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Abstract. Graphs can be represented symbolically by the Ordered Bi-
nary Decision Diagram (OBDD) of their characteristic function. To solve
problems in such implicitly given graphs, specialized symbolic algorithms
are needed which are restricted to the use of functional operations of-
fered by the OBDD data structure. In this paper, a symbolic algo-
rithm for the all-pairs shortest-paths (APSP) problem in loopless di-
rected graphs with strictly positive integral edge weights is presented. It
requires Θ

(
log2(NB)

)
OBDD-operations to obtain the lengths and edges

of all shortest paths in graphs with N nodes and maximum edge weight
B. It is proved that runtime and space usage are polylogarithmic w. r. t.
N and B on graph sequences with characteristic bounded-width func-
tions. This convenient property is closed under certain graph composition
operations. Moreover, an alternative symbolic approach for general inte-
gral edge weights is sketched which does not behave efficiently on general
graph sequences with bounded-width functions. Finally, two variants of
the APSP problem are briefly discussed.

1 Introduction

Algorithms on graphs G with node set V and edge set E ⊆ V 2 typically work
on adjacency lists of size Θ(|V |+ |E|) or on adjacency matrices of size Θ(|V |2).
These representations are called explicit. However, there are application areas in
which problems on graphs of such large size have to be solved that an explicit
representation on today’s computers is not possible. In the area of logic syn-
thesis and verification, state-transition graphs with for example 1027 nodes and
1036 edges occur. Other applications produce graphs which are representable in
explicit form, but for which even runtimes of efficient polynomial algorithms are
not practicable anymore. Modeling of the WWW, street, or social networks are
examples of this problem scenario.

Yet, we expect the large graphs occurring in application areas to contain
regularities. If we consider graphs as Boolean functions, we can represent them
by Ordered Binary Decision Diagrams (OBDDs) [3, 4, 24]. This data structure
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is well established in verification and synthesis of sequential circuits [11, 12, 14,
15, 24] due to its good compression of regular structures. In order to represent a
graph G = (V, E) by an OBDD, its edge set E is considered as a characteristic
Boolean function χE , which maps binary encodings of E’s elements to 1 and
all others to 0. This representation is called implicit or symbolic, and is not
essentially larger than explicit ones. Nevertheless, we hope that advantageous
properties of G lead to small, that is sublinear OBDD-sizes [23, 25].

Having such an OBDD-representation of a graph, we are interested in solving
problems on it without extracting too much explicit information from it. Algo-
rithms that are mainly restricted to the use of functional operations are called
implicit or symbolic algorithms [9, 10, 13, 19, 20, 24, 26, 27]. They are considered
as heuristics to save time and/or space when large structured input graphs do not
fit into the internal memory anymore. Then, we hope that each OBDD-operation
processes many edges in parallel. The runtime of such methods depends on the
number of executed operations as well as on the efficiency of each single one.
The latter in turn depends on the size of the operand OBDDs.

Bahar et al. [1] presented a symbolic shortest-path algorithm for graphs rep-
resented by Algebraic Decision Diagrams (ADDs), which are difficult to analyze
and useful only for a small number of different weight values. In [19], the algo-
rithms of Dijkstra and Bellman-Ford are transformed into symbolic methods and
evaluated in experiments. Although they perform efficiently on a variety of in-
stances, their runtime is always at least linear in the depth of the shortest-paths
tree. In this paper, we present a symbolic OBDD-algorithm for the all-pairs
shortest-paths problem (called APSP-algorithm) that enables polylogarithmic
runtime independent of the input graph’s diameter. Given a symbolically repre-
sented loopless directed graph G = (V, E, c) with strictly positive integral edge
weights, it computes the length of shortest paths from node u to node v (called
u–v-path in the following) for every connected pair (u, v) ∈ V 2, as well as the
edges of such paths. The algorithm performs Θ

(
log2(NB)

)
OBDD-operations

on graphs with N nodes and maximum edge weight B.
The paper is organized as follows: Sections 2 and 3 introduce the principles of

symbolic graph representation and preliminaries before presenting the symbolic
APSP-algorithm in Sect. 4. Section 5 investigates its runtime and space usage
on bounded-width functions as well as graph composition operations preserving
the bounded-width property. In Sect. 6, we consider an alternative symbolic
approach for general integral edge weights and point to a major disadvantage.
Adaptations to two variants of the APSP problem are briefly presented in Sect. 7.
Finally, Sect. 8 gives conclusions on the work.

