An asymptotically optimal lower bound on the OBDD size
of the middle bit of multiplication for the
pairwise ascending variable order

Abstract. We prove that each OBDD (ordered binary decision diagramjife
middle bit ofn-bit integer multiplication with one of the asymptoticabigst known
variable orders, namely the pairwise ascending osdeyo, ..., Xn—1, Yn—1, re-
quires size (2(/9M), This is asymptotically optimal due to an upper bound of the
same order by Amano and Maruoka (2007).

1. Introduction

OBDDs (ordered binary decision diagrams) are a graph reptason for boolean functions
with strong algorithmic properties that are used in a wideggeaof applications, most promi-
nently in hardware verification. For a thorough introductinto practical and theoretical as-
pects of this model, see, e. g., Wegener’'s monograph [6].

Definition 1. Let X = {x1,..., Xy} be a set of variables and let be a permuted list of the
variables inX calledvariable order A 7-OBDD (ordered decision diagram) on iX a directed
graph with the following properties. The graph has a deseghstart node and sinks labeled by
the boolean constants 0 or 1. Each internal node is labeledvayiable fromX and has two
outgoing edges labeled by 0 and 1, resp. For each path indlpé gihe sequence of variables at
its nodes is required to be a subsequence.dtach node in the OBDD represents a boolean
function f,: {0, 1}" — {0, 1} in the following way. A given inputa € {0, 1}" defines a path
from v to one of the sinks where each node labeled by varigbis left by the edge labeled
by . The outputf,(a) equals the label of the reached sink. Tieeof the OBDD is the
number of its nodes. The function represented by the OBDBadunction represented by its
start node. The OBDD size of a boolean function is the mininsize of an OBDD representing
it.

The size of an OBDD directly corresponds to its storage reguent. Furthermore, the run
time for basic operations such as applying boolean op&sisa polynomial in the size of the
involved OBDDs. For applications of OBDDs size is thereftive decisive parameter. Several
practically important functions have OBDDs of small polymal size in the input length, at
least if an appropriate variable order is chosen, whilersthequire exponential size regardless
of the variable order.

Integer multiplication is obviously a highly practicallglevant function while at the same time
it is also a notoriously difficult benchmark problem for repentations of boolean functions like
OBDDs and a well-known bottleneck in the verification of lamitetic circuits. More precisely,
we are intested in the binary encoding of integer multipicradefined as follows.
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Definition 2. For nonnegative integers with binary representationy < {0,1}", let
(Zon-1 ..., 20) € {0,1}°" denote the binary representation of their product. Theritine
output bit of n-bit multiplicationfori € {0, ..., 2n — 1}, is defined by MULn(X, y) := z.

At the time of writing, even representing all the output laitsl 6-bit multiplication in a single
OBDD is still a challenging task for standard PC hardwane(uires more than 3 GB of storage
and a clever, non-standard implementation of the algostfgj). It is known from experiments
that one of the problems is that the different output bitshaé function have very different
optimal variable orders. One could therefore hope that weatdeast represent the output bits
by separate OBDDs of moderate size if the variable orderaseh appropriately, which would
be sufficient for many applications.

Bryant took the first step in destroying this hope by provingttOBDDs for the middle bit
of multiplication, MUL,_1 , require exponential siz@ (2"/8) for any variable order. He also
motivated looking at the middle bit by the fact that, by retitues, lower bounds for it also imply
lower bounds of similar size for MUL, with i close ton — 1. A more profane motivation is
that due to symmetry properties, one can hope that lowerdsare easier to obtain than for
other bits. Experiments indicate that the most difficuldbiinteger multiplication (with respect
to OBDD size) is in fachotthe middle bit, but some yet unknown bit with a higher index.

