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Abstract. It is a well-known fact that the adjacency relation of the vgghph is
highly compressible, which is exploited in coding schenmessforing the graph in
practice. We analytically investigate how three exempsoghastic graph models
explain this important phenomenon by giving precise esesaf the average en-
tropy per vertex for them. We consider a preferential atteett model, a copying
model, and a hierarchical model. While for all three modedsaverage entropy per
vertex is asymptotically logarithmic in the number of vees, the constant factor
in these estimates allows to get a more detailed picture pidferential attachment
model turns out to have a factor of 1, thus allowing essdnti@ compression. The
copying model and the hierarchical model have constanbfagiroportional to the
fraction of copied successors per vertex and to the fractidimks with endpoints
chosen randomly from the whole graph, resp. Thus, the lattetels allow to ex-
plain the observed compressibility of web graphs to somengxtiepending on the
choice of parameters. For the hierarchical model withooibgl links, we even get
constant average entropy.

1. Introduction

The web graph can be formally described at any given instaatdirected graph with the web
pages (more precisely, URLS) as vertices and hyperlinkdgase Understanding the statistical
properties of this graph is highly practically relevant éarrying out efficient algorithms on it,
e.g., algorithms mining data from the adjacency relatika PageRank [10]. Given the enor-
mous size of the web graph (in the order of4Qertices for the indexable web in 2005 [17]),
one tries to understand the structure of the web graph byriexpets on snapshots on the one
hand and stochastic models on the other.

For detailed overviews over existing literature dealingwgitochastic models for the web graph
and techniques for analyzing them we refer to [12, 23]. We bniefly mention some major
steps of the development that are relevant for what follavasdescribe the models investigated
here in more detail later on. All models we deal with are dyitaamd pure-birth, i.e., the
random graphs according to the models evolve over a serdisatte time steps where in each
step, new vertices and edges are added.

One crucial feature of the web graph that has been obserwetious experiments (see, e.g.,
[11, 14, 15]) is that the indegree of its vertices are appnately distributed according to a



power law, i. e., over wide ranges fdr the fraction of vertices with indegrekis proportional
to 1/d* for some specific constaat For sufficiently larged, this also seems to be true for
the outdegree. The two known mechanisms that plausiblyagerthis feature in a dynamic
model of the web graph aggeferential attachmenfirst described in this context by Barabasi
and Albert [3], andcopying introduced by Kumar et al. [20]. In the preferential attaemt
model of Barabasi and Albert, the destinations of the edigggng a new vertex are chosen
with probability linear in the indegree of the destinatiomkis leads to a power law distribution
of the indegree with a fixed exponent of 3, as shown rigorolglollobas et al. [9]. Variants
that allow to get power laws with arbitrary exponents forand outdegree have been described
by Aiello et al. [2]. In a copying model, a fraction of the ootgg edges are copied from a
randomly chosen prototype vertex, while the rest is chosefoumly at random. Kumar et
al. [20] have shown that this also leads to a power law for tliegree, where the exponent
depends on the fraction of copied successors.

The described models capture mechanisms for generatirapiseved degree distributions and
also have some other desirable properties like small demigttown for the model of Barabasi
and Albert in [8]) or a large number of bipartite cliques (sindor the copying models in [20]).
Nevertheless, they still seem to disagree quantitativelly experimental findings, e. g., with
respect to clustering features and the sizes of connectepauents [19]. Furthermore, it is
unclear whether they are suitable to explain the “selfdsinty” of the real web graph observed
in experiments, e.g., in [14]. As a remedygerarchical modeldry to capture the way web
pages are organized on web sites in the real world. Such sbdek been proposed, e. g., by
Laura et al. [21], Ravasz and Barabasi [26], Eiron and M&i.6], and Han et al. [18]. The
experiments reported in these papers seem to indicatenthegspective models indeed tend to
be better than previous models at combining the divergiradsgof having power laws for the
degree distributions with the right exponents and alsatetiusy features of the real graph like
many bipartite cliques.

Given the huge size of the web graph, it is of obvious praktmportance to be able to store
it in compressed form. It has been experimentally observatthe adjacency relation of snap-
shots of the web graph indeed allows this, i.e., the resgeatformation can be encoded
with considerably less bits than the worst-casendats per edge destination in anvertex
graph [1, 4,6, 7, 25, 28]. For example, the compression dlgos in the WebGraph pack-
age, achieving the best published compression ratios sméarage to store graphs with about
10° nodes using typically 2—3 bits per edge and thus achieve mssjon ratios of more than
90 % over the trivial encoding (see [6] and the homepage oathikors). The most important
empirical properties of the web graph exploited for this poession are thiocality of links,
I.e., many links have their source and destination on theesaeb site or both are even close
to each other in the directory hierarchy of the web site, &edimilarity of web pages, mean-
ing that pages close to each other share a lot of common liRksthermore, several of the
experimental papers report that using a Huffman code follittkedestinations based on the
indegree distribution can be used for compression. On ther ¢tand, a back-of-the-envelope
calculation by Adler and Mitzenmacher [1] shows that sucbreme uses an expected number
of ®(mlogn) bits for a graph witm verticesm = ®(n) edges, and a power law distributions
for the indegree with exponent larger than 2. Hence, theangment achievable by Huffman
encoding over the trivial encoding can only be in the contditor hidden in the asymptotic
estimate.