2 Symbolic Graph Representation

We denote the class of Boolean functions f : {0, 1}n → {0, 1} by Bn. The ith
character of a binary number x ∈ {0, 1}n is denoted by xi and |x| :=

∑n−1
i=0 xi2i

identifies its value.
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Consider a directed graph G = (V, E) with node set V = {v0, . . . , vN−1} and
edge set E ⊆ V 2. G can be represented by a characteristic Boolean function χE ∈
B2n which maps pairs (x, y) ∈ {0, 1}2n of binary node numbers of length n :=
�log N� to 1 iff (v|x|, v|y|) ∈ E. We can capture more complex graph properties
by adding further arguments to characteristic functions. An additional weight
function c : E → {0, . . . , 2m − 1} is modeled by χC ∈ B2n+m which maps triples
(x, y, d) to 1 iff (v|x|, v|y|) ∈ E and c(v|x|, v|y|) = |d|.

A Boolean function f ∈ Bn defined on variables x0, . . . , xn−1 can be repre-
sented by an Ordered Binary Decision Diagram (OBDD) [3, 4, 24]. An OBDD G
is a directed acyclic graph consisting of internal nodes and sink nodes. Each in-
ternal node is labeled with a Boolean variable xi, while each sink node is labeled
with a Boolean constant. Each internal node is left by two edges one labeled by
0 and the other by 1. A function pointer p marks a special node that represents
f . Moreover, a permutation π ∈ Σn called variable order must be respected by
the internal nodes’ labels on every path from p to a sink. For a given variable
assignment a ∈ {0, 1}n, we compute the function value f(a) by traversing G from
p to a sink labeled with f(a) while leaving a node xi via its ai-edge.

An OBDD G with variable order π is called π-OBDD. Its size size(G) is
measured by the number of its nodes. The minimal-size π-OBDD for a function
f ∈ Bn is known to be canonical and will be denoted by πG[f ] in this paper. We
adopt the usual assumption that all OBDDs occurring in symbolic algorithms
have minimal size, since all essential OBDD-operations produce minimized dia-
grams. Figure 1(a) shows the minimal OBDD for an example function. There is
an upper bound of

(
2 + o(1)

)
2n/n for the OBDD-size of every f ∈ Bn; hence,

an edge set E ⊆ V 2 has worst-case OBDD-size O(V 2/ log |V |).
The satisfiability of f can be decided in time O(1). The negation f as well

as the replacement of a function variable xi by a constant ai (i. e., f|xi=ai
) is ob-

tained in time O(
size(πG[f ])

)
without enlarging the OBDD. Whether two func-

tions f and g are equivalent (i. e., f = g) can be decided in time O(
size(πG[f ])+

size(πG[g])
)
. These operations are called cheap. Further essential operations are

the binary synthesis f ⊗ g for f, g ∈ Bn, ⊗ ∈ B2 (e. g., “∧” and “∨”), and the
quantification (Qxi)f for a quantifier Q ∈ {∃, ∀}. In general, the result πG[f ⊗g]
has size O(

size(πG[f ]) · size(πG[g])
)
, which is also the general runtime of this op-

eration. The computation of πG[
(Qxi)f

]
can be realized by two cheap operations

and one binary synthesis in time and space O(
size2(πG[f ])

)
.

3 Preliminaries

The characteristic functions used for symbolic representation are typically de-
fined on a number of k subsets of Boolean variables, each representing a different
argument (e. g., C(x, y, d) is defined on nodes x, y and weight d). We assume
w. l. o. g. that all arguments consist of the same number of n Boolean variables.
If there is no confusion, both a function χS ∈ Bkn defined on x(1), . . . , x(k) ∈
{0, 1}n as well as its OBDD-representation πG[χS ] will be denoted by
S(x(1), . . . , x(k)) in this paper. Quantifications (Qx

(i)
0 , . . . , x

(i)
n−1) over all n vari-

ables of argument i will be denoted by (Qx(i)).
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Fig. 1. Minimal (left) and minimal complete (right) π-OBDD for f(x1, . . . , x4) :=
x̄1x̄2 + x̄2x̄3x̄4 + x1x2x3 + x1x2x4 with π := (4, 3, 2, 1)

Interleaved Variable Orders. Assume that each of the k function arguments
x(1), . . . , x(k) ∈ {0, 1}n has its own variable order τi ∈ Σn. The global order π is
called k-interleaved if it respects each τi while reading variables x

(i)
j with same

bit index j en bloc, that is, π := (x(1)
τ1(0), x

(2)
τ2(0), . . . , x

(k)
τk(0), x

(1)
τ1(1)

, . . . , x
(k)
τk(n−1)).

Definition 1. Let ρ ∈ Σk and f ∈ Bkn be defined on variables x(1), . . . , x(k) ∈
{0, 1}n. The argument reordering Rρ : Bkn → Bkn is defined by Rρ

(
f(x(1), . . . ,

. . . , x(k))
)

:= f(x(ρ(1)), . . . , x(ρ(k))).