Introducing a new technique based on universal hashing,Ifé¥/d8] managed to improve
Bryant's lower bound for MUk_1, considerably to 2/2//61 — 4. Furthermore, he also
showed the first nontrivial upper bound of sizg37 243" choosing the variable order
X0s - - - » Xn—1, Y0, - - - » Yn—1. Amano and Maruoka [1] improved the upper bound ®-2¢/5"
even for quasi-reduced OBDDs, i.e. OBDDs where on each path the start node to a
sink, all variables have to appear. For this, they used thabla orderxg, yo, . .., Xn—1, Yn—1.
Based on a comparsion with the optimal sizes of quasired@&dDs for input lengths up
ton = 12, they conjectured that their result is in fact asymp#dycoptimal. Further papers
have dealt with the complexity of the middle bit of multi@ieon for more general models than
OBDDs [3,5, 7] or most recently with the OBDD size of the magnh#icant bit [2].

Despite the considerable amount of research dealing wahctdmplexity of the middle bit
function, the gap between lower and upper bounds for its OBR2P is still large. Applying
the best known lower bound due to Woelfel to the most impaoitgyut lengths todayy = 32
andn = 64, yields that 1071 nodes and.Z0nillion nodes, resp., are required. These numbers
are both too small to explain why we still cannot construetrgspective OBDDs using current
standard PC hardware. (The usual representation of an ORMPB econsists of three pointers, a
reference count, and some boolean flags, which on a 32-biatipg system all fit into 16 bytes.
Assuming 2 GB of memory leads to manageable OBDD sizes inrther of 16.)

The contribution of this paper is to show that the upper baafr&imano and Maruoka is in fact
asymptotically optimal for the order chosen by them, whilalso one of the asymptotically
best known orders today. More precisely, we obtain:

Theorem 3. The size an OBDD with variable ordepXyo, . . ., Xn—1, Yn—1 for MUL,_1  is at
least(3 — 24/2)/4 - 23L@/9n] _ 1,



Thus, forn = 32 already more than 2.9 billion nodes are required. rFet 64, the bound
is larger than 162 - 10°1. These numbers surely explain why we cannot construct thre-co
sponding OBDDs for this variable order, and we are only lefhuwhe possibility that there are
considerably better variable orders.

We remark that the lower bound in Theorem 3 does not followniolavious way by just “fine-
tuning” the known results. This is ruled out by the obsenmaf Woelfel [8] that any lower
bound that is obtained by setting all variables of one of #tuédrs of multiplication to constants,
which is true for all previous proofs, can only be of ord@2"/?).

The rest of the paper is organized as follows. We first intoedsome notation and general
lemmas in the next section. We then state two main lemmasygig them to prove Theorem 3.

(Section 3). Finally, in Sections 4 and 5, we prove these rfeaimmas. We conclude with

OBDDs sizes of MUly_1  for different variable orders determined by experiments.

2. Preliminaries

For a nonnegative integer represented by the boolean vectay_1, ..., Xp) in binary and
¢ < r, let[x], be the number represented b, ... x,) in binary and le{x], = x,. For
integersx, y withy # 0, letx divy := |X/y].

We use the following number theoretic facts which are easigtiby.

Proposition 4.

(1) For integers x and i, n with ie {0,...,n — 1}, (xmod 2") div 2 = [x]i”_1 =
(x div2') mod 2.

(2) Let x and my > O be integers such that y divides m. Théxy) modm =
y - (x mod(m/y)).

(3) Let xy and d > d > 0 be integers such that d divides.dThen(dx + y) divd" =
(X + y divd) div (d’/d).

(4) Let x y and d> 0be integers. Then divd = y divd implies thatx — y| < d.
(5) Let x> 0and d> Obe integers. Thendivd = 0iff x < d.

Finally, we apply the well-known method for proving lowerdrals on the size of OBDDs in
the following form (a proof is given in [8]).

Lemma 5. Let G be ar-OBDD representing the function:f{0, 1}" — {0, 1}. Let s be the
number of subfunctions of f obtained by setting a fixed nurobeariables according ta to
constants. The{G| > 2s — 1.

3. Main Lemmas and Proof of Theorem 3

The general plan of the proof of the main theorem is straagihrd: For an appropriately
chosen € {1, ..., n}, we count the number subfunctions of Mklly » resulting from setting
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the variables<, Yo, ..., Xi—1, ¥i—1 to constants in all possible ways and then apply Lemma 5.
We decompose the counting of subfunctions into two main lesthat we state here. We then
apply these lemmas for proving the main theorem.

