, € B4y, of the solution x g,
which is obtained by replacing = by the source number 2271, y3.. 5 and yam 11
by 0, and [¢(y)| by 2™. Hence, argument y represents an s; ; node with 4, j < 2™.
The maximum flow ¢ sends i - j flow units through (s, s; ;) and it is f,,(y, a,b) =
1 < |i(y)| - |j(y)| = |ab|. So fp, is the Graph of m-bit Integer Multiplication
whose 7-OBDD size is bounded below by 27/768=1 for any variable order 7
(see [17]). O

The claims in this section imply the result on the space complexity of MaxFlow.

Theorem 3. MaxFlow ¢ I-FPT-S.

7 Reachability

Computing the set R of nodes that are reachable from some source s € V in
a digraph G = (V, E) is an important problem in CAD and Model Checking
(see, e.g., [21, Chapters 13.2 and 13.3]). Let G be defined as in Section 2. In
the OBDD-based setting, we want to compute the characteristic function yr
of the solution set R C V. There are both BFS-like approaches with 2(|V])
OBDD operations [11] as well as iterative squaring methods with O(log?|V)
operations [15]. All popular algorithms known to the author achieve this by
iteratively increasing the length of considered paths. This involves computing
intermediate subfunctions xr, with xg,(x) = 1 iff s and v|,| are connected by
a directed path not longer than 2?7 for p € {1,..., [log, |V|]}. So we denote the
problem of computing {xr,, xr}p by Reachability™. Moreover, we assume that
the variable order is not changed during the algorithm.

We construct instances (G, )m with constant complete-OBDD width whose
intermediate result R,,, has exponential OBDD size for some maximum path
length 27. Each G, := (Vin, i) consists of 22™ components H; j, 0 < i,j < 2™.
Each H, ; is the concatenation P;_; ... Py of paths Pp := (Wi jrj—1,-- -, Wij0)-
Py is concatenated to Pr—1 by (w; j.e,0, Wi je—1,j—1). Moreover, a common source
node s is connected to all H; ;s by edges (s,w; ji—1,j—1). The nodes in V, :=
{’Uo, ‘e ,U24(m+1)_1} are numbered by Wi, jbr = ’Ui23(m+l)+j22(m+1)+é2m+1+,,. and
S 1= Vgam+3.



Claim. Function xg,, has a complete 7!, | ,-OBDD of size O(m) with constant
width independent of m.

Proof. We express xq,, € Bg(m41) in terms of Theorem 1. For x € BAm+D) et

() = Tamt3 - T3m+3, J(X) = Tamt2 - - Lamt2, £(T) := Tamt1 ... Tmy1, and
7(z) := Ty ... 2o. Again we begin with a tentative function xg .

XG,, () = (] = 227 £ Jyl) A ([e)] = li(y)| = 1) A (r(w)] = i) = D)]

[(l] # 2258 # Jy]) A (Ji@)] = liy)]) A
(e@)| = eyl < li(x)) A (5 (@) > |r(@)] = [r(y)]
[(Jl 7 221 [y ) A (li(2)] = li(w)) A (13
A ([i(@)] > [€(@)] = [€(y)[ + 1) A ([r(z)] = 0) A

=
.
—~
8
=
I
=
=~
<
~—

v
A
v |

(Ir@)l =i =] (7)

for node numbers z,y € B*"+1)_ This definition does not take care yet of dummy

singletons occurring due to the node numbering. Hence, let xv,, € Byim1) be
defined by

XV, (@) 1= (va) = 2" 5) V ([i(@)], [ (@)], ()] ()] < 2™) (8)

which is 1 exactly for all nondummy nodes. We finally have x¢,, with

XGom (T, Y, @) == xv,, (¥) A xv,, () AXa,, (2,9,a) . 9)

Each comparison in (7)—(9) can be realized by O(1) functions from Tgﬂ(g_l. So

Theorem 1 applies and 7, . ;-OBDD¢[xg,,] has constant width. O

Having proved that G,, has compact complete OBDDs of constant width, it
remains to show that for some appropriate p the function xg,, , has exponential
OBDD size. We first consider the ith bit of n-bit Integer Multiplication.

Definition 6. Let z,y € B™. The ith bit of n-bit Integer Multiplication
MULT,, ; € Bay, on variables x, y is defined to be the ith bit of |z| - |y].