When using a k-interleaved variable order π, the resulting OBDD πG[Rρ(f)]
has worst-case size k33k · size(πG[f ]) and can be computed in time and space
O(

k23k · size(πG[f ])
)

(see [23]). Because k is independent of f , this is considered
as linear in size(πG[f ]). For example, argument reordering is used in (2) to replace
the original arguments of C(x, y, d) by temporary ones x(1), x(2), and d(2).

Multivariate Threshold Functions. The APSP-algorithm contains compar-
isons like F (x, y, z) := (|x| + |y| = |z|), which can be realized by multivariate
threshold functions.

Definition 2 (Woelfel [26]). Let f ∈ Bkn be defined on variables x(1), . . . ,x(k)∈
{0, 1}n. Moreover, let W , T ∈ ZZ, and w1, . . . , wk ∈ {−W, . . . , W}. f is called
k-variate threshold function iff

f(x(1), . . . , x(k)) =

(
k∑

i=1

wi · |x(i)| ≥ T

)

.

W is called the maximum absolute weight of f . The class of k-variate threshold
functions f ∈ Bkn with maximum absolute weight W is denoted by TW

k,n.
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Obviously, F can be expressed as (|x| + |y| − |z| ≥ 0) ∧ (|z| − |x| − |y| ≥ 0).
Analogue, the relations >, ≤, and < can be composed of multivariate threshold
functions, too. For constant W and k, such comparisons have π-OBDDs of size
O(n) using a k-interleaved variable order π with increasing bit significance (i. e.,
τi = id) [26].

4 The Symbolic APSP-Algorithm

We now describe the APSP-algorithm for symbolically represented loopless di-
rected graphs G = (V, E, c) with node set V = {v0, . . . , vN−1}, edge set E ⊆ V 2,
edge weight function c : E → IN>0, and B := max{c(e) | e ∈ E}. The maximum
path length in G is B(N − 1) =: L. Let n := �log(L + 1)� = Θ(log N + log B)
the number of bits encoding one node number or distance value. The algorithm
receives the input graph G as an OBDD for the characteristic function C(x, y, d)
with

C(x, y, d) = 1 :⇔ [
(v|x|, v|y|) ∈ E

] ∧ [
c(v|x|, v|y|) = |d|] .

4.1 Computing the Shortest Paths’ Lengths

At first, we are interested in the distance function dist : V 2 → IN0 ∪ {∞} which
maps node pairs (u, v) ∈ V 2 to the length ‖p̄‖ of a shortest path p̄ = (u, . . . , v)
with ‖p̄‖ :=

∑
e∈p̄ c(e). The algorithm computes dist’s OBDD S (x, y, d) with

S (x, y, d) = 1 :⇔ dist(v|x|, v|y|) = |d| .

We use functions Si(x, y, d) to represent shortest paths of maximal length 2i−1,
i. e., Si(x, y, d) = S (x, y, d) ∧ (|d| < 2i). These are computed iteratively for
i ∈ {1, . . . , n} until the output of S (x, y, d) = Sn(x, y, d).

We consider S1(x, y, d). Due to c(e) ∈ IN>0, paths of length 21 − 1 = 1
correspond to edges contained in C(x, y, d), whereas |d| = 0 implies x = y.
Hence, S1(x, y, d) is defined by

S1(x, y, d) :=
[
(|d| = 1) ∧ C(x, y, d)

] ∨ [
(|d| = 0) ∧ (x = y)

]
. (1)

In general, we compute Si+1(x, y, d) from C(x, y, d) and Si(x, y, d) using the
following lemma.

Lemma 1. For every path p̄ = (p1, . . . , pK) in G with K ≥ 1, ‖p̄‖ < 2i+1,
i ∈ IN0, there is an edge e := (pj , pj+1) ∈ p̄ such that p̄1 := (p1, . . . , pj) and
p̄2 := (pj+1, . . . , pK) have length ‖p̄1‖, ‖p̄2‖ < 2i.

Proof. We choose edge e = (pj , pj+1) with the smallest index j such that
‖p̄2‖ < 2i. If j = 1 then ‖p̄1‖ = ‖(p1, p1)‖ = 0. If j > 1 we conclude ‖p̄1‖ =
‖(p1, . . . , pj)‖ < 2i from ‖(pj, . . . , pK)‖ ≥ 2i and ‖p̄‖ < 2i+1. ��



A Symbolic Approach to the All-Pairs Shortest-Paths Problem 159

In order to obtain a superset of all paths p̄ with 2i ≤ ‖p̄‖ < 2i+1, we compute
the OBDD Hi+1(x, y, d) of all connected pairs (v|x|, v|y|) ∈ V 2 having v|x|–v|y|-
paths of length |d| that can be partitioned into parts p̄1 and p̄2 by means of
Lemma 1.

