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Abstract. It is a well-known fact that the adjacency relation of the webgraph is
highly compressible, which is exploited in coding schemes for storing the graph in
practice. We analytically investigate how three exemplarystochastic graph models
explain this important phenomenon by giving precise estimates of the average en-
tropy per vertex for them. We consider a preferential attachment model, a copying
model, and a hierarchical model. While for all three models the average entropy per
vertex is asymptotically logarithmic in the number of vertices, the constant factor
in these estimates allows to get a more detailed picture. Thepreferential attachment
model turns out to have a factor of 1, thus allowing essentially no compression. The
copying model and the hierarchical model have constant factors proportional to the
fraction of copied successors per vertex and to the fractionof links with endpoints
chosen randomly from the whole graph, resp. Thus, the lattermodels allow to ex-
plain the observed compressibility of web graphs to some extent, depending on the
choice of parameters. For the hierarchical model without global links, we even get
constant average entropy.

1. Introduction

The web graph can be formally described at any given instant by a directed graph with the web
pages (more precisely, URLs) as vertices and hyperlinks as edges. Understanding the statistical
properties of this graph is highly practically relevant forcarrying out efficient algorithms on it,
e. g., algorithms mining data from the adjacency relation like PageRank [10]. Given the enor-
mous size of the web graph (in the order of 1012 vertices for the indexable web in 2005 [17]),
one tries to understand the structure of the web graph by experiments on snapshots on the one
hand and stochastic models on the other.

For detailed overviews over existing literature dealing with stochastic models for the web graph
and techniques for analyzing them we refer to [12, 23]. We only briefly mention some major
steps of the development that are relevant for what follows and describe the models investigated
here in more detail later on. All models we deal with are dynamic and pure-birth, i. e., the
random graphs according to the models evolve over a series ofdiscrete time steps where in each
step, new vertices and edges are added.

One crucial feature of the web graph that has been observed invarious experiments (see, e. g.,
[11, 14, 15]) is that the indegree of its vertices are approximately distributed according to a
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power law, i. e., over wide ranges ford, the fraction of vertices with indegreed is proportional
to 1/dα for some specific constantα. For sufficiently larged, this also seems to be true for
the outdegree. The two known mechanisms that plausibly recreate this feature in a dynamic
model of the web graph arepreferential attachment, first described in this context by Barabási
and Albert [3], andcopying, introduced by Kumar et al. [20]. In the preferential attachment
model of Barabási and Albert, the destinations of the edgesleaving a new vertex are chosen
with probability linear in the indegree of the destinations. This leads to a power law distribution
of the indegree with a fixed exponent of 3, as shown rigorouslyby Bollobás et al. [9]. Variants
that allow to get power laws with arbitrary exponents for in-and outdegree have been described
by Aiello et al. [2]. In a copying model, a fraction of the outgoing edges are copied from a
randomly chosen prototype vertex, while the rest is chosen uniformly at random. Kumar et
al. [20] have shown that this also leads to a power law for the indegree, where the exponent
depends on the fraction of copied successors.

The described models capture mechanisms for generating theobserved degree distributions and
also have some other desirable properties like small diameter (shown for the model of Barabási
and Albert in [8]) or a large number of bipartite cliques (shown for the copying models in [20]).
Nevertheless, they still seem to disagree quantitatively with experimental findings, e. g., with
respect to clustering features and the sizes of connected components [19]. Furthermore, it is
unclear whether they are suitable to explain the “self-similarity” of the real web graph observed
in experiments, e. g., in [14]. As a remedy,hierarchical modelstry to capture the way web
pages are organized on web sites in the real world. Such models have been proposed, e. g., by
Laura et al. [21], Ravasz and Barabási [26], Eiron and McCurley [16], and Han et al. [18]. The
experiments reported in these papers seem to indicate that the respective models indeed tend to
be better than previous models at combining the diverging goals of having power laws for the
degree distributions with the right exponents and also clustering features of the real graph like
many bipartite cliques.

Given the huge size of the web graph, it is of obvious practical importance to be able to store
it in compressed form. It has been experimentally observed that the adjacency relation of snap-
shots of the web graph indeed allows this, i. e., the respective information can be encoded
with considerably less bits than the worst-case logn bits per edge destination in ann vertex
graph [1, 4, 6, 7, 25, 28]. For example, the compression algorithms in the WebGraph pack-
age, achieving the best published compression ratios so far, manage to store graphs with about
109 nodes using typically 2–3 bits per edge and thus achieve compression ratios of more than
90 % over the trivial encoding (see [6] and the homepage of theauthors). The most important
empirical properties of the web graph exploited for this compression are thelocality of links,
i. e., many links have their source and destination on the same web site or both are even close
to each other in the directory hierarchy of the web site, and thesimilarity of web pages, mean-
ing that pages close to each other share a lot of common links.Furthermore, several of the
experimental papers report that using a Huffman code for thelink destinations based on the
indegree distribution can be used for compression. On the other hand, a back-of-the-envelope
calculation by Adler and Mitzenmacher [1] shows that such a scheme uses an expected number
of 2(m logn) bits for a graph withn vertices,m = 2(n) edges, and a power law distributions
for the indegree with exponent larger than 2. Hence, the improvement achievable by Huffman
encoding over the trivial encoding can only be in the constant factor hidden in the asymptotic
estimate.
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Eiron and McCurcley [16] have also investigated to which extent stochastic models of the web
graph allow compression. For this, they have experimentally determined the average entropy of
the adjacency lists over all vertices for snapshots of threestochastic models of the web graph
after a fixed number of iterations (they call thisisolated destination entropy). These models
are preferential attachment as described by Barabási and Albert, a version of the linear growth
copying model of Kumar et al., and finally a version of their own hierarchical model. The
hierarchical model of Eiron and McCurley explicitly modelsthe directory trees (web sites) con-
taining the web pages and the link structure between these pages as individual random graphs,
which comes closer to the real world scenario than other models of the same kind, but in its
full-blown form is also quite complicated due to a lot of choosable parameters. The entropy
values measured for the three models turn out to decrease in the given order of the models, as
may be expected, which can serve as an argument for incorporating copying and hierarchical
organization in a realistic model of the web graph.

In order to explain the mentioned experiments theoretically and to better understand the feature
of compressibility of the web graph, it is clearly importantto also have analytical estimates
of the entropy of the usual stochastic models of the web graph. Somewhat surprisingly, it
seems that no such analyses have been carried out so far. The only theoretical results about
the entropy of stochastic network models we are aware of are from the physics literature. Solé
and Valverde [27] have calculated the entropy of degree distributions for some simple classes
of random graphs and for some static real-world networks andinstances of stochastic models
for the web graph, where in the latter two cases the entropy ismeasured with respect to vertices
chosen uniformly at random. Park and Newman [24] and Bianconi [5] have described how
stochastic network models can be derived by maximizing the entropy under constraints like
fixed degree distributions, using methods from statisticalmechanics. These approaches are
obviously only remotely related to what we are interested inhere.