There are well-known exponential lower bounds on the OBDD-size of the middle
bit MULT, ,,—1 (see [22]). The 7-OBDD size of the highest bit MULT,, 3,1 for
any nontrivial variable order m € Xy, has been open so far [21, Problem 4.12].

Theorem 4. The size of 7} -OBDD[MULT,, 5,,—1] is at least 2("=5)/6.

The proof of this theorem uses techniques from analytic number theory; it has
been shifted to Appendix A.2.

Claim. The size of i, . |-OBDD[xr is exponential w.r.t. m.

m,2m71]

Proof. Replacing some variables of a Boolean function by constant values does
not enlarge the corresponding m-OBDD. So we show a lower bound on a sub-
function f,, € Bam of XRr,, ,.,,_, Which is obtained by replacing T4m 3, T3m+2,
and Zom+1,-..,2o by 0. Hence, argument x represents a w; j0,0 node which is

10



reachable from s via at most 221 edges iff the s—w; ;o o-path length i - j is not
larger than 2271, So it is f,(z) = 1 & |i(z)] - |j(z)| < 22m~ L

Let g (x) =1 : |i(z)]-|j(z)] = 22~ It is casy to see that the 7%’ -OBDD
size of gp, is O(m?). Hence, the k!, -OBDD for

hin(@) = fm(2) A g(@) = (li(2)] - ()] < 2271

is at most polynomially larger than for f,,. Due to MULT,, 2p-1(z,y) = 1 :&
|z| - [y| > 22m1 for x,y € B™, it is hy, = MULT,, 2m—1-
Altogether, we showed that the ﬂiQC}m-OBDD size of MULT;, o, —1 is at most

polynomially larger than of xr,, ,,_, implying the claim’s statement. O

Both claims imply the result on the space complexity of Reachability™.
Theorem 5. Reachability™ ¢ I-FPT-S.

By further variable replacements, the Reachability Problem can be trivially re-
duced to computing the OBDD of all connected node pairs—the transitive clo-
sure. It is an important submodule of many OBDD-based graph algorithms [11,
15, 23]. So it follows for the analogous restricted variant TransClos™:

Proposition 2. TransClos™ ¢ I-.FPT-S.

These results rely on the assumption that the output OBDDs of the starred prob-
lem variants use the same variable order as the input OBDDs. In contrast, practi-
cal algorithms usually run variable reordering heuristics on intermediate OBDD
results in order to minimize their size. However, we conjecture that MULT, 2,1
has exponential OBDD size for every variable order.

8 Conclusions

None of the graph problems that have been considered on OBDD-represented
instances has an FPT algorithm w.r.t. a fixed input OBDD width, unless
P=PSPACE. Except restricted shortest paths problems, this holds also if both
input and output OBDD width are fixed parameters. On the other hand, a poly-
nomially bounded output OBDD size allows to solve all considered problems in
polynomial space. We contributed exponential lower bounds on the space (and,
therewith, time) complexity of general OBDD-based shortest paths and max-
imum flow algorithms and a common class of reachability algorithms. Conse-
quently, a restriction of the input OBDD width does not suffice to guarantee
polynomial space for these problems. The analyses include the first nontrivial
exponential lower bound on the OBDD size for the highest bit of Integer Multi-
plication w.r.t. the natural interleaved variable order.

It remains an open question whether the OBDD-based Minimum Spanning
Tree Problem is in I-FPT-S.

Acknowledgments. Thanks to Oliver Giel, Martin Sauerhoff, and Ingo We-
gener for proofreading and discussions.
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A Additional Proofs

A.1 Binary Synthesis and Argument Reordering

Proof (Lemma 2). We adopt the usual assumption that the binary synthesis
is computed by recursively constructing the reachable subgraph of the product
graph of 7-OBDD|f;] and m-OBDD|fs] (see [21], Chapter 3). The constructed
part of the product graph will be denoted by 7-PROD]|f1, f2]. Moreover, we
assume w.l.o.g. 7 =id.