Hi+1(x, y, d) := (∃x(1), x(2), d(1), d(2), d(3))
[
(|d(1)| + |d(2)| + |d(3)| = |d|)

∧ Si(x, x(1), d(1)) ∧ C(x(1), x(2), d(2)) ∧ Si(x(2), y, d(3))
]

(2)

Then, we restrict Hi+1(x, y, d) to those triples (x, y, d) with |d| < 2i+1 (3) and
dist(v|x|, v|y|) = |d| (4); i. e., there is no shorter |d(1)| fulfilling Hi+1(x, y, d(1)).

H ′
i+1(x, y, d) := Hi+1(x, y, d) ∧ (|d| < 2i+1) (3)

∧ (∃d(1))
[
(|d(1)| < |d|) ∧ Hi+1(x, y, d(1))

]
(4)

Finally, we cover paths shorter than 2i by adding the previously computed
Si(x, y, d) and obtain Si+1(x, y, d).

Si+1(x, y, d) := Si(x, y, d) ∨ H ′
i+1(x, y, d) (5)

The output Sn(x, y, d) = S (x, y, d) represents the OBDD for the all-pairs short-
est-paths function dist.

4.2 Computing the Shortest Paths’ Edges

Having computed S (x, y, d), we are interested in the edges being part of shortest
paths. We represent these by the OBDD P (w, x, y, z) with

P (w, x, y, z) = 1 :⇔ (v|w|, v|x|) ∈ E is part of a shortest v|y|–v|z|-path .

Edge (v|w|, v|x|) lies on a shortest v|y|–v|z|-path iff dist(v|y|, v|w|) + c(v|w|, v|x|) +
dist(v|x|, v|z|) = dist(v|y|, v|z|). This is expressed as

P (w, x, y, z) := (∃d, d(1), d(2), d(3))
[
(|d(1)| + |d(2)| + |d(3)| = |d|)

∧ S (y, w, d(1)) ∧ C(w, x, d(2)) ∧ S (x, z, d(3)) ∧ S (y, z, d)
]

. (6)

We now consider the number of OBDD-operations the APSP-algorithm requires.

Theorem 1. The symbolic APSP-algorithm computes the functions S (x, y, d)
and P (w, x, y, z) by Θ(n2) = Θ

(
log2(NB)

)
OBDD-operations.

Proof. The computation of each OBDD Si(x, y, d), i ∈ {1, . . . , n}, as well as
P (w, x, y, z) consists of a constant number of cheap operations, argument re-
orderings, binary syntheses, and quantifications over node numbers or distance
values. Each such quantification involves Θ(n) cheap operations and binary syn-
theses. Due to n = Θ

(
log(NB)

)
, a number of Θ(n2) = Θ

(
log2(NB)

)
OBDD-

operations is executed. ��
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Remark 1. Heuristic methods may behave much worse than the best known gen-
eral methods in the worst case. Most papers on symbolic methods do not contain
any worst-case bounds, because these are not considered as representative. Tak-
ing into account that the OBDD-size of any function f ∈ Bn is bounded by(
2 + o(1)

)
2n/n, the pseudopolynomial bounds of O(

N16B8 log2(NB)
)

on run-
time and O(N16B8) on space are obtained for the symbolic APSP-algorithm.

4.3 Computing Concrete Shortest Paths

In order to obtain the edges of a concrete shortest v|y∗|–v|z∗|-path for fixed y∗

and z∗, different methods can be used. A straight-forward method to construct
the path nodes v|y∗| = p1, . . . , pK = v|z∗| in time O(

K · size(P )
)

is to replace the
y- and z-variables in P (w, x, y, z) by the corresponding Boolean constants y∗ and
z∗. Then, we maintain a current node number w∗ (starting with w∗ := y∗) which
replaces the argument w. The resulting OBDD P (x) depends only on the target
node of an edge (v|w∗|, ·) being part of a shortest path (p1, . . . , v|w∗|, . . . , pK).
In time O(

size(P )
)

we obtain an arbitrary satisfying assignment of x, which
becomes the new actual w∗. This is repeated until w∗ = z∗.

Alternatively, the shortest v|y∗|–v|z∗|-path can be computed by the sym-
bolic blocking-flow construction method presented in [20]. This performs only
O(log2 N) OBDD-operations independent from K = O(N), while it may cause
an exponential blow-up of the OBDD-sizes.