The rest of the paper is organized as follows. In Section 2, wedescribe the models considered
here in detail and present our entropy estimates for them. InSection 3, we introduce some def-
initions and general tools from information theory needed later on. Finally, Section 4 contains
the proofs of the main theorems.

2. Models and Our Results

Similar to the paper of Eiron and McCurley [16], we consider the preferential attachment model
of Barabási and Albert [3] and the linear growth copying model of Kumar et al. [20]. Further-
more, we define and analyze a simplified variant of the hierarchical model of Eiron and Mc-
Curley. We keep the important feature of two individual processes creating the directory and
the link structure, resp., of the web graph. On the other hand, in order to get a model that is
accessible to analytical methods, we reduce the parametersto some essential few.

We suggest to investigate the extent of compressibility of the link structure as an additional
criterion for rating the plausibility of models for the web graph. In order to get an objective
measure of compressibility, we estimate the entropy of the random graphs created by the models
and thus complement the experimental findings of Eiron and McCurley by analytical results.

Throughout the paper, we only consider directed graphs. Allmodels describe a random graph by
starting from a fixed graph at the beginning and then modifying this through a series of discrete
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time steps in which vertices and edges are added. For a randomgraphG over n vertices, its
entropyis defined byH(G) :=

∑

g Pr{G = g} log(1/ Pr{G = g}), where the sum extends over
all (directed) graphs withn vertices.

In what follows, we precisely describe the models considered here along with our entropy esti-
mates for them.

2.1. The Barab́asi-Albert Model

This model has been introduced by Barabási and Albert [3] and has been made more precise by
Bollobás et al. [8,9] whose version of the model we rely on here. ByG(m)

t we denote the random
graph according to this model obtained aftert time steps, where in each step a new vertex with
m ∈ N outgoing edges with random destinations according to the preferential attachment rule
is added. In what follows, we consider the casem = 1 and apply the results to the general case
at the end.

Let G(1)
t = (Vt , Et) denote the graph after time stept ∈ N, whereVt = {1, . . . , t}. The graph

is defined by the following process.

• G(1)
1 consists of a single vertex with a self-loop.

• G(1)
t for t ≥ 2 is obtained fromG(1)

t−1 by adding a new vertext to G(1)
t−1 with an outgoing

edge tovt ∈ {1, . . . , t} chosen at random according to the distribution

Pr{vt = i | G(1)
t−1 = G} =

dG(i )

2t − 1
, 1 ≤ i ≤ t,

wheredG(i ) is the (total) degree of vertexi in G and dG(t) = 1. A self-loop yields a
contribution of 2 to the degree.

For this model, we derive the following estimate for the average entropy per vertex, which is
precise up to less than one bit.

Theorem 1. For c := 19/6 − (7/5) log 3 < 0,948, we havelogT − 1/ ln 2 − c − o(1) ≤
H(G(1)

T )/T ≤ logT − 1/ ln 2 + o(1).

The graphG(m)
t for arbitrarym ∈ N is created by starting with a single vertex withm self-loops

and in each oft − 1 time steps adding a node withm successors. The edges are added one after
another with the probability of a destination being the fraction of its degree at this time over the
total degree plus one (the latter for the “outgoing half” of the new edge). More conveniently,
the same distribution is obtained by takingG(1)

mt and identifying each sequence ofm consecutive
vertices(i − 1)m+ 1, . . . , im, for i = 1, . . . , t . We get the following bounds on the entropy of
these graphs.

Theorem 2. For c := 19/6 − (7/5) log 3, we have mlogT − m
(

1/ ln 2 + c + o(1)
)

≤
H(G(m)

T )/T ≤ m
(

logT − 1/(ln 2) + o(1)
)

.

The trivial binary encoding of a graph withT vertices and outdegreem usesm⌈logT⌉ bits
per vertex. The model of Barabási and Albert leads to graphswhose entropy is smaller than
this trivial bound only by at most an additive constant for constantm, allowing essentially no
compression. It is thus clear that preferential attachmentin its pure form does not recreate the
right distribution of links found in the real web graph.
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2.2. The Linear Growth Copying Model

The linear growth copying model has been introduced by Kumaret al. [20]. The model has
parametersα ∈ (0, 1) andd ∈ N, whereα is called thecopy factorandd is the (fixed) outdegree
of the vertices.

The graphGt after time stept ∈ N is defined by the following process.

• G1 is a single vertex withd self-loops.
• Gt for t ≥ 2 is obtained fromGt−1 as follows.

– Choose aprototypevertexw ∈ {1, . . . , t − 1} uniformly at random.

– Add a new vertexu = t to Gt−1. For eachi = 1, . . . , d, add an edge(u, vi ) with vi

defined as follows:

– With probabilityα, choosevi ∈ {1, . . . , t − 1} uniformly at random.

– With probability 1− α, let vi be thei -th successor ofw.

For the linear growth copying model, we show:

Theorem 3. For α ∈ (0, 1) and d∈ N,

(

αd + 1 − cα,d
)

logT − O(d) ≤ H(GT )/T ≤
(

αd + 1 − αd)

logT + O(d),

where

cα,d = (1 − α + α2)d−1
(

1 − α + α2 + α21 − α

1 + α
d
)

≤ 1.

If we have non-constant degree growing withT , i. e.,d = d(T) = ω(1) for T → ∞, this in
particular implies that the average entropy per vertex inGT is of orderαd logT−o(d logT) and
the average entropy per edge is at leastα logT − o(logT). Compared to the trivial encoding,
compression thus allows to save a fraction of bits directly proportional to the copy factor.

According to the results of Kumar et al. [20], the exponent ofthe power law distribution for the
indegrees in the linear growth copying model approaches(2 − α)/(1 − α) for largeT . Thus,
for achieving the experimentally exponent of about 2.1, we have to setα ≈ 1/11. This gives
a compression ratio which tallies quite well with the best experimentally observed ratios of
about 90 % [6]. Nevertheless, it seems that more experimental results on the real web graph are
required to get a meaningful upper bound on the entropy as a function of the number nodes that
could be compared with the lower bound derived here.

2.3. A Simple Hierarchical Model

We investigate a simplified version of the hierarchical model proposed by Eiron and McCur-
ley [16]. Their model (or rather class of models) has a lot of choosable parameters which we
reduce to some essential few needed for insights into how this model may explain the compress-
ibility of the web graph. The parameters of our simplified version are numbersα1, α2, α3 ∈
(0, 1) andd ∈ N, the latter being the fixed outdegree of the URLs.

As Eiron and McCurley, we have two individual random graphs at each time step. The first
one describes the directory hierarchy found on different web sites and is calleddirectory graph.
Each vertex represents a directory and is labeled with a listof URLs that the respective directory
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contains. Edges represent the containment relation between directories. Second, we have the
URL graphwhich describes the link structure of the web. Vertices are URLs and edges represent
links between URLs. We now describe how these graphs are generated.