The following fact has been used by Amano and Maruoka [1] a®#sis for their upper bound
on the size of OBDDs for the middle bit of multiplication.

Proposition 6 ([1]). Letn/2 <i < n—1. Letab e {0,...,2 — 1}, which we regard

as assignments to the i least significant bits of each of tieeféstors of n-bit multiplication.
Then, for any xy € {0, ...,2"" — 1}, regarded as assignments to the remaining bits of the
factors,

(MULn-1n)lap(x, ) = [(x2 +a)- (y2 +b)ln-1

= [falg™ "ty +blg ™ > + @bl ],y
For the sake of completeness, we include the simple proof.
Proof: First, using that > n/2 and Proposition 4, we get:

[(x2 +a) - (y2 + D)1 = ((xy2¥ + (ay + bx)2' + ab) mod 2) div 2

V2 (((ay+ bx)2 + ab) mod 2') div 2

Prop. 4,

3 (ay + bx + (ab) div2') mod 2"~

Prop. 4, (1)([a]8_i “ty 4+ (b1 i + (@bl ) mod 2.
Hence, again by Proposition 4, part (1),

[(x2 +a)- (y2' +b)ln—1 = (([al)™ "ty + (010~ ~x + [ab]™Y) mod 2'') div 2" -2
= [raly "ty + (bl "*x + [t g

g

The number of nodes in a quasireduced OBDD on a certain Isvekxactly the number of
subfunctions obtained by setting all variables to constémat occur before this level accord-
ing to the variable order. Therefore, the above propositsoabviously useful for proving
upper bounds on the size of such OBDDs, since it shows thahdihgber of subfunctions
that result from fixing the variablego, yo, ..., Xi—1, Yi—1 is at most the number of triples
(a5~ %, (b1~ 2, [ab]" ) for aSS|gnmenta b € {0, 1}, which is trivially upper bounded
by 23(” '), Our aim is to also use this characterization of subfunetibat here we needawer
boundon the number subfunctions in terms of the number of tripiesder to apply Lemma 5.
This is exactly what we show in the first main lemma.

For what follows, letn/2 < i < n—1. Fora,b,c € {0,...,2"" — 1} andx,y €
{0,...,2"" — 1} define fapc(X, ¥) := [ay + bX + Cln—i_1.



Main Lemma 1. Letn/2<i <n—1. Letab,c,a,b,c €{0,...,2" —1} be given with
a,b,a, b’ odd and(a, b, c) # (&,0',c). Then fpc = fap.c |mpI|esa —amod 2,
b = —b mod 2~ tandc+c¢ =2""-1 —1 mod 2,

Fora, b € {0, 1}' defineg(a, b) := ([aly~ =1 b, [ab]'Y) e {0, 130D,

Corollary 7. Let SC {(a,b) | a,b € {0,...,2 — 1}, a, b odd. Then the number of different
subfunction§MUL n_1.n)|a,p With (a, b) € S, where ab are regarded as assignments to the i
least significant bits of the two factors of n-bit multipliica, is at leas{g(S)|/2.

Proof: Let(a,b) € Sandx,y € {0, ..., 2"~ — 1}. By Proposition 6 and the definitions,
(MULn_10)lab(X, y) = [[alg™ "ty +(blg " ~*x+[abl" ] i, = fape(x V),

with @ := [a])~' %, b := [b])~' 2, and€ := [ab]"~!. By Main Lemma 1, there are at most two
different triples(a, b, ©) that yleld the same functiofy 5 . Hence, the number of considered

subfunctions of MUl,_1 , is at least half the number of different triplés b, €) belonging to
(a, b) € S, and the latter is exactlg(S)|. O

We prove Main Lemma 1 in the next section. Given this lemmaiencbrollary, we know that
in order to lower bound the number of subfunctions obtaingfi¥ing xo, Yo, . . ., Xi—1, Yi—1, it
suffices to count the number of triplégal; %, [bl5 %, [abl™™) € {0, 1}3"-). For this,

our aim is to lower bound the number of dlffere[ratb]” ! for fixed [a]) "%, [b]] 7t €
{0,...,2"" —1)andvaryingal 1, [bl 1 € {0,...,22 " —1}.
We reformulate this aim using the foIIowmg definitions. Let

= {6y X ye(0,..., 22" -1
Fora,b e {0,...,2"" — 1} and(x, y) € U, definehap: U — {0, ..., 2" — 1} by

hap(X,y) == [(x2"" +a)- (y2"7 +b)"%.