5 Bounded-Width Functions

Symbolic algorithms are well established in logic synthesis because they often
behave better than explicit methods on interesting instances [11–15, 24]. To be
efficient w. r. t. the size of an input graph (i. e., the number of nodes and edges),
this graph must have a compact OBDD-representation. The latter in turn is a
property of the input and does not depend on the algorithm itself. Therefore, it
is reasonable to investigate the behavior of symbolic methods w. r. t. the input’s
and output’s OBDD-size.

Unfortunately, a number of Θ(n) quantification operations applied on a char-
acteristic function f ∈ Bn may suffice to cause an exponential blow-up of its
OBDD-size, which makes it difficult to analyze symbolic algorithms. Moreover,
Feigenbaum et al. [8] proved that even the basic problem of reachability analysis
on OBDD-represented graphs is PSPACE-complete. So in in most papers the
usability of symbolic algorithms is just proved by experiments on benchmark
inputs from special application areas [13–15, 17, 27]. In other works considering
more general graph problems, mostly the number of OBDD-operations (often
referred to as “symbolic steps”) is bounded as a hint on the actual runtime [2,
9, 10, 18].

Therefore, we propose to consider a class of characteristic functions that
enables statements on the over-all runtime and space usage of the symbolic
APSP-algorithm, and which has also been successfully used in the analysis of
symbolic topological sorting [26] and maximum flow algorithms [20–22].
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Definition 3. A π-OBDD for a function f ∈ Bn is called complete if every
path from its function pointer to a sink has length n.

That is, complete OBDDs are not allowed to skip variable tests. The minimal-
size complete π-OBDD for f ∈ Bn is also known to be canonical [24] and will
be denoted by πGc[f ] in the following. Figure 1(b) shows the minimal complete
OBDD for an example function.

Definition 4. Let F := (fn)n∈IN be a sequence of functions fn∈BN (n), N : IN →
IN, defined on variables x0, . . . , xN (n)−1. Moreover, let Π := (πn)n∈IN be a se-
quence of variable orders πn ∈ ΣN (n). F has bounded width b w. r. t. Π (F is
b-bounded by Π) iff for all n ∈ IN the OBDD πnGc[fn] contains no more than b
nodes labeled with the same variable xi for i ∈ {0, . . . ,N (n) − 1}.

Note that πnG[fn] ≤ πnGc[fn] = O(N (n)b
)
.

Theorem 2 (Sawitzki [23]). Let F (1) :=
(
f

(1)
n

)

n∈IN
and F (2) :=

(
f

(2)
n

)

n∈IN

be sequences of functions f
(1)
n , f

(2)
n ∈ BkN (n), k ∈ IN, N : IN → IN, defined on

variables x(1), . . . , x(k) ∈ {0, 1}N (n). Assume that F (1) and F (2) have bounded
width b1 resp. b2 w. r. t. variable orders Π := (πn)n∈IN, πn ∈ ΣkN (n).

1. (Binary Synthesis)
For all n ∈ IN, the OBDD πnG[f (1)

n ⊗ f
(2)
n ], ⊗ ∈ B2, can be computed in

time and space O(
kN (n)b1b2

)
. The resulting sequence

(
f

(1)
n ⊗ f

(2)
n

)

n∈IN
is

b1b2-bounded by Π.
2. (Quantification)

Let X :=(Xn)n∈IN be a sequence of variable sets Xn⊆{x(j)
i |i∈{0, . . . ,N (n)−1},

j ∈ {1, . . . , k}}. For all n ∈ IN, the OBDD πnG
[
(QXn)f (1)

n

]
, Q ∈ {∃, ∀}, can

be computed in time and space O(|Xn|kN (n)22b1
)
. The resulting sequence

(
(QXn)f (1)

n

)
n∈IN

is 2b1-bounded by Π.
3. (Argument Reordering)

Let ρ ∈ Σk and assume that Π is k-interleaved. For all n ∈ N, the OBDD
πnG

[Rρ(f
(1)
n )

]
can be computed in time and space O(N (n)b1k

32k
)
. The re-

sulting sequence
(Rρ(f

(1)
n )

)
n∈N

is b12k-bounded by Π.

The resulting width bounds are worst cases. However, because b1, b2, and
k are independent of n, each operation takes linear time and space w. r. t. the
number N (n) of variables. We conclude that bounded-width functions are closed
under all operations used by the symbolic APSP-algorithm.

Theorem 3 (Woelfel [26]). Let F := (fn)n∈IN be a sequence of functions fn ∈
BkN (n), k ∈ IN, N : IN → IN, and Π := (πn)n∈IN k-interleaved variable orders
πn ∈ ΣkN (n) with increasing bit significance. If for all n ∈ IN it is fn ∈ TW

k,N (n)

then F is O(k2W )-bounded by Π.