Directory graph: The graphGt after time stept ∈ N is obtained as follows.

• G1 is a single directory with one URL.
• Gt for t > 1 is obtained fromGt−1 by one of the following actions chosen with the given

probabilities.
(1) Probabilityα1: Add a new, isolated directory containing one URL.

(2) Probabilityα2: Add a new directory containing one URL as a subdirectory of an exist-
ing directory, where the parent directory is chosen with probability proportional to its
number of URLs.

(3) Probability 1− α1 − α2: Add a URL to an existing directory chosen with probability
proportional to its number of URLs.

URL graph: Let Ut be the graph after time stept ∈ N. Add in- and outlinks in this graph for
each new URL as follows:

Inlinks:

• For a URL in a new directory tree, add an inlink from a URL chosen uniformly at random
from all existing URLs except the new one.

• For a URL in an existing directory tree, add an inlink from a URL chosen uniformly at
random from all existing URLs except the new one in the directory where new URL has
been created and its parent directory.

Outlinks: Call the directory tree in which the new URL has been inserted itsinsertion tree. For
eachi = 1, . . . , d independently create a link from the new URL to an existing URL chosen
with probability proportional to the indegree of the latter, from the following sets of eligible
URLs:

• With probabilityα3, choose a destination from all URLs outside the insertion tree of the new
URL.

• With probability 1− α3, choose a destination from all URLs in the insertion tree of the new
URL.

We observe that random URL graphUt with the link structure we are interested in also contains
entropy derived from the underlying, random directory graph Gt . Hence, we investigate the
entropy ofUt conditioned onGt . We show the following upper bound on this entropy:

Theorem 4. H(UT | GT )/T = (α1 + dα3) logT + O(d).

It is not hard but tedious to obtain a corresponding lower bound by a similar proof. We refrain
from doing this since our main point is to show the savings in compression that this hierarchical
model allows compared to the pure preferential attachment and pure copying models. The
constant factor of the logarithmic term in the estimate is proportional to the average number
of global links of a URL, i. e., links from or to endpoints chosen uniformly at random from
the whole web graph. Apart from such global links the averageentropy per vertex is constant.
Thus, incorporating locality into a web graph model and restricting the use of the (obviously
unrealistic) global links makes it easy to achieve realistically large compressibility ratios.
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3. Preliminaries

We assume that the reader is familiar with the basics of information theory and refer to [13]
for an introduction. We only briefly mention definitions and facts used here. All random vari-
ables considered here take values from finite sets without saying so explicitly. Furthermore, all
logarithms are base 2.

Let X and Y be random variables taking values inR and S, resp. Theentropy of X
is defined asH(X) :=

∑

x∈R Pr{X = x} log(1/ Pr{X = x}). The conditional entropy of X
given Y is H(X | Y) :=

∑

y∈S H(X | Y = y) · Pr{Y = y}. For random variablesX1, . . . , Xn,
H(X1, . . . , Xn) denotes the entropy of the joint distribution ofX1, . . . , Xn. We note the fol-
lowing well-known facts (see, e. g., [13]).

Proposition 5.

(1) For a random variable X taking values in R,0 ≤ H(X) ≤ log |R|.
(2) For random variables X, Y, H(X) ≥ H(X | Y) = H(X, Y) − H(Y).

(3) Let X be a random variable taking values in R and let f: R → S be a function. Then
H( f (X)) ≤ H(X). Furthermore, H( f (X)) = H(X) if f is bijective.

(4) Chain rule of entropy:Let X1, . . . , Xn be random variables. Then

H(X1, . . . , Xn) =
n

∑

i=1

H(Xi | X1, . . . , Xi−1).

As a consequence, H(X1, . . . , Xn) ≤ H(X1) + · · · + H(Xn) with equality if X1, . . . , Xn

are independent.

(5) Let X0, X1 be random variables with disjoint support and let B∈ {0, 1} be a random
variable withPr{B = 1} = α. This implies that

H(XB) = αH(X1) + (1 − α)H(X0) + h2(α),

where h2(x) := −(x logx + (1 − x) logx) for x ∈ [0, 1] is the binary entropy function.

We also note the following fact about the entropy of rounded integer fractions.

Proposition 6. Let m ∈ N and let X be a random variable taking values in a finite subset of
the integers. Then H(⌊X/m⌋) ≥ H(X) − logm.

Proof: We observe thatf (x) := (⌊x/m⌋, x modm) defines a bijective mapping fromZ toZ2.
Hence,

H(X) = H( f (X)) = H(⌊X/m⌋, X modm) ≤ H(⌊X/m⌋) + logm,

which yields the claim. �

In the next two propositions we collect some estimates of sums in advance that we will need
later on in our proofs.
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Proposition 7. Letβ be a constant with respect to t. Then

t
∑

z=1

1

zβ
=











O(t1−β), for 0 < β < 1;

O(log t), for β = 1;

O(1), for β > 1.

t
∑

z=1

logz

zβ
=











O(t1−β log t), for 0 < β < 1;

O(log2 t), for β = 1;

O(1), for β > 1.

These results follow from standard estimates for the harmonic numbers for the caseβ = 1
and by upper bounding the sums by integrals for the remainingcases. (See the Appendix for
details.)

Proposition 8.
t

∑

z=1

logz

(z + 1)(z+ 2)
≤

25

12
+

7

10
log 3.

Proof: By standard arguments from calculus, it follows that the functionx 7→ (logx)/(x + 1)2

is monotonically decreasing forx ≥ 3. Hence,

t
∑

z=1

logz

(z + 1)(z+ 2)
≤

1

12
+

log 3

20
+

t
∑

z=4

logz

(z + 1)2

≤
1

12
+

log 3

20
+

∫ t

3

logz

(z+ 1)2
dz.

Furthermore,
∫ t

3

logz

(z + 1)2
dz =

( z

z + 1
logz− log(z + 1)

)∣

∣

∣

t

3

=
t

t + 1
log t − log(t + 1) −

3

4
log 3+ 2 < 2 −

3

4
log 3.

Substituting this into the previous inequality yields the claim. �

4. Entropy Estimates

In this section, we prove the main theorems from Section 2.

4.1. The Barab́asi-Albert Model

For the proof of Theorem 1, we use the asymptotically exact characterization of the number of
vertices with fixed degree in the random graphs of the model due to Bollobás et al. [9]. For
1 ≤ d ≤ t + 1 let Nt,d denote the number of vertices inG(1)

t of (total) degreed.
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Lemma 9 ([9]). Let 1 ≤ d ≤ t1/15. Then with probability at least1 − e−t/8,

|Nt,d − αd · t | ≤
√

t log t,

where

αd :=
4

d(d + 1)(d + 2)
.

Corollary 10. Let εt := 2(log t)1/2/t3/10. Then with probability at least1 − e−t/16, the fol-
lowing is satisfied for all d with1 ≤ d ≤ t1/15:

Nt,d ≥
4

d(d + 1)(d + 2)
(1 − εt )t .