Consider OBDD nodes vy of id-OBDD.[f1] resp. ve of id-OBDD,[f] rep-
resenting subfunctions g; resp. gs. Due to both OBDDs being complete, g1
and g, participate in a recursive computation g; ® g2 if and only if v; and
vy are labeled with the same Boolean variable z;. Hence, the reachable subgraph
id-PROD.[f1, f2] contains at most wiws nodes labeled with z;. This holds in
particular for id-OBDD([f; ® fa].

Proof (Lemma 3). Each variable CL‘E]) can be brought to its new position p=1(5)
within bit significance block 7 by a sequence S;; of at most k — 1 swap op-
erations exchanging the positions of two subsequent variables (see, e.g., [21,
Definition 5.7.1]).

We consider [ ,-OBDD,[f3] and assume w.l.o.g. that p~*(j) < j. That
is, the swap sequences move argument /) to a “higher” position with smaller
index. So the whole argument reordering corresponds to no more than (k — 1)n
sequences S; ; each shorter than k. Analog to [21, Theorem 5.7.4] it can be easily
seen that the subset {Soj,...,Sn—1,;} increases the complete-OBDD width at
most by a factor of 3. Altogether, the result R,(f3) has complete-OBDD width
’LU33k. O

A.2 The Highest Bit of Integer Multiplication

The proof of Theorem 4 relies on the following structural result by Sieling and
Wegener [20]:

Theorem 6. For some f € B, defined on variables xg,...,z,—1 € B let sy
be the number of different subfunctions fluo—cq.,.... 20 1=c,_, Oblained by replacing
X, ..., Te—1 by constants cg,...,co—1. Then, id-OBDDIf] has at least size s;.

That is, we have to investigate the number of different subfunctions of
MULT},, 2,,—1 obtained by replacing a well-chosen variable prefix due to ﬂiQ(}n
by constants. Before this, we focus on structural properties of integer multipli-
cation beginning with some results from analytic number theory (see, e.g., [13]).

In this context, i denotes the imaginary unit of complex numbers.

Definition 7. Let 0 := 01,...,0) be a finite sequence of real numbers.

(a) For a, 3 € [0,1], A([er, B);0) denotes the number of elements oy of o whose
fractional part (o, mod 1) lies in [a, ).
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(b) The number
A([a, B); 0)
D(o) i= sup ||3 — o] - 2LV
o3 M
is called the discrepancy of o.

The following theorem is due to Erdos and Turdn (see [13, Chapter 1, Theo-
rem 2.7]).

Theorem 7. For any finite sequence o := o01,...,00 of real numbers and any
positive integer k, we have

6 4 &
D < = 2mihoy
(U)_k+1+7rh_1( k+1) Z

In order to estimate the exponential sum in (10) later on, we will employ a result
by van der Corput (see [13, Chapter 2, Theorem 2.5]).

(10)

Theorem 8. Let u and v be integers with uw < v and let ¥: IR — IR be twice
differentiable on [u,v] with ¥"(z) > p > 0 or "(2) < —p < 0 for z € [u,v].
Then,

2mih (£

< (W'(v) =4 (w)| +2)(4/Vp +3) -

We assume for a moment that n = 6m for some m € N. Let a € {0,...,2" — 1}
with a = ag - 2™ + a, for a, € {0,...,2™ — 1} and ag € {0,...,2°™ — 1}.
Let b, by, and by be defined in the same way. We set by, := 0 and consider
ab = ar,bg2™ + apbp22™.

Lemma 4. For any ay, > 0 there exist ay and by such that (a —1)b < 22771 <
ab.

Proof. We rewrite (a — 1)b < 2271 < ab as

(aL—l)-bH-2m+aH-bH-22m<212m_1SaL-bH-2m+aH-bH-22m

<:>(aLfl)'bH~2m<212m717aH~bH~22mSaL~bH~2m

ap, — 1 210m—1 ar,
—ag < —

2m bu - 2m

We now choose ay := [2!9"~1 /by |. So the lemma’s statement is equivalent to

ar, — 1 210m—1
on ST
H

mod 1 < 2—; , (11)

where z mod 1 denotes the fractional part of z € IR. Our choice of ay im-
plies agm, b > 2°™~! 4+ 1. We prove that for appropriately large m any ag, €
{1,...,2™ —1} has a corresponding by € {2571 +1,...,25" —1} fulfilling (11).
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This is equivalent to