Theorem 3 implies that the comparison functions introduced in Sect. 3 are
bounded-width functions.
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5.1 Analysis on Graphs
with Characteristic Bounded-Width Functions

Consider a sequence G = (Gn)n∈IN of valid input graphs Gn = (Vn, En, cn)
for the symbolic APSP-algorithm. Assume that Gn has Nn := |Vn| nodes and
maximum edge weight Bn ∈ IN>0. Let C =

(
C(x, y, d)n

)
n∈IN

be the sequence
of G’s characteristic functions and S =

(
S (x, y, d)n

)
n∈IN

be the characteristic
functions of G’s shortest path distances (distn)n∈IN. Let N (n) = Θ

(
log(NnBn)

)

be the number of bits encoding one node number |x| or distance value |d| ≤
Bn(Nn − 1) of Gn. Moreover, assume a sequence Π := (πn)n∈IN of interleaved
variable orders which read bits of distance values with increasing significance.

Theorem 4. If both C and S are b-bounded by Π, the symbolic APSP-algorithm
computes S (x, y, d)n from C(x, y, d)n in time O(

log3(NnBn) · α(b)
)

and space
O(log(NnBN ) · α(b)) for all n ∈ IN and

α(b) := 22
O(b3)

.

Proof. All characteristic functions are defined on a constant number of binary
node and distance numbers. Hence, the over-all number of Boolean variables is
Θ

(
log(NnBn)

)
and reordering causes only a linear width growth to bounded-

with functions. We show that all occurring functions are α(b)-bounded by Π . (A
similar analysis technique has been used in [16].)

Using Π enables to realize the comparison (|d| < 2i) by multivariate thresh-
old functions of TO(1)

1,N (n) with width bound O(1) (see Theorem 3). From Si(x,y,d)n

= S (x, y, d)n∧ (|d| < 2i), i ∈ {1, . . . ,N (n)}, and the width bound b of S we con-
clude that Si is O(b)-bounded (see Theorem 2).

It remains to show that each intermediate result is α(b)-bounded. In (1),
S1(x, y, d)n is initialized by three syntheses involving comparisons and the input
OBDD C(x, y, d)n. Analogue to Si, each occurring OBDD has bounded width
O(b).

In (2), three binary syntheses are performed before the existential quantifica-
tions. Being a composition of multivariate threshold functions, the comparison
(|d(1)| + |d(2)| + |d(3)| = |d|) is O(1)-bounded. Due to Theorem 2, each inter-
mediate conjunction result is O(b3)-bounded, whereas each quantification result
(including Hi+1) is 2O(b3)-bounded.

At next, H ′
i+1(x, y, d)n is obtained by restricting Hi+1(x, y, d)n in (3). The

conjunctions with (|d| < 2i+1) resp. (|d(1)| < |d|) do not change the asymptot-
ical width bound 2O(b3). Finally, the quantification (∃d(1)) causes one further

exponentiation and the new width bound is 2ab3 ·22ab3

= α(b) for an appropriate
constant a. This still holds after disjunction with Si(x, y, d)n due to Si being
O(b)-bounded.

Hence, all occurring characteristic functions are α(b)-bounded and have πn-
OBDD-size O(

log(NnBn) ·α(b)
)
. Due to Theorem 2, each of the Θ

(
log2(NnBn)

)

executed OBDD-operations takes time and space O(
log(NnBn)·α(b)

)
, which im-

plies an over-all runtime bound of O(
log3(NnBn)·α(b)

)
. Because only a constant
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number of OBDDs has to be stored at any time, the over-all space usage is of
the same magnitude as each single OBDD-size. ��

Analogue to this proof, a width bound of 2O(b4) can be obtained for P (w,x,y,z).
Moreover, a less elegant formulation of (4) improves α(b) to 2O(b3).

Corollary 1. If both C and S are b-bounded by Π, the symbolic APSP-algorithm
computes P (w, x, y, z)n from S (x, y, d)n in time O(

log2(NnBn) · 2O(b4)
)

and
space O(

log(NnBn) · 2O(b4)
)
.

How to classify this result? It is desirable that symbolic algorithms behave
efficiently on “small” input OBDDs, which could be defined most general by
being polynomial in the number N (n) = Θ

(
log(NnBn)

)
of Boolean variables.

Theorem 4 can be considered as showing this convenient property for the more
restricted case of bounded-width functions, whose πn-OBDD-size is even linear
in N (n); here, “efficiently” means polylogarithmic w. r. t. Nn and Bn.

Hence, the symbolic APSP-algorithm can be considered as being fixed-para-
meter tractable [7] for the parameter b of characteristic b-bounded functions.