Proof of Theorem 1: The upper bound follows immediately from the fact thatGT is chosen
uniformly from T ! different values. By Stirling’s formula, its entropy is thus

logT ! = T logT −
1

ln 2
T + o(T).

In what follows, we prove the lower bound. Fort ∈ N let v1, . . . , vt be the random destinations
of the edges inGt in the order of their creation. For estimating the entropy, we may identifyGt

with this list of vertices. We prove the theorem forGT , T ∈ N.

By the chain rule of entropy, the fact thatH(G1) = H(v1) = 0, and the definition of conditional
entropy,

H(GT ) = H(v1, . . . , vT) =
T−1
∑

t=1

H(vt+1 | v1, . . . , vt) =
T−1
∑

t=1

H(vt+1 | Gt ). (1)

Hence, it suffices to lower bound the entropy ofvt+1 for eacht = 1, . . . , T − 1 conditioned
on Gt . We prove the following.

Claim. Let c:= 25/12− (7/10) log 3. There is a constantβ with respect to t,0 < β < 1, such
that for all t = 1, . . . , T − 1,

H(vt+1 | Gt ) ≥ (log(2t + 1) − 2c)(1 − t−β).

We first show how this claim implies the theorem. By(1) and the claim,

H(GT ) ≥
T−1
∑

t=1

(log(2t + 1) − 2c)(1 − t−β).

We expand the terms in the sum and estimate the resulting summands separately. First,

T−1
∑

t=1

log(2t + 1) ≥
T−1
∑

t=1

log(2t) = log((T−1)!) + T − 1

= T logT +
(

1 −
1

ln 2

)

T − o(T).
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Using Proposition 7, it follows that

T−1
∑

t=1

(

log(2t + 1) − 2c
)

· t−β = o(T).

Together, these results yield

H(GT ) ≥ T logT −
(

2c +
1

ln 2
− 1

)

T − o(T),

wherec = 25/12− (7/10) log 3. This gives the lower bound required for the theorem.

It remains to prove the claim. We use that

H(vt+1 | Gt ) =
∑

G

H(vt+1 | Gt = G) · Pr{Gt = G}.

Thus, we may work under the assumption thatGt = G is fixed if Pr{Gt = G} is sufficiently
large. Letεt := 2(log t)1/2/t3/10. We consider a fixed choiceG for Gt for which

Nt,d ≥
4

d(d + 1)(d + 2)
(1 − εt )(t − 1)

for all d ∈ {1, . . . , ⌊t1/15⌋}. Due to Corollary 10, the probability of this event is at least
1 − e−t/16.

Ford ∈ {1, . . . , t + 1} let pt,d = d/(2t + 1) be the probability that a fixed vertex with degreed
is chosen as destinationvt of the edge from vertext . Then we obtain

H(vt+1 | Gt = G) =
t+1
∑

d=1

Nt,d pt,d log(1/pt,d) ≥
⌊t1/15⌋
∑

d=1

Nt,d pt,d log(1/pt,d)

≥
4(1 − εt )t

2t + 1

(

log(2t + 1)

b
∑

d=1

1

(d + 1)(d + 2)
−

b
∑

d=1

logd

(d + 1)(d + 2)

)

,

where we use the abbreviationb := ⌊t1/15⌋.

For the first of the above two sums we can apply telescope summation:

b
∑

d=1

1

(d + 1)(d + 2)
=

b
∑

d=1

( 1

d + 1
−

1

d + 2

)

=
1

2
−

1

b + 2
.

The second sum has already been estimated in Proposition 8:

b
∑

d=1

logd

(d + 1)(d + 2)
≤

1

12
+

log 3

20
+ 2 −

3

4
log 3 =

25

12
−

7

10
log 3 = c.

Putting the results for the two sums together yields

H(vt+1 | Gt = G) ≥
4t

2t + 1
(1 − εt )

(

log(2t + 1)
(1

2
−

1

b + 2

)

− c
)

.
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Following the plan outlined at the beginning, we get a lower bound onH(vt+1 | Gt ) by summing
the above inequality over all choices forG, weighted by the appropriate probabilities. The
probability of eachG for which the above estimate works is at least 1− e−t/16. This gives

H(vt+1 | Gt ) ≥ (1 − e−t/16)
4t

2t + 1
(1 − εt )

(

log(2t + 1)
(1

2
−

1

b + 2

)

− c
)

= (log(2t + 1) − 2c)(1 − e−t/16)
2t

2t + 1
(1 − εt)

(

1 −
2 log(2t + 1)

(log(2t + 1) − 2c)(b + 2)

)

.

Using thatεt = 2(log t)1/2/t3/10 andb =
⌊

t1/15
⌋

, the product of the four rightmost factors can
be upper bounded by 1− t−β for a suitable constantβ with 0 < β < 1, which yields

H(vt+1 | Gt ) ≥ (log(2t + 1) − 2c)(1 − t−β).

This proves the claim and thus the theorem. �

It remains to prove the result for arbitrary outdegreesm andG(m)
t .

Proof of Theorem 2: The upper bound is again trivial, since there are(T !)m possible realiza-
tions of the random variableG(m)

T .

For the lower bound, we use thatG(m)
T can be derived fromG(1)

mT by identifying each block of
m consecutive vertices. To simplify notation, we choose{0, . . . , T − 1} and{0, . . . , mT − 1}
as the sets of vertices ofG(m)

T and G(1)
mT, resp. Fort = 1, . . . , T , let Xt,1, . . . , Xt,m be the

random destinations of the edges leaving thet-th block of vertices,m(t − 1), . . . , mt − 1, in
G(1)

mT. Let X′
t,1, . . . , X′

t,m be the corresponding destinations of the edges leaving vertex t − 1 in

G(m)
T . Then, fori = 1, . . . , m, X′

t,i =
⌊

Xt,i /m
⌋

. By Proposition 6, fori = 1, . . . , m,

H(X′
t,i | G(m)

t−1, X′
t,1, . . . , X′

t,i−1) ≥ H(Xt,i | G(m)
t−1, X′

t,1, . . . , X′
t,i−1) − logm. (1)

For t = 1, . . . , T let Yt := (Xt,1, . . . , Xt,m) andY′
t := (X′

t,1, . . . , X′
t,m). ThenG(1)

mt may be

identified withY1, . . . , Yt andG(m)
t with Y′

1, . . . , Y′
t .