We then show that there is a constant fraction of all posgil®) (the settings tc[a]“ -1

[b]n '"~Lin our original problem) for which the size of the range oftinectionh, p is a constant
fraction of all possible values (the number of differmlb]i”‘1 in our original problem).

Main Lemma 2. Let (3/5)n < i < (2/3)n. Leta € (0,1]. Then there is a set AC
{(@,b)labe{0,...,2"7" — 1}, a,bodd with |A] > (1 — a) - 22"~D such that for all
@,b) € A [hapU)| = (a/(1+a)) - 277"

Corollary 7 and Main Lemma 2 together yield our main result.



Proof of Theorem 3: We choose := [(3/5)n] and consider the subfunctions of Mgl ,
obtained by fixingxo, Yo, . - ., Xi—1, ¥Yi—1. By Lemma 5 and Corollary 7, the number of these
subfunctions is at least half the number of different tsplaly " ~*, (blg ™' 2, (@bl ) with
a,b € {0,...,2 — 1} odd. Using Main Lemma 2, the number of subfunctions can tteus b
lower bounded by

1 2(n—i—1 % on—i o 1 5m

E(1—<x)2( >-1+—a2 = (l—a)l+a§2( )
foranya € (0, 1]. We maximize the functiorf (o) := (1 — a) - a/(1+ a) for a € (0, 1] by
choosingx := +/2 — 1, which givesf (a) = 3 — 2+/2 and thus a lower bound on the number of
subfunctions of

3-— 2\/223(n—i)'
8

Applying Lemma 5 and substituting= [(3/5)n], we get that the size of the OBDD is at least

3 _42‘/223L(2/5)HJ 1

U

The constant in front of the term of largest order in the lolv@und can be improved by sum-
ming the sizes of individual levels in the OBDD consistinghofdes labeled by the same vari-
able. Given that this only yields small improvements of tbard, we refrain from carrying out
the details.

4. Proof of Main Lemma 1

In this and the next section, we prove the two main lemmaswieahave stated and already
applied in the last section.

Proof of Main Lemma 1: Throughout the proof, we simply write=" for equivalence modulo
21, Leta,b,c,a,b,c €{0,...,2"" — 1} with a, b, &, b’ odd be given such thaft, j, c =
fa..c. We show that then either=a’, b = b’, andc = ¢’ (implying thatevera = a’,b = b’
andc=c)ora = —a, b= —b,andc+c =2""-1_1.

For anyu, v, w € {0, ..., 2" — 1}, let fy, »(X,y) = (Uy + oX + w) mod 2. LetN :=
2"—1-landL := {0, ..., N — 1}. We observe that

fu,v,w(X, Y) = [(Uy+ vX + U)) mod 21_i In—ic1= 0 & ﬂj,v,w(xa Y) elL.
Due to the assumption thdf pc = fa ¢, foranyx,y € {0, ..., on—i _ 1y,
fabcX. ) el & fapcoxy) el. 1)

In what follows, we apply this fact foy = 0 and show that eithdr= b’ andc = ¢’ orb = —b’
andc+ ¢ = 2"-'-1 — 1. We get an analogous conclusion &’ instead ob, b’ by working
with x = 0 instead ofy = 0, which altogether proves the lemma.
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Sinceb is odd and thus gath, 2"~') = 1, its multiplicative inversd~1 in Z,-i exists. For
j =0,...,N—1, we can therefore defing := (b~1(j —c)) mod 2", Then

fabc(xj,0)=(bx +c)mod 2 =j eL, forj=0,...,N—1. (2)

Furthermore, we havle = bb for a suitable odd € {0, ..., 2" — 1}. Hence, setting :=
¢’ — ch, we get

b'xj +¢ = bbx +€+cb = (bx +c)b+C = j-b+¢T
and thus
fab.c(x,0 = 0% +c)mod 2~ =j.b+¢ forj=0,...,N—1.
Furthermore, due to (1) and (2),
(j-b+®mod2 " eL, forj=0,...,N—1. (3)

In particular,(0- b+ €) mod 271 = €mod 2~ € L. Hence, there is a uniqiee Z such that
€ — k2" € L. We now distinguish the following two cases.