for o := (219"~ /by ), . For some € > 0 and sufficiently large m it is

1 <1—€ 1
gm+1 = 9m  95m-1 _ ]

and we have

! 1
D(O—)S oam+1
Def. 7 1 —€ ap, —1+e€ ap 1 1—¢ 1
wrloe ([ the @y ) fmen g loc
om ( om om 0) ( ) - 9m 25m—1 _ 1

ar, —1+¢€ ayg, a;, — 1 ay,
At my Yoo a (Bt m] ) 20
:,(Qm Qma)_:(QQOa_

It remains to prove D(o) < 1/2m*l. To simplify notation, we define o’ :=
(210m=1/(p 4 25m=1)), for ¢ € {1,...,25"=1 — 1}. Moreover, let ¥ (z) := h -
210m=1 /(> + 25m=1) for h € Ny¢ and z € IR. Note that ¢, (¢) = h -0, =
h-opposm-1. For z € [1,25"~1 — 1] it is

wo  h-210m hoo 1
h(z)_(z+25m71)3>25—m—25—m—-/)~

We apply Theorem 8.

95m—1_1

O] < (Jyf, (27— 1) (1)) + 2)(4/ 5 + 3)

~
Il
—_

h - 210m71 h - 210m71
—(’— +2)(4-\/25_m+3)

+
(25m _ 1)2 (25m71 + 1)2
h - 210m71 h - 210m71
(‘ 910m—2  910m

+ 2> . 25m/2+3 < (h + 1) . 25m/2+4 (12)
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This estimate is now used to replace the exponential sum in (10).

6 A<~ /1 1 T
D(cY < —— + = - _ 2rihar
Ry g (h k+1) FTTT 2 ¢
h=1 =1
k
(12) 6 4 1 1 h+1)-25m/2+4
< ——+=>(+- ( )7
k+1 7 S 2m—1 _ |

<

6 4 gom/2+e (1 1
’ Sm—2
k+1 =« 2 —

B ) (4D

k
6 1 h+1 h k
TRl e <hz_:1( h _k+1)_k+1>

<8 L 1 (yk_ kN B, K
k+1 ' 25m/2-8 2 k+1) k" 25m/29

Choosing k := 2™%? finally yields

8 2m+5 1 1 1
< om+5 + 925m/2—9 = 9m+2 + 923m/2—14 < om+1 °

D(o) = D(d")

We are now able to prove Theorem 4.

Proof (Theorem 4). Let x,y € B™ be the variable vectors corresponding to the
multiplication factors on which MULT), 2,,—1 is defined. We consider the sub-
function f,, of MULT,, 2,,—1 obtained by replacing yo, ..., ¥m—1 by 0.

Due to 7Ti2[71n, the variables xg, . .., x;,_1 are read before both z,,, ..., x,_1 and
Ymy - - -, Yn—1. Consider the subfunctions g, and h,, of f,, obtained by replacing
Xy ..., Tm—1 by constants co, ..., Cyp_1 resp. d, ..., dm_1 with |c| < |d|. Due to

Lemma 4, there are z*,y* € B"™ such that g,(z*,y*) = 0 # 1 = h(z*,y*).
Hence, it is g, # hy,, for any pair ¢, d of different variable replacements. It follows
that replacing the first m variables of f,, due to 7ri2‘,1n yields 2™ = 27/6 different
subfunctions. The corresponding lower bound on the 7% -OBDD size of f, and
MULT},, 2,—1 follows from Theorem 6.

If n is not a multiple of 6, we consider MULT, 2,,-—1 for the largest integer
n' < n with n’ = 6m for some m € N. The ﬂ;[}n/—OBDD size of MULT,,/ 2,/ 1 is

bounded below by on'/6 > 2(n=5)/6 On the other hand, it is
MULT s o -1 (2, y) = 1 4 [a] - [y] - 22"~ > 22n1

and we obtain MULT,, 2,,,—1 from MULT}, 2,,—1 by replacing xo,...,Zn—n—1

and Yo, ..., Yn—n—1 by 0 and interpreting x¢ as xy_(,,_n/) and ye as yo_(n_n’)-
So MULT,,s 2,/—1 is a subfunction of MULT), 2,,—1 and the lower bound applies
also to MULT}, 2,,—1. O
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