By the chain rule of entropy and (1),

H(G(m)
T ) =

T
∑

t=1

H(Y′
t | G(m)

t−1)

=
T

∑

t=1

m
∑

i=1

H(X′
t,i | G(m)

t−1, X′
t,1, . . . , X′

t,i−1)

≥
T

∑

t=1

m
∑

i=1

(

H(Xt,i | G(m)
t−1, X′

t,1, . . . , X′
t,i−1) − logm

)

. (2)

We observe that the vector of random variables(G(m)
t−1, X′

t,1, . . . , X′
t,i−1) is a function of

(G(1)
m(t−1), Xt,1, . . . , Xt,i−1). Hence,

H(G(m)
t−1, X′

t,1, . . . , X′
t,i−1) ≤ H(G(1)

m(t−1), Xt,1, . . . , Xt,i−1)
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and thus

H(Xt,i | G(m)
t−1, X′

t,1, . . . , X′
t,i−1) ≥ H(Xt,i | G(1)

m(t−1), Xt,1, . . . , Xt,i−1).

Applying this in (2) gives

H(G(m)
T ) ≥

T−1
∑

t=1

m
∑

i=1

(H(Xi | G(1)
m(t−1), Xt,1, . . . , Xt,i−1) − logm)

= H(G(1)
mT) − (m logm)T.

The theorem now follows by applying the bounds on the entropyof G(1)
mT obtained from Theo-

rem 1. �

4.2. The Linear Growth Copying Model

Proof of Theorem 3, Upper Bound: By the chain rule of entropy, it again suffices to bound
H(Gt+1 | Gt ). Let v1, . . . , vd be the random successors of the vertext + 1 added inGt+1,
thenH(Gt+1 | Gt ) = H(v1, . . . , vd | Gt ). Let B1, . . . , Bd ∈ {0, 1} be the independent random
variables withBi = 1 if the i -th successor of vertext + 1 is copied andBi = 0 if it is chosen
uniformly at random. We observe that

H(v1, . . . , vd | Gt ) ≤ H(v1, . . . , vd | Gt , B1, . . . , Bd) + d.

In what follows, we show that

H(v1, . . . , vd | Gt , B1, . . . , Bd) ≤ (αd + 1 − αd) log t,

which implies the upper bound part of the theorem.

For I ⊆ {1, . . . , d} let EI be the event thatBi = 1 for i ∈ I andBi = 0 for i 6∈ I . Then, by the
definition of conditional entropy,

H(v1, . . . , vd | Gt , B1, . . . , Bd)

=
d

∑

k=0

∑

I ⊆{1,...,d},
|I |=k

(1 − α)kαd−k H(v1, . . . , vd | Gt , EI ).

We consider the entropy term in the above sum. We observe thatthe random variables in the
group of copied successors of vertext +1 on the one hand and in the group of uniformly random
successors on the other are independent of each other. Hence, we may add the entropies for these
types of successors. For the first type, it is at most logt , since these successors are functions of
the random variable describing the prototype. For thed − k uniformly random successors, the
entropy is obviously(d − k) log t . Hence,

H(v1, . . . , vd | Gt , EI )

{

≤ (d − k + 1) log t, for |I | = k ≥ 1;

= d log t, for |I | = k = 0.

12



Substituting this into the above sum gives

H(v1, . . . , vd | Gt , B1, . . . , Bd)

≤ log t
(

αdd +
d

∑

k=1

(

d

k

)

(1 − α)kαd−k(d − k + 1)
)

= log t
(

αdd + αd + 1 − αd(d + 1)
)

= log t
(

αd + 1 − αd)

,

as desired. �

Next, we prepare the proof of the lower bound in Theorem 3. An essential ingredient is an
estimate of the numberDt,I of vertices inGt that differ in the restriction of their successor
arrays to the indices in the setI ⊆ {1, . . . , d}. We prove the following lower bound onDt,I in
advance.

Lemma 11. Let I ⊆ {1, . . . , d} with |I | = k ≥ 1 and let0 < δ < 1/2 be a constant with
respect to t. Then there are constants c> 0 and t0 ∈ N with respect to t such that for all t≥ t0,
with probability at least1 − 2e−t1−2δ/2,

Dt,I ≥ βkt − ct1−δ,

whereβk = 1−
(

(1+(k−1)α2)/(1+α)
)

·(1−α)k−1. Furthermore,β1 = α/(1+α) ≤ βk ≤ 1.

For the proof of this lemma, we apply the method of bounded differences based on the following
fact (see, e. g., [22], Section 4.4.3).

Lemma 12. Let (Gt )t∈N be a sequence of random graphs, where Gt for t ≥ 2 is obtained from
Gt−1 by adding a vertex and some random edges from this vertex to existing vertices. For t∈ N
let Xt be a random variable of Gt , i. e., a mapping from the set of possible realizations of Gt to
real values, such that, for t≥ 2, |Xt − Xt−1| ≤ c. Then for allλ > 0 and all t ∈ N,

Pr{|Xt − E(Xt )| > λ} ≤ 2e−λ2/(2c2t).

Furthermore, we use an estimate of the numberNt,0 of vertices inGt with indegree 0 due to
Kumar et al.

Lemma 13([20]). Let 0 < δ < 1. For all t ∈ N, with probability at least1 − e−t1−2δ/4,

Nt,0 ≥
t + α

1 + α
− α2 ln t − t1−δ.

Proof of Lemma 11: We haveD1,I = 1 andDu+1,I = Du,I + Xu+1,I , whereXu+1,I = 1 if
the new vertex added inGu+1 in stepu + 1 is such that the restriction of its successor array to
the index setI differs from the respective parts of the successor arrays ofall previous vertices
andXu+1,I = 0 otherwise.
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Let Er be the event that exactlyr successors of vertexu + 1 of those with index inI are chosen
uniformly at random from{1, . . . , u}. For any fixed graphG after stepu, we have

Pr{Xu+1,I = 0 | Gu = G} =
k

∑

r =0

(

k

r

)

(1 − α)k−r αr Pr{Xu+1,I = 0 | Gu = G, Er }.

Suppose thatG satisfies the lower bound on the number of vertices with indegree 0 from
Lemma 13. The probability of obtaining such aG as an instance ofGu is at least 1− e−u1−2δ/4.
For the caser = 1 in the above sum, i. e., a single random successor of vertexu + 1, the
probability of choosing a successor that already occurs among the firstu vertices is exactly

1 −
Nu,0

u
≤

α

1 + α
+ εu,

with εu := u−δ + α2(ln u)/u − (α/(1 + α))u−1.

For the caser ≥ 2 we observe that the probability that the restriction of thesuccessor array of
vertexu + 1 to ther random successors agrees with a fixed vector from{1, . . . , u}r is u−r . On
the other hand, there are at mostu such vectors which occur as part of the successor arrays of
the previous vertices 1, . . . , u. Hence, the probability that the restriction of the successor array
to I of the new vertex agrees with the respective part of a successor array of a previous vertex
is at mostu−(r −1) ≤ 1/u. Altogether,

Pr{Xu+1,I = 0 | Gu = G}

≤ (1 − α)k + k(1 − α)k−1α
(

1 −
Nu,0

u

)

+
k

∑

r =2

(

k

r

)

(1 − α)k−r αr u−(r −1)

≤
1 + (k − 1)α2

1 + α
(1 − α)k−1 + k(1 − α)k−1αεu +

1

u
.