Case 1,5 < 2"—1-1. e first prove by induction orj that
(j-b+®mod2" = j.-b+E—k2"', forj=0,...,N—1. (4)

By the preceding remarks, we ha@- b + ¢) mod 2-1 = € — k2"~'. Now suppose that,
for somej € {0,...,N—1}, (j b+ mod 2~ = j.-b+¢— k2. We additionally
know from (3) thatj - b + € — k2"~ e L. Using the assumption of Case 1, it follows that
(j+1D)b+E—k2" T € {0, ..., 2" —1} and thug(j +1)b+€) mod 2 = (j +1)b+c—k2",
completing the proof of (4)

Observe thab is an integer withb > 1. Using (4), it follows that the mapping

(j - b+ 7€) mod 2 is strictly increasing forj = 0,..., N — 1. Additionally, its image on
the domainL = {0, ..., N — 1} is contained in the sdt. This is only possible fob = 1 and
0=¢t=c—-cbh=c —c.

Case 20> 2-i-1: We haveb = —b mod 2~ for b = 2" — b. We observe that & b <
2"-'-1is an odd integer. Analogously to the first case, we prove tiydtion that

(j-(-B)+e)mod 2~ = j.(-b)+c—k2", forj=0,...,N—1. (5)

As in the first case, this is satisfied fpe= 0, since(0- (—b) + €) mod Zi_i =C— k2”_—i. Now
suppose that the above holds for some {0, ..., N — 1}. Sincej - (=b) +CT— k2" e L, it
follows that

(j+D(-b)+c—k2" =j.(-b)+E—k2"" —be {2141, ... 21 _q)
Hence, eithef(j + 1)(—b) + € mod 2~ ¢ L or
((j + 1)(=b) + & mod 27" = (j + 1)(=b) +&— k2.
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Since(j(=b)+ € mod 2~ e Lforall j =0,..., N — 1, the former case can only occur for
j = N — 1. Hence, we have proved (5).

Sinceb > 1, it follows from (5) that the mapping — (j(—b) + ©) mod~2‘—i is strictly
decreasing foj € L, with its image on the domaib contained inL. Henceb = —b = -1
andc=2"""1_1=c—-ch=c +c. O

5. Proof of Main Lemma 2

For what follows, len/2 <i < n—1andm:= 2i — n. We first rewrite the type of products
which we consider for the proof of the main lemma in a moreadlé way.

Proposition 8. Fora,b e {0,...,2"" —1}and x y € {0, ..., 2™ — 1},
[(x2" " +a)- (y2" " + bt = ((xy2" +ay+ bx + (ab) div2""") mod 2) div 2™
Proof: The proof is similar to that of Proposition 6. First, we get

[(x2" +a)- (y2" + bt
(xy22"D 4 (ay + bx)2"~ + ab) mod 2‘) div 2

2" ((xy2"™ + ay + bx) mod 2) + ab) mod 2‘) div 2
Prop. 4, (2)

(
Prop. 4, (2)<
(

(
(Zn—i ((xy2”_i + ay+ bx) mod 2) + ab) div Zi) mod 2~
(

Prop.4. ‘3)( (xy2"™ + ay + bx) mod 2 + (ab) div2"~") div 2m) mod 2.

For the last line, we have used thiat n —i. Due to the fact thatab) div 2"~ < 2" < 2i,
we can rewrite the last line as

[((xyZ”_i +ay + bx + (ab) div2"~") mod 2) div Zm] mod 2.

Since the term in the brackets is smaller than™= 2", the outermost “mod” operation can
be removed, giving the desired result. O

Recall the following definitions from Section 3. We have
U:=1{Xxy|xyelo...,2"-1)
andfora,b e {0,...,2"" —1},hap: U — {0,..., 2" — 1} is defined for(x, y) € U by
hap(X,y) = [(x2"" +a)- (2" +b)" ",
By Proposition 8, we also have

hap(X,y) = ((xy-2"" +ay+ bx+ (ab) div2"™") mod 2) div 2™.
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Let # :={hap | a,be(0,...,2"" —1},a,bodd.