5.2 Composition of Graphs
with Characteristic Bounded-Width Functions

Having the results on bounded-with functions, we ask what kinds of graphs can
be represented by them. Obviously, sequences G = (Gn)n∈IN consisting of a single
graph G1 = · · · = Gn, n ∈ IN, have characteristic bounded-width functions. We
already know multivariate threshold functions to have bounded width. These in
turn can be used to build many simple sequences like empty, complete, complete
bipartite, and grid graphs [23]. From the closedness under OBDD-operations we
now conclude the closedness under four graph composition operations.

Let G(i) :=
(
G

(i)
n = (V (i)

n , E
(i)
n , c

(i)
n )

)
n∈IN

, i ∈ {1, 2, 3}, be sequences of valid
input graphs for the symbolic APSP-algorithm with same notation as G in
Sect. 5.1. Assume V

(1)
n ∩ V

(2)
n = ∅ for all n ∈ IN.

Definition 5. Graph Composition Operations.

1. G(3) is called the cojoin of G(1) and G(2) iff for all n ∈ IN it is V
(3)
n =

V
(1)
n ∪ V

(2)
n , E

(3)
n = E

(1)
n ∪ E

(2)
n , and c

(3)
n (e) = c

(i)
n (e) for e ∈ E

(i)
n .

2. G(3) is called the A-join of G(1) and G(2), A : IN → IN>0, iff for all n ∈ IN it
is V

(3)
n = V

(1)
n ∪V

(2)
n , E

(3)
n = E

(1)
n ∪E

(2)
n ∪(V (1)

n ×V
(2)
n ), and c

(3)
n (e) = c

(i)
n (e)

for e ∈ E
(i)
n resp. c

(3)
n (e) = A(n) for e ∈ V

(1)
n × V

(2)
n .

3. G(3) is called the node substitution of G(1) in G(2) iff for all n ∈ IN it is
V

(3)
n = V

(1)
n × V

(2)
n ,

E(3)
n =

{(
(t, u), (v, w)

) | (
(t, v) ∈ E(1)

n ∧ (u = w)
) ∨ (u, w) ∈ E(2)

n

}
,

and c
(3)
n weights edge

(
(t, u), (v, w)

)
with c

(1)
n (t, v) if u = w resp. c

(2)
n (u, w)

if (u, w) ∈ E
(2)
n .
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4. G(3) is called the product of G(1) and G(2) iff for all n ∈ IN it is V
(3)
n =

V
(1)
n × V

(2)
n ,

E(3)
n =

{(
(t, u), (v, w)

) | (
(t, v) ∈ E(1)

n ∧ (u = w)
)

∨ (
(t = v) ∧ (u, w) ∈ E(2)

n

)}
,

and c
(3)
n weights edge

(
(t, u), (v, w)

)
with c

(1)
n (t, v) if u = w resp. c

(2)
n (u, w)

if t = v.

Theorem 5. Let G(3) be the product of G(1) and G(2). If C(i) and S (i) are
b-bounded by Π for i ∈ {1, 2}, then C(3) is O(b2)-bounded by Π and S (3) is
2O(b2)-bounded by Π.

Proof. Let (x(1), x(2)) denote the binary node number of (v|x(1)|, v|x(2)|) ∈ V
(3)
n

corresponding to argument x of a characteristic function. A shortest path in the
product G

(3)
n is composed of shortest paths in G

(1)
n and G

(2)
n . We express C(3)

and S (3) in terms of C(1), C(2), S (1), and S (2):

C(3)(x(1), x(2), y(1), y(2), d)n =
[
C(1)(x(1), y(1), d)n ∧ (x(2) = y(2))

]

∨ [
(x(1) = y(1)) ∧ C(2)(x(2), y(2), d)n

]
,

S (3)(x(1), x(2), y(1), y(2), d)n = (∃d(1), d(2))
[
(|d(1)| + |d(2)| = |d|)

∧ S (1)(x(1), y(1), d(1))n ∧ S (2)(x(2), y(2), d(2))n

]
.

Analogue to Si in Theorem 4, we conclude C(3) to be O(b2)-bounded. For S (3),
the quantifiers are applied to an intermediate result of width O(b2) and cause
an exponentiation leading to the final bound of 2O(b2). ��

The same width bounds can be obtained for the case of node substitution,
whereas both C(3) and S (3) are O(b2)-bounded if a cojoin or A-join has been
applied. That is, the efficiency results of Theorem 4 also hold for complex graphs
builded from basic ones having characteristic bounded-width functions.

For the complete proofs, further composition operations, and a more com-
prehensive discussion of graphs with characteristic bounded-width functions, the
reader is referred to [23].