Maximizing with respect toα yieldsk(1 − α)k−1α ≤ (1 − 1/k)k−1 ≤ e−1+1/k ≤ 1, thus

Pr{Xu+1,I = 0 | Gu = G} ≤
1 + (k − 1)α2

1 + α
(1 − α)k−1 + εu +

1

u
.

By summing the above over all appropriateG satisfying the lower bound in Lemma 13, we get

Pr{Xu+1,I = 1} ≥ βk − ε′
u,

with

βk = 1 −
1 + (k − 1)α2

1 + α
(1 − α)k−1 and ε′

u := εu +
1

u
+ e−u1−2δ/4.

It follows that

E(Dt,I ) = 1 +
t−1
∑

u=1

Pr{Xu+1,I = 1} ≥ 1 + (t − 1)βk −
t−1
∑

u=1

ε′
u.
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We estimate the last term in the above lower bound. By Proposition 7, it follows that

t−1
∑

u=1

ε′
u =

t−1
∑

u=1

(

εu +
1

u
+ e−u1−2δ/4) = O(t1−δ)

and thus, for suitable constantsc1 > 0, t1 ∈ N andt ≥ t1,

E(Dt,I ) ≥ βkt − c1t1−δ.

Since obviously|Xt,I | ≤ 1 for all t , we can apply Lemma 12. Forλ := t1−δ this yields that
there are constantsc2 > 0, t2 ∈ N such that for allt ≥ t2 with probability at least 1−2e−t1−2δ/2,

Dt,I ≥ E(Dt,I ) − c2t1−δ ≥ βkt − (c1 + c2)t
1−δ.

We thus obtain the result claimed in the lemma if we setc := c1 + c2 andt0 := max{t1, t2}. It is
obvious from its definition and the fact thatα ∈ (0, 1) thatβk ≤ 1. For the lower bound onβk,
it suffices to observe thatβk is monotonously increasing ink, which can be shown by standard
arguments from calculus (see the Appendix). �

We are now ready to complete the proof of the main result of this section.

Proof of Theorem 3, Lower Bound: We will prove the following claim.

Claim. Let0 < δ < 1/2. For suitable constants c> 0, t0 ∈ N with respect to t and for all
t ≥ t0,

H(Gt+1 | Gt ) ≥ (αd + 1 − cα,d) log t − c(log t)/tδ.

where

cα,d = (1 − α + α2)d−1
(

1 − α + α2 + α21 − α

1 + α
d
)

≤ 1.

First, we show how this implies the lower bound in the theorem. By the chain rule of entropy
and the claim,

H(GT ) =
T−1
∑

t=1

H(Gt+1 | Gt ) ≥
T−1
∑

t=t0

(c′ log t − c(log t)/tδ),

wherec′ := αd + 1 − cα,d. Thus, applying Proposition 7,

H(GT ) ≥ c′
T−1
∑

t=1

log t − c′
t0−1
∑

t=1

log t − o(T)

= c′ log((T − 1)!) − c′ log((t0 − 1)!) − o(T)

= c′T logT − (c′/ ln 2) · T − o(T).

This implies the desired lower bound sincec′/ ln 2 = O(d).
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We now prove the above claim. The proof essentially follows along the same lines as the proof
of the upper bound of the theorem. We consider the random choice of the successorsv1, . . . , vd

of the new vertext + 1 in Gt+1. Let againB1, . . . , Bd ∈ {0, 1} be the independent random
variables whereBi = 1 if the i -th successors is copied from the prototype andBi = 0 if it is
chosen uniformly at random. ForI ⊆ {1, . . . , d} let EI be the event thatBi = 1 for i ∈ I and
Bi = 0 for i /∈ I . Then we obtain

H(Gt+1 | Gt ) ≥ H(Gt+1 | Gt , B1, . . . , Bd)

=
d

∑

k=0

∑

I ⊆{1,...,d},
|I |=k

(1 − α)kαd−k H(Gt+1 | Gt , EI )

We handle the contributions to the above sum by the random successors and by the copied suc-
cessors of vertext + 1 separately. We may add the results since the choices of these successors
are independent of each other. We observe that the choice of the random successors of ver-
tex t + 1 does not depend on the random choices forGt . It is therefore easy to see that their
contribution to the above sum isαd log t . It remains to lower bound the contribution of the
copied successors.

For this, we investigate

S :=
d

∑

k=0

∑

I ⊆{1,...,d},
|I |=k

(1 − α)kαd−k H(vi , i ∈ I | Gt , EI ).

This may be expanded to

d
∑

k=0

∑

I ⊆{1,...,d},
|I |=k

(1 − α)kαd−k
∑

G

H(vi , i ∈ I | Gt = G, EI ) · Pr{Gt = G}. (1)

Fix a setI ⊆ {1, . . . , d} with |I | = k ≥ 1 and let 0< δ < 1/2 be any constant. By Lemma 11,
we get constantsc1 > 0 andt1 ∈ N such that, fort ≥ t1, with probability at least 1− 2e−t1−2δ/2

there is a setU of u := |U | ≥ βkt − c1t1−δ vertices ofGt that pairwise differ in the restrictions
of their successor arrays to the indices inI . We consider the entropy in the innermost sum in(1)

for a graphG of the described kind. Since the prototypew is chosen uniformly at random from
{1, . . . , t}, it follows that

H(vi , i ∈ I | Gt = G, EI ) ≥ H(vi , i ∈ I | Gt = G, EI , w ∈ U) · Pr{w ∈ U}
≥ (logu)(βk − c1t−δ).

Now we lower bound logu. Using thatβk ≥ α/(1+ α) (by Lemma 11) and log(1− x) ≥ −2x
for all x ≤ 1/2, we get

logu ≥ log(βkt − c1t1−δ) = log t + log
(

βk − c1t−δ
)

= log t − O(t−δ).

Thus, for suitable constantsc2 > 0, t2 ∈ N andt ≥ t2,

H(vi , i ∈ I | Gt = G, EI ) ≥ log t − c2t−δ.
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We may assume that the constants occurring in the above estimates for differentI are indepen-
dent of I by taking their maximum. Substituting the obtained result into the above sum(1) for
the terms withk ≥ 1, we thus get that

S ≥
(

1 − 2e−t1−2δ/2)
d

∑

k=1

(

d

k

)

(1 − α)kαd−k(log t − c2t−δ)(βk − c1t−δ)

=
(

1 − 2e−t1−2δ/2)(log t)
d

∑

k=1

(

d

k

)

(1 − α)kαd−kβk − O((log t)/tδ).

This yields (see the Appendix for some details of the calculations):

d
∑

k=1

(

d

k

)

(1 − α)kαd−kβk =
d

∑

k=1

(

d

k

)

(1 − α)kαd−k
(

1 −
1 + (k − 1)α2

1 + α
(1 − α)k−1

)

= 1 − αd −
1

1 − α2

d
∑

k=1

(

d

k

)

(1 − α)2kαd−k(1 + (k − 1)α2)

= 1 − (1 − α + α2)d−1
(

1 − α + α2 + α21 − α

1 + α
d
)

.