Eiron and McCurcley [16] have also investigated to whicleakstochastic models of the web
graph allow compression. For this, they have experimgntigtermined the average entropy of
the adjacency lists over all vertices for snapshots of teteehastic models of the web graph
after a fixed number of iterations (they call thé®lated destination entropy These models
are preferential attachment as described by Barabasi HredtAa version of the linear growth
copying model of Kumar et al., and finally a version of theirrohierarchical model. The
hierarchical model of Eiron and McCurley explicitly modé#ig directory trees (web sites) con-
taining the web pages and the link structure between thegespas individual random graphs,
which comes closer to the real world scenario than other saafehe same kind, but in its
full-blown form is also quite complicated due to a lot of clsable parameters. The entropy
values measured for the three models turn out to decreake mivten order of the models, as
may be expected, which can serve as an argument for incoirpiEopying and hierarchical
organization in a realistic model of the web graph.

In order to explain the mentioned experiments theoretiald to better understand the feature
of compressibility of the web graph, it is clearly importdatalso have analytical estimates
of the entropy of the usual stochastic models of the web graé@bmewhat surprisingly, it
seems that no such analyses have been carried out so far. nlshtheoretical results about
the entropy of stochastic network models we are aware ofrane the physics literature. Solé
and Valverde [27] have calculated the entropy of degreeiloligions for some simple classes
of random graphs and for some static real-world networksiastnces of stochastic models
for the web graph, where in the latter two cases the entromemsured with respect to vertices
chosen uniformly at random. Park and Newman [24] and Bianf&grhave described how
stochastic network models can be derived by maximizing titeopy under constraints like
fixed degree distributions, using methods from statistmathanics. These approaches are
obviously only remotely related to what we are interestelare.

The rest of the paper is organized as follows. In Section 2degeribe the models considered
here in detail and present our entropy estimates for therSettion 3, we introduce some def-
initions and general tools from information theory needsdr on. Finally, Section 4 contains
the proofs of the main theorems.

2. Models and Our Results

Similar to the paper of Eiron and McCurley [16], we consider preferential attachment model
of Barabasi and Albert [3] and the linear growth copying melaaf Kumar et al. [20]. Further-
more, we define and analyze a simplified variant of the hibreat model of Eiron and Mc-
Curley. We keep the important feature of two individual ps®es creating the directory and
the link structure, resp., of the web graph. On the other hemdrder to get a model that is
accessible to analytical methods, we reduce the parantetsosne essential few.

We suggest to investigate the extent of compressibilityheflink structure as an additional
criterion for rating the plausibility of models for the welbagh. In order to get an objective
measure of compressibility, we estimate the entropy ofahdom graphs created by the models
and thus complement the experimental findings of Eiron an@Wiey by analytical results.

Throughout the paper, we only consider directed graphanatels describe a random graph by
starting from a fixed graph at the beginning and then modifyinis through a series of discrete
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time steps in which vertices and edges are added. For a ragdphG over n vertices, its
entropyis defined byH (G) := Zg Pr{G =g} log(1/ P{G = g}), where the sum extends over
all (directed) graphs with vertices.

In what follows, we precisely describe the models consididere along with our entropy esti-
mates for them.

2.1. The Barahasi-Albert Model

This model has been introduced by Barabasi and Albert [8]ras been made more precise by
Bollobas et al. [8,9] whose version of the model we rely omehByGt(m) we denote the random
graph according to this model obtained attéime steps, where in each step a new vertex with
m € N outgoing edges with random destinations according to teeepntial attachment rule
is added. In what follows, we consider the case- 1 and apply the results to the general case
at the end.

Let Gt(l) = (\4, Et) denote the graph after time steg N, whereV; = {1, ...,t}. The graph

is defined by the following process.

° G(ll) consists of a single vertex with a self-loop.
e G fort > 2 is obtained frorrGt(l_)1 by adding a new vertek to Gt(f)l with an outgoing
edge tav; € {1, ..., t} chosen at random according to the distribution
dg (i .
s() ;1< =t
2t —1

wheredg (i) is the (total) degree of vertexin G anddg(t) = 1. A self-loop yields a
contribution of 2 to the degree.

For this model, we derive the following estimate for the ager entropy per vertex, which is
precise up to less than one bit.

Theorem 1. For ¢ := 19/6 — (7/5)log3 < 0,948 we havelogT —1/In2—-c—o0(1) <
H(GM)/T <logT —1/In2+ o).

Prioy =i |G, =G} =

The graprGt(m) for arbitrarym € N is created by starting with a single vertex withself-loops

and in each of — 1 time steps adding a hode witlhhsuccessors. The edges are added one after
another with the probability of a destination being the i@t of its degree at this time over the
total degree plus one (the latter for the “outgoing half” lné new edge). More conveniently,
the same distribution is obtained by taki@éﬂ and identifying each sequencemfconsecutive
vertices(i —1)m+1,...,im,fori =1,...,t. We get the following bounds on the entropy of
these graphs.

