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Motivation

I Todays applicationsproducelarge graphs
(VLSI, tra±c, WWW, . . . ).

I ) Con°icts with memory size
I ) Evene±cient algorithms not applicable

I Observation:Applicationsproducelarge, but structured
graphs.

I Heuristicapproachfrom VLSI: Symbolic representation
I Do not enumeratenodesand edgesexplicitly.
I ConsidergraphG as a characteristicBooleanfunction C.
I RepresentC by a (hopefully) compactdata structure.
I Solveproblemsin G by few and e±cient operationson C.
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OrderedBinary DecisionDiagrams(OBDDs)

I Data structure for Booleanfunctions
f : f 0; 1gn ! f 0; 1g
(Bryant, 1985)

I Inner nodeslabeledwith variables,left
by 0-/1-edges.

I Sink nodescorrespond to value
f (x1; : : : ; xn).

I Variablesx1; : : : ; xn are readw. r. t.
¼2 § n.

1 0 1 100

x = (0; 0; 1; 0)

x4

x3

x2 x2

x1x1
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Symbolic GraphAlgorithms

I Solvegraphproblemsby functional operations:
I Synthesis:^ , _ , ©, =, . . .
I Quanti¯cation: (9x) F(x; y), (8x) F(x; y)
I Satis¯ability, equivalence,variable replacementF(x; 0)

I Processlarge symbolic sets;avoid touching many
nodes/edges.

Input OBDDs Output OBDDs
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PreviousWork

I VLSI: Reachability in state transition graphs
I Maximum °ows (Hachtel, Somenzi,1997), (S., 2004)
I Topologicalsorting (Woelfel, 2003)
I Stronglyconnectedcomponents(Gentilini et al., 2003)
I Single-sourceshortest-paths(S., 2004)

This work's motivation:

Polylogarithmic runtime on graphsof specialstructure.
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The Symbolic APSP-Problem|De¯nition and Approach
Computing Si +1

The Symbolic APSP-Problem|De¯nition andApproach
Input:

WeightedgraphG = (V ; E; `), ` : E ! N> 0

C(x; y; d) = 1 :,
£
(x; y) 2 E

¤
^

£
`(x; y) = d

¤

Output:

APSP-lengths¢ : V 2 ! N0

S(x; y; d) = 1 :, ¢( x; y) = d

I Approach: Iteratively computeSi +1 from Si with

Si (x; y; d) = 1 :,
£
¢( x; y) = d

¤
^

£
d < 2i ¤:

I S1(x; y; d) :=
£
(d = 1) ^ C(x; y; d)

¤
_

£
(d = 0) ^ (x = y)

¤
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The Symbolic APSP-Problem|De¯nition and Approach
Computing Si +1

ComputingSi+1

Si +1 (x; y; d) := (9z1; z2; d1; d2; d3)
£
(d1 + d2 + d3 = d)

^ Si (x; z1; d1)

^ C(z1; z2; d2)

^ Si (z2; y; d3)
¤

^ (d < 2i +1 ) [: : : ]

x yz1 z2

d1 d2 d3

I log(jV j ¢`max) iterationswith O
¡
log(jV j ¢`max)

¢
ops.each

I Over-all: O
¡
log2(jV j ¢`max)

¢
ops.
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yz2

d2 d3d1

z1x

I log(jV j ¢`max) iterationswith O
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ops.each
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¡
log2(jV j ¢`max)
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¡
log(jV j ¢`max)
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Bounded-Width Functions
The APSP-Algo rithm on Bounded-Width Functions
Graphs with Characteristic Bounded-Width Functions

Analysisof Symbolic Algorithms|Dreams andReality

Reality up to now:
I Experimentalevaluations
I CountingOBDD-operations
I Analysison very specialgraphs

Dreams:
I Polynomialw. r. t. input OBDD-size
I Special input and output ) low runtime

Resultfor APSP-algorithm:

Input/output hasconstantwidth ) Polylogarithmic time/space
(w. r. t. jV j and `max)
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Bounded-WidthFunctions

De¯nition.

Booleanfunctions f = (fn)n haveboundedwidth if 9b: Complete
OBDDs F = (Fn)n all havewidth b.

G1 G2 G3
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The APSP-Algorithm on Bounded-WidthFunctions

I ConsidergraphsequenceG = (Gn)n.
I Let C = (Cn)n and S = (Sn)n be of boundedwidth b.

Theorem.

The symbolic APSP-algorithm computesSn from Cn in time/space
O

¡
log3(jVnj ¢`max

n ) ¢®(b)
¢
.

Sketch of proof.

I Show width O(b) for Si
n(x; y; d) = Sn(x; y; d) ^ (d < 2i ).

I Show time O
¡
log(jVnj ¢`max

n ) ¢®(b)
¢

for Si ! Si +1 -step.
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Graphswith CharacteristicBounded-WidthFunctions

Which graphshavebounded-widthfunctions?
I Basicgraphs:Paths, stars, fans,wheels,grids, cliques,

bicliques,. . .
I Restrictedthresholdgraphs
I Graphsof thresholdfunctions:

f (x1; : : : ; xk ) =

Ã
kX

i =1

wi ¢xi ¸ T

!

I Bounded-widthproperty is closedunder . . .
I Join operations: V3 := V1 [ V2.
I Product operations: V3 := V1 £ V2.
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An Alternative Approach
Related Problems

An AlternativeApproach

I Why to restrict to positiveedgeweights?
I Alternative: Si (x; y; d) hasat most 2i edges.

Si +1 (x; y; d) := (9z; d1; d2)
£
(d1 + d2 = d)

^ Si (x; z; d1) ^ Si (z; y; d2)
¤

I Counterexample:
I C = (Cn)n and S = (Sn)n haveboundedwidth.
I OBDDs Si = (Si

n)n haveno constantwidth bound.

I Conjecture:`(e) > 0 is necessary for polylog. runtime.
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RelatedProblems

Symbolic APSP-algorithm can be adaptedto . . .
I all-pairslightest shortest paths.
I all-pairsalmost shortest paths.
I all-pairssmall-stretchpaths.
I dynamicedgeweight decrease.
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Thankyou for listening!
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