Our aim is to show that a constant fraction of the functiongfilave a range whose size is a
constant fraction of the number of all possible values. Wehiwindirectly by using a more
general variant of Woelfel’'s technique [8] based on unigehashing. The key observation
is that a functiorh € # has large range if it has a small numbercoflisions i.e., pairs of
different arguments frofd mapped to the same value. Different from [8], we cannot prove
a useful bound on the probability that feachpair of different arguments froid, a random
function from # has a small probability of inducing a collision. Instead, eansider the
average number of collisions over all functions fréi

Definition 9. Let # be a class of functions — R, U andR finite. Forh € #, define
its collision number ¢h) as the number of pairs of different values franthat are mapped
to the same value bir. Let c(#), the average number of collisions o, be defined by

C(H) := (L/|H]) D hege S(h).

Obviously, we always have the trivial boun@#) < (') = ®(JU?). Itturns out that in order
to prove our second main lemma, we need a much better uppedboamely of ordetU |.
The key ingredients for proving such a bound are summarizétei following lemma, in which
we investigate the conditions under which different elelmé&mmU can collide under a given
function from J¢ (the second part of this is similar to proofs of universabifyhash classes,
while the additional first part is required here to get a sigffity good bound).

Lemma 10. Letn/2 < i < (2/3)n. Fork € {0,...,m — 1} let c,d be such thaic|, |d| €
{0, ..., 2™k _ 1} and such that c is odd.

(1) Letabe{0,...,2" —1},a,bodd. Letxx’ € {0, ..., 2" — 1} with X — x = c2X. Then
there are at mos? values ye {0, ...,2™ — 1} such that y:= y+d2X € {0, ..., 2™ — 1}
and hap(X, Y) = hab(X', ¥).

(2) Let(x,y), (X,y) € U with X — x = c2<and y — y = d2*. Then at most a fraction of
2-(n=31+K) of the functions in# map(x, y) and (x, y') to the same value.

The same holds if the roles of X and y, y’ are exchanged.

Proof: The statement at the end of the lemma obviously follows fraendymmetry of the
definition of the functions .

Part (1): Letay € {0, ..., 2™ — 1} be given and suppose thit=y +d2* € {0, ..., 2™ — 1}.
By the definition ofh, p, Proposition 8, and Proposition 4, part (),n(X, y) = hapn(X',y)
implies that there is an integemwith |e| < 2™ such that

Xy = xy)- 2" +a(y —y) +b(X —x) = emod 2. ®)

W.l.0.,0. (by swapping, y with x’, y'), we may even assume that> 0. Using thatx’ =
X 4+ c2¢andy’ =y + d2¥, we get

X'y —xy)- 2" L ay —y) + b(X — x) = ([dx2X + cy2X + cd2?) 2" 4 ad2X + bc2X
— Cy2n—i+k + dX2I’l—i+k 4r
with r := ad2X + b2 + cd2n—i+2k,



Hence,(x) is equivalent to
cy2" K 4 dx2" 1K = e —r mod 2.

We observe that the left hand side of this congruence isibleidby 2*—+k and that, since
K<m=2 —n,wehaven —i +k < n—i+m =i. Therefore, the congruence can only
hold if alsoe — r is divisible by 2~ Sincee < 2™ andm < n — i by the assumption that

i < (2/3)n,e—r =0 mod 2K implies that the value df is fixed givena, b, ¢, d andk and
thusr. In particular, it does not depend any, x’, andy’.

Assuming thae — r = 0 mod 2~/ K, the above congruence is equivalent to
cy+dx = (e—r)2- "+ mod 20K,

Sincec is odd and thus gdgd, 2™ %) = 1, the multiplicative inverse~! of ¢ in Z,m« exists
and we can solve the above fprgetting

y = ¢ H(e—=r)2~™+0 _ dx) mod 2"k,

Sincey € {0,...,2™ — 1} and e does not depend ow, this means that there are at most
2¢ suitable values fory. Hence, for fixeda, b and given the distances — x = c¢2¥ and
y' —y = d2¥, there are at mostZhoices fory such thaix, y) and(x’, y’) collide undethg_p.