Sinceβk ≤ 1, the above term is upper bounded by 1. Using this, it followsthat

2e−t1−2δ/2(log t)
d

∑

k=1

(

d

k

)

(1 − α)kαd−kβk = O((log t)e−t1−2δ/2).

Hence, for suitable constantsc > 0, t0 ∈ N andt ≥ t0,

S ≥ (1 − cα,d) log t − c(log t)/tδ,

where

cα,d = (1 − α + α2)d−1
(

1 − α + α2 + α21 − α

1 + α
d
)

.

Putting the estimates together yields

H(Gt+1 | Gt ) ≥ (αd + 1 − cα,d) log t − c(log t)/tδ.

Since we have already noticed thatcα,d ≤ 1, this completes the proof of the claim. �

4.3. A Simple Hierarchical Model

In what follows, we prepare the proof of Theorem 4 by some lemmas. First, we investigate the
entropy of an object chosen uniformly from a set whose size isitself distributed by a power law.

Lemma 14. Let t ∈ N and let β > 2 and c, c′ > 0 be constants with respect to t. Let
x1, . . . , xt ∈ {0, . . . , t} with

∑t
i=1 xi = t and c/xβ ≤ |{i | xi = x}|/t ≤ c′/xβ for x ∈

{1, . . . , t}. Let Y be a random variable withPr{Y = i } = xi /t for i ∈ {1, . . . , t}. Let Z ∈
{1, . . . , xY} be chosen uniformly at random. Then H(Z) is upper bounded by a constant with
respect to t that depends only onβ, c, and c′.
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Proof: Let Nx := |{i | xi = x}| for x ∈ {1, . . . , t}. Then Pr{xY = x} = (x/t) · Nx and it
follows by the assumptions that, for allx ∈ {1, . . . , t},

c/xβ−1 ≤ Pr{xY = x} ≤ c′/xβ−1.

Using this, we can approximate the distribution ofZ as follows.

Claim. For z∈ {1, . . . , t},

c

β − 1
· (z−(β−1) − (t + 1)−(β−1)) ≤ Pr{Z = z} ≤

βc′

β − 1
· z−(β−1).

Proof of the Claim: By the definitions,

Pr{Z = z} =
t

∑

x=z

1

x
· Pr{xY = x}.

Using the approximation of the distribution ofxY, it follows that

t
∑

x=z

c

xβ
≤ Pr{Z = z} ≤

t
∑

x=z

c′

xβ
.

We estimate the above sums using integrals. First, we can lower bound the left hand sum by

∫ t+1

z

c

xβ
dx =

c

β − 1

(

z−(β−1) − (t + 1)−(β−1)
)

,

which gives the lower bound in the claim. Using thatz ≥ 1, we get the following upper bound
on the right hand sum, giving the upper bound in the claim:

c′

zβ
+

∫ t

z

c′

xβ
dx =

c′

zβ
+

c′

β − 1

(

z−(β−1) − t−(β−1)
)

≤ c′ · z−(β−1) +
c′

β − 1
· z−(β−1)

=
βc′

β − 1
· z−(β−1).

�

Now we are ready to estimate the entropy ofZ. By the above estimates for Pr{Z = z} and with
d := c/(β − 1) andd′ := (βc′)/(β − 1),

H(Z) = −
t

∑

z=1

Pr{Z = z} log Pr{Z = z}

≤ −
t

∑

z=1

d′z−(β−1)
(

log
(

z−(β−1) − (t + 1)−(β−1)
)

+ logd
)

.
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We estimate the first logarithmic term in advance: Using thatt ≥ z and thatx 7→ − logx is
monotonously decreasing, we get

− log
(

z−(β−1) − (t + 1)−(β−1)
)

≤ − log
(

z−(β−1) − (z + 1)−(β−1)
)

= (β − 1) logz − log
(

1 −
( z

z + 1

)−(β−1))

.

Sinceβ > 2, the last term above can be upper bounded by− log(1 − z/(z+ 1)) = log(z + 1),
which gives

− log
(

z−(β−1) − (t + 1)−(β−1)
)

≤ (β − 1) logz+ log(z + 1).

Hence,

H(Z) ≤ d′(β − 1)

t
∑

z=1

logz

zβ−1
+ d′

t
∑

z=1

log(z + 1)

zβ−1
− d′ logd

t
∑

z=1

1

zβ−1
.

By the assumptions,β is a constant withβ > 2. Hence, Proposition 7 implies that the above
three sums can each be upper bounded by constants, which gives the claimed result. �

For t ∈ N andu ∈ {1, . . . , t}, let Nt,u be the number of directory trees inGt with u URLs. The
stochastic process generating the numbers of URLs in the directory trees here is easily seen to
be the same as that generating the indegrees (or outdegrees)of the vertices in the random graphs
according to “model A” of Aiello et al. [2]. Their results immediately yield that the distribution
of Nt,u asymptotically follows a power law as described below. A detailed proof of the fact is
given in [12].

Lemma 15([2,12]). For t ∈ N and u∈ {1, . . . , t},

Pr{|Nt,u − βu · t | > λ
√

t + 2} ≤ exp(−λ2/2),

where

βu :=
(1/α − 1)(u − 1)!
∏u

j =1(1/α + j )
=

(1/α − 1)Ŵ(1/α − 1)

u1/α+1
(1 + εα,u),

with α := 1 − α1 and|εα,i | → 0 for i → ∞.

We are now ready to prove the main theorem of this section.

Proof of Theorem 4: We observe that the total number of URLs in the URL graphUt is t . For
each URLu ∈ {1, . . . , t} in Ut let Eu be the set of its in- and outlinks. We then may identifyUt

with (E1, . . . , Et). Following the pattern of the proofs in the previous sections, we bound the
entropy added by one iteration of the process creating the URL graph, here conditioned onGT .
We show:

Claim. There is a constant cα1,α3 > 0 with respect to t depending only onα1, α3 and a constant
t0 ∈ N such that, for t≥ t0,

H(Et+1 | Ut , GT) ≤ (α1 + dα3) log t + cα1,α3.
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As always, we first use the claim to prove the theorem. By the chain rule of entropy and the
trivial boundH(Et ) ≤ (d + 1)(log t) for all t ∈ {1, . . . , T},

H(UT | GT ) =
T−1
∑

t=1

H(Et+1 | Ut , GT)

≤
t0−1
∑

t=1

(d + 1) log t +
T−1
∑

t=t0

((α1 + dα3) log t + cα1,α3)

≤ (α1 + dα3)T logT + (cα1,α3 + (α1 + dα3)/ ln 2)T + o(T) + O(d).

This implies the upper bound in the theorem.

It remains to prove the claim. First, we observe thatGT is composed ofGt and some additional
random variableR accounting for the directories and URLs added in stepst +1, . . . , T . Hence,

H(Et+1 | Ut , GT ) = H(Et+1 | Ut , Gt , R) ≤ H(Et+1 | Ut , Gt).