6 A Reason for Restricting to Positive Edge Weights

The proof of Theorem 4 makes use of the fact that the intermediate results
Si(x, y, d) can be expressed in terms of the final result S (x, y, d) and the O(1)-
bounded comparison (|d| < 2i) by Si(x, y, d) = S (x, y, d) ∧ (|d| < 2i). For the
correctness of the APSP-algorithm it is essential that only empty paths have
length 0 due to the strictly positive edge weights.
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Instead of computing S (x, y, d) by iterating over the number i ∈ {1, . . . , n}
of considered distance bits, we could iteratively double the number of edges of
considered paths. A corresponding recursion would be

Hi+1(x, y, d) := (∃x(1), d(1), d(2))
[
(|d(1)| + |d(2)| = |d|)

∧ Si(x, x(1), d(1)) ∧ Si(x(1), y, d(2))
]

,

Si+1(x, y, d) := Hi+1(x, y, d) ∧ (∃d(1))
[
(|d(1)| < |d|) ∧ Hi+1(x, y, d(1))

]
,

where Si(u, v, d) now represents all shortest paths consisting of no more than 2i

edges. The resulting algorithm is able to handle graphs with general integral
edge weights that contain no negative cycles. Nevertheless, it does not pro-
vide a counterpart to Theorem 4: There are graphs G∗ := (G∗

n)n∈IN fulfilling
the bounded-width conditions, but whose intermediate functions Si have not
bounded width in general.

The construction of G∗ makes use of the fact that shortest paths may consist
of many edges. If the shortest paths have more then 2i edges, the functions Si

have to represent longer ones, which can be chosen such that the bounded width
of Si would also imply bounded width for the multiplication function MULn.
This contradicts exponential lower bounds on the π-OBDD-size of MULn for
every variable order π. For a detailed discussion, the reader is referred to [23].

There is no symbolic algorithm known to the author which is able to handle
general integral edge weights and that has properties comparable to Theorem 4.

7 Related Problems

The symbolic APSP-algorithm can be easily adapted to compute the edges of al-
most shortest-paths of small stretch [5, 6]. This is done by replacing P (w, x, y, z)
(see (6)) by a function P a,b(w, x, y, z) representing edges (v|w|, v|x|) on v|y|–v|z|-
paths p̄ of length ‖p̄‖ ≤ a · dist(v|y|, v|z|) + b.

P a,b(w, x, y, z) := (∃d, d(1), d(2), d(3))
[
(|d(1)| + |d(2)| + |d(3)| ≤ a · |d| + b)

∧ S (y, w, d(1)) ∧ C(w, x, d(2)) ∧ S (x, z, d(3)) ∧ S (y, z, d)
]

.

Due to the results on the bounded width of multivariate threshold functions,
Corollary 1 holds for P a,b, too.

Finally, we consider a dynamic scenario: After the computation of S (x, y, d),
the weights of an edge set E′ ⊆ E are decreased resulting in the new symbolic
graph C′(x, y, d). If every graph path contains at most one updated edge, the new
distances S ′(x, y, d) can be computed by Θ

(
log(NB)

)
OBDD-operations. v|x|–

v|y|-paths of length |d| containing a decreased edge (vx(1) , vx(2)) are expressed
as

F (x, y, d) := (∃x(1), x(2), d(1), d(2), d(3))
[
(|d(1)| + |d(2)| + |d(3)| = |d|)

∧ S (x, x(1), d(1)) ∧ C′(x(1), x(2), d(2)) ∧ S (x(2), y, d(3)) .
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To obtain S ′(x, y, d), we just have to select the smallest |d| with S (x, y, d) ∨
F (x, y, d) = 1 similar to (4). Again, bounded width of C′ and S imply time and
space bounds as in Theorem 4.

8 Conclusions

We presented a symbolic algorithm for the all-pairs shortest-paths problem.
The algorithm works on OBDD-representations of loopless directed graphs G =
(V, E, c) with strictly positive integral edge weights. It computes the lengths
and edges of shortest paths by performing a polylogarithmic number of OBDD-
operations w. r. t. N := |V | and B := max{c(e) | e ∈ E}.

In order to investigate runtime and space usage, bounded-width functions
have been introduced, which have small OBDDs and allow efficient OBDD-
operations. The algorithm is proved to have polylogarithmic runtime and space
usage w. r. t. N and B on graphs whose characteristic functions have bounded
width. This property is closed under important graph composition operations. In
contrast, the bounded-width of input and output does not guarantee efficiency
for symbolic algorithms which iterate over the number of edges of paths instead
of their length.

Finally, adaptations of the symbolic APSP-algorithm to dynamic edge
weights and almost shortest paths of small stretch have been briefly discussed.
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