Part (2): By the assumptions for this part,—x = c2K andy’ —y = d2Xfork € {0, ..., m—1},
C € Ly, andd € Zomk. In the proof of the first part, is has been shown thag (X, y) =
hap(X’, y') only if

r = ad2’+ bc2X + cd2" '+ = emod 21K
for somee with 0 < e < 2™. Since
(ad2* + bc2* + cd2" %) mod 27 ¢ = ((ad +bc) mod 271 - 2K,
applying part (5) of Proposition 4 yields that this is equevd to
(((ad +bc) mod 27) - 2) div2™ = (((ad + bo) div 2™ ) mod 2 =™K — o,

By the assumption < (2/3)n, we haven —i — (m — k) > 0. Since the statement of part (2) is
trivially true if i = (2/3)n andk = 0, we may also assume thati —(m—k) > 0. Suppose that
a=s2"Kttandb = u2™K4p withs,u e {0,..., 20 =Mk _1} t » € {0,...,2M K1),

t, » odd. Then the above is equivalent to

ds+cu+r’ = 0mod 2 —(MK),

with r’ := (dt + cv) div 2™, Since gede, 2" (M) = 1,¢71 € 73, (, , exists and we
can solve the congruence foygiving

u=c-ds—r’)mod2-(Mk,

Thus, giverc, d, s, t, v andk, u is completely fixed. The fraction of functions #f inducing a
collision for two different keys can thus be upper bounde@b{—' —(M-kK) — p—@n=3i+k) 7
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We now apply the previous lemma to bound the average numtmslifions of the clasgt.

Lemma 11. Let n/2 <i < (2/3)n. Then ¢J¢) < 2951 _ 25-3n,

Proof: We obtain the average number of collisions#éfoy summing over all pairs of different
argumentgx, y), (x', y') € U the fraction of functions that map these keys to the sameevalu
We first take a closer look at the pairs of arguments over wthichsum extends. Ifx, y) #
X', ¥),thenx’ —x £ 0ory — vy # 0. It follows that there is & € {0, ..., m — 1} such that
2% = gedx’ — x, Yy — vy, 2™). Furthermore, there agd € Z,m-«, Where at least one of the
numbers, d is odd, such that’ — x = c2X andy’ — y = d2X. Now let

=Y YT 2 | > [hap(x,y) = hab(X’, ¥)1.

cesz K X, X'€Zm, d€Zom—k Y, yesz abeZZn i
IXx—x'|=c2K ly—y'|=d2K

3
H

=~
Il
o

[AEY

m—

B o= > > > Z | > [hap(X,y) =hap(X, y)]l.

k=0 ceZ,m—k x,x'€Zom, d€Z5n, |y, yesz abeZy, ;
even  |x—x'|=c2 ly—y'|=d2

Thenc(#H) = o + .

First, we know from Lemma 10, part (2), that the innermost sfimincluding the factor 1| #|

can be upper bounded by @—3+K Thus, it remains to count the number of different pairs of
keys(x, y) and(x’, y") for which this innermost sum is nonzero. By part (1) of LemrBathe
number of summands over which the second to last sum needstdénded is at mosf2The
number of summands of the third to last sum is obviou8ly*2 Finally, we count the number
of suitablec, x, andx’:

o> 1= > 22> 1 = 2.2"-c2

CeLym i X.X eZka CeZlm y O<x<2M—c22-1 CeZ3, |
|Xx—X'|=c2

2m—k—l_l
— 22m—k . 2k+1 X Z (2J + 1) — 22m—k _ 2k+l X 22(m—k—1) — 22m—k—1.
=0

Putting everything together, we get

m—1 m—1
a < 22m—k—1 . 2m—k . 2k . 2—(2n—3i +k) — 23m+3i—2n—1 Z 2—2k
k=0 k=0
3m+3i—2n—1 4 —2m 2 9 —5n 5 —3n
=2 Z(1—272m) = (2850 _ g8 ),
3 3

By symmetry, it follows thalf = «/2 and thusc(#) = (3/2)a, which altogether gives the
desired upper bound ar{#). O

Finally, we use the following fact implicit in the proof of b@na 8 in [8].
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Lemma 12 ([8]). Let # be a class of functions U» R, U and R finite, and let k& # be
given with collision number e= c(h). Thenlh(U)| > |U|2/(c+ |U)).