We estimate the latter entropy conditioned onUt = U andGt = G whereU andG are suitably
chosen. Choosingλ := t1/2−δ for an arbitrary constant 0< δ < 1/2 in Lemma 15, we get
constantsc, c′ > 0 and a constantt1 ∈ N such that for allt ≥ t1, with probability at least
1 − e−(1/4)t1−2δ

, the following is satisfied for allu ∈ {1, . . . , t}:

c/uβ ≤ Nt,u/t ≤ c′/uβ,

whereβ := 1 − 1/(1 − α1). Fix instancesU of Ut andG of Gt whereGt satisfies the above
property.

Since all individual links are chosen independently of eachother, adding the contributions of
each of these links yields the total entropy. First, we consider the inlinks. Due to the definition of
the model, we either have, with probabilityα1, an inlink from an URLvglobal chosen uniformly
at random from all existing URLs, or, with the remaining probability, an inlink from an existing
URL vlocal in the directory where the new URL has been inserted or its parent directory. By
Proposition 5, part (5), the total entropy of the inlink is thus

α1 · H(vglobal) + (1 − α1) · H(vlocal) + h2(α1).

Trivially, H(vglobal) ≤ log t . Furthermore, we can only overestimateH(vlocal) by assuming that
vlocal is chosen uniformly at random from all URLs in the insertion tree of the new URL. Then
the choice ofvlocal fits the assumptions of Lemma 14 where we setxu := Nt,u for u ∈ {1, . . . , t}
(recall that we work under the conditionGt = G implying that theNt,u are fixed numbers). The
lemma yields thatH(vlocal) is upper bounded by a constant depending only on the constants in
the power law distribution and thus, in the application here, a constantcα1 depending onα1.
Hence, the contribution of the inlinks to the total entropy can be upper bounded by

α1 log t + (1 − α1)cα1 + h2(α1).

It remains to consider the outlinks. We haved independent contributions of links of the fol-
lowing kind. With probabilityα3, the destination is a URLvglobal outside the insertion tree,
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and with the remaining probability, the destination is a URLvlocal in the insertion tree of the
new URL. In both cases we can only overestimate the entropy byassuming that the destinations
are chosen uniformly at random instead of with probability proportional to the indegree. Then,
again,H(vglobal) ≤ log t and we may again upper boundH(vlocal) by the constantcα1 obtained
from Lemma 14. Hence, the contribution of the outlinks is at most

d
(

α3 log t + (1 − α3)cα1 + h2(α3)
)

.

Adding the contributions of in- and outlinks yields

H(Et+1 | Ut = U, Gt = G) ≤ α1 log t + (1 − α1)cα1 + h2(α1)

+ d
(

α3 log t + (1 − α3)cα1 + h2(α3)
)

≤ (α1 + dα3) log t + c′
α1,α3

,

wherec′
α1,α3

> 0 is a constant depending onα1 andα3. Thus, by summing over allU andG of
the considered type and the law of total probability, we get for all t ≥ t1 that

H(Et+1 | Ut , Gt) ≤
(

1 − e−(1/4)t1−2δ)

((α1 + dα3) log t + c′
α1,α3

).

For a suitable constantcα1,α3 > 0 depending onα1, α3 and t ≥ t0 ≥ t1, t0 ∈ N a suitable
constant, this implies

H(Et+1 | Ut , Gt ) ≤ (α1 + dα3) log t + cα1,α3.

By the remarks at the beginning, this proves the claim. �
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Appendix

Proof of Corollary 10: By Lemma 9, we can lower bound the probability that the event

Nt,d ≥
4

d(d + 1)(d + 2)
t −

√

t log t

occurs for alld with 1 ≤ d ≤ t1/15 by

1 − e−t/8 · t1/15 ≥ 1 − e−t/16.

Suppose the lower bound forNt,d is valid ford. Then, by using thatd ≤ t1/15, it follows that

Nt,d ≥
4 −

√

(log t)/t · (2d)3

d(d + 1)(d + 2)
· t ≥

4 − 8
√

(log t)/t · t1/5

d(d + 1)(d + 2)
· t

=
4
(

1 − 2(log t)1/2/t3/10
)

d(d + 1)(d + 2)
· t .

This gives the desired result. �

Proof of Proposition 7: It only remains to handle the cases whereβ 6= 1. For this, we estimate
the sums by integrals as follows.

t
∑

z=1

1

zβ
≤ 1 +

∫ t

1

1

zβ
dz = 1 +

( z−β+1

−β + 1

) ∣

∣

∣

t

1
and

t
∑

z=1

logz

zβ
≤

∫ t+1

1

logz

zβ
dz = z−β+1

( 1

−β + 1
logz −

1

(−β + 1)2 ln 2

) ∣

∣

∣

t+1

1
.

The estimates in the proposition now follow by using the appropriate bounds onβ. �
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Proof of Lemma 11, lower bound onβk: We claim that

βk = 1 −
1 + (k − 1)α2

1 + α
(1 − α)k−1

is monotonously increasing as a function ofk. For this, it suffices to show that

(1 + (k − 1)α2)(1 − α)k−1

is monotonously decreasing ink. This follows by investigating the derivative with respectto k,
which is

(1 − α)k−1(ln(1 − α)(1 + (k − 1)α2) + α2) ≤ (1 − α)k−1((−α)(1 + (k − 1)α2) + α2)

≤ −(1 − α)k−1(k − 1)α3 < 0.

�

Proof of Theorem 3, calculation details: We have

d
∑

k=1

(

d

k

)

(1 − α)kαd−kβk =
d

∑

k=1

(

d

k

)

(1 − α)kαd−k
(

1 −
1 + (k − 1)α2

1 + α
(1 − α)k−1

)

= 1 − αd −
1

1 − α2

d
∑

k=1

(

d

k

)

(1 − α)2kαd−k(1 + (k − 1)α2) =: S.

First,

d
∑

k=1

(

d

k

)

(1 − α)2kαd−k = ((1 − α)2 + α)d − αd = (1 − α + α2)d − αd =: A.

Furthermore,

d
∑

k=1

(

d

k

)

(1 − α)2kαd−kk = d(1 − α)2
d−1
∑

k=0

(

d − 1

k

)

(1 − α)2kαd−k−1

= d(1 − α)2(1 − α + α2)d−1 =: B.

Thus,

S = 1 − αd −
1

1 − α2
(A + α2(B − A)) = 1 − αd − A −

α2

1 − α2
B

= 1 − (1 − α + α2)d −
α2

1 − α2
d(1 − α)2(1 − α + α2)d−1

= 1 − (1 − α + α2)d−1
(

1 − α + α2 +
α2

1 − α2
d(1 − α)2

)

= 1 − (1 − α + α2)d−1
(

1 − α + α2 +
α2(1 − α)

1 + α
d
)

.

�
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