For the sake of completeness, we include the easy proof.

Proof: We count the number of collisions by summing over all valuethe range oh. Let
r .= |h(U)| andu := |U|.

ci=cthy = > > [h)=hex)=yl = > | WIthyI-1

yeh(U) x,x’eU, yeh(U)
X#X
= > (h'yP-1h?tyl) = —u+ > h iyl
yeh(U) yeh(U)
We lower bound the sum by minimizing the function R" — R, f (X1, ..., %) := Z}:l xi2
under the constraint; +- - - + X% = u. Due to symmetry of the summands and the fact that each
IS monotonously increasing, it follows that the minimumttamed forx; = --- = X = u/r.

Thus, we have
c > —u+r(u/r?>=u?/r —u,

which after rearranging gives the claimed lower bound on

u2

r = .
c+u

Proof of Main Lemma 2: By Lemma 11, we have
o(#) = En(ch) = 227" =i ¢,
where the expectation is with respect to uniformly random #. Fora < (0, 1] let
A= {(@b)labe{0,...,2"7 —1},a bodd,c(hap) < a ‘c}.

By Markov’s inequality,|A| > (1 — a)|U|. Let(a, b) € A. By Lemma 12,
24m

lhap(U)| > o —129-5n 1 pam’

Sincei > (3/5)n by assumption, it follows thati9- 5n > 2m = 4i — 2n. Hence, we can lower
bound the right hand side above by

24m o

(a—1_|_1)29i—5n T 144

n—i

This proves the lemma. O
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6. Conclusion

We conclude with a comparison of the OBDD sizes of MUL for the optimal order with
the so far best known structured variable orders (i. e.,atées orders with a simple closed
description for alh). For each sufficiently smaH we consider the following orders:

e Optimal variable orderzop: By this, we mean one specific optimal variable order that
has been the first found by our implementation of the dynamagiamming approach of
Friedman and Supowit ([4], see also [6], Section 5.5).

e Pairwise ascending ordefpwa: Xo, Yo, - - - » Xn—1, Yn—1.

e Hybrid order, 7nyp: It has already been observed by Amano and Maruoka [1] thahell
optimal orders found by dynamic programming for small infungths end with the group
of variablesxg, Yn—1, Xn—1, Yo (this is true for both quasireduced and fully reduced OBDDSs)
Taking this a step further and trying to mimic other struetuobserved in these orders, we
arrive at the following hybrid order: Fan := min(n—2, [(n + 1)/2]), this is the order
Xms -5 X1, Yms - -5 Y1, Xm4+-1, Ym+1, - - - » Xn—2, Yn—2, X0, Yn—1, Xn—1, Y0-

Optimal variable orders for MU\-_1 , andn < 12 can be found under

http://Is2-www.cs.uni-dortmund.de/"sauerhof/midtitlers.

Not surprisingly, the fine-tuned hybrid order even beatspiewvise ascending variable order
for mostn. Nevertheless, this order resembles the pairwise asagoditer from around index
n/2 upward, apart from a constant number of variables at thewehith by the arguments in
the main part of the paper implies that also this order lea@@BDDs of sizeQ (2(6/5M),

Table 1: OBDD sizes of MU}_1 x for different variable orders.

n: Topt: Tpwa: Thyb:

2 8 9 8
3 14 16 14
4 31 36 31
5 63 73 64
6 136 169 175
7 315 381 322
8 756 928 779
9 1717 2188 1748
10 4026 5248 4043
11 9654 12373 9682
12 21931 29400 21935
13 68777 52510
14 162768 119801
15 377359 277799
16 879709 646863
17 2046724 1473281
18 4710612 3436311
19 10996431 7879855
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