Theorem 2. For ¢ := 19/6 — (7/5)log 3, we have nlogT — m(l/ln2 +Cc+ 0(1)) <
H(G™)/T <m(logT — 1/(In2) + o(1)).

The trivial binary encoding of a graph with vertices and outdegraa usesm[log T bits
per vertex. The model of Barabasi and Albert leads to grayesse entropy is smaller than
this trivial bound only by at most an additive constant fonstantm, allowing essentially no

compression. It is thus clear that preferential attachrireit$ pure form does not recreate the
right distribution of links found in the real web graph.
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2.2. The Linear Growth Copying Model

The linear growth copying model has been introduced by Kueta. [20]. The model has
parameters € (0, 1) andd € N, whereu is called thecopy factorandd is the (fixed) outdegree
of the vertices.

The graphG; after time stepg € N is defined by the following process.

e Gjis asingle vertex witlul self-loops.
e G; fort > 2 is obtained fronG;_; as follows.

— Choose prototypevertexw € {1, ...,t — 1} uniformly at random.

— Add a new vertexu = t to G;_;. Foreach = 1,...,d, add an edg€u, vj) with v;
defined as follows:

— With probabilitya, choosey; € {1, ...,t — 1} uniformly at random.
— With probability 1— «, leto; be thei -th successor ob.
For the linear growth copying model, we show:

Theorem 3. Fora € (0, 1) andde N,
(ad4+1—cCuq)logT — O(d) < H(GT)/T < (ad+1—a%logT + O(d),

where 1
—a
Cod = 1l—a+ az)d_l(l —a+a®+ a21+—ad) < 1.
If we have non-constant degree growing withi.e.,d = d(T) = w(1) for T — oo, this in
particular implies that the average entropy per verteX{ns of orderad log T —o(d log T) and
the average entropy per edge is at lealig T — o(log T). Compared to the trivial encoding,
compression thus allows to save a fraction of bits direatbpprtional to the copy factor.

According to the results of Kumar et al. [20], the exponerthefpower law distribution for the
indegrees in the linear growth copying model approacBes a)/(1 — a) for largeT. Thus,
for achieving the experimentally exponent of abolit, 2ve have to set ~ 1/11. This gives
a compression ratio which tallies quite well with the begperxmentally observed ratios of
about 90 % [6]. Nevertheless, it seems that more experiresialts on the real web graph are
required to get a meaningful upper bound on the entropy asdaifun of the number nodes that
could be compared with the lower bound derived here.

2.3. A Simple Hierarchical Model

We investigate a simplified version of the hierarchical mqaeposed by Eiron and McCur-
ley [16]. Their model (or rather class of models) has a lotludasable parameters which we
reduce to some essential few needed for insights into h@wibdel may explain the compress-
ibility of the web graph. The parameters of our simplifiedsien are numbera, oo, az €

(0, 1) andd € N, the latter being the fixed outdegree of the URLSs.

As Eiron and McCurley, we have two individual random graphsach time step. The first
one describes the directory hierarchy found on differeri srges and is calledirectory graph
Each vertex represents a directory and is labeled with aflldRLs that the respective directory
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contains. Edges represent the containment relation batdieectories. Second, we have the
URL graphwhich describes the link structure of the web. Vertices d@re8land edges represent
links between URLs. We now describe how these graphs areajede

Directory graph The graphG; after time stefg € N is obtained as follows.

e G1is asingle directory with one URL.

e G¢fort > 1is obtained fronG;_; by one of the following actions chosen with the given
probabilities.
(1) Probabilitya;: Add a new, isolated directory containing one URL.

(2) Probabilityas: Add a new directory containing one URL as a subdirectoryrogésist-
ing directory, where the parent directory is chosen withbpitlity proportional to its
number of URLSs.

(3) Probability 1— a1 — a2: Add a URL to an existing directory chosen with probability
proportional to its number of URLS.

URL graph: Let U; be the graph after time stepe N. Add in- and outlinks in this graph for
each new URL as follows:

Inlinks:

e For a URL in a new directory tree, add an inlink from a URL chosaiformly at random
from all existing URLs except the new one.

e For a URL in an existing directory tree, add an inlink from alUBhosen uniformly at
random from all existing URLs except the new one in the dosctvhere new URL has
been created and its parent directory.

Outlinks: Call the directory tree in which the new URL hasméeserted itsnsertion tree For

eachi = 1,...,d independently create a link from the new URL to an existing_l&Rosen
with probability proportional to the indegree of the latteom the following sets of eligible
URLs:

e With probabilityas, choose a destination from all URLs outside the insertiea tf the new
URL.

e With probability 1— a3, choose a destination from all URLSs in the insertion treenefriew
URL.

We observe that random URL grapl with the link structure we are interested in also contains
entropy derived from the underlying, random directory ¢r&. Hence, we investigate the
entropy ofU; conditioned or;. We show the following upper bound on this entropy:

Theorem 4. H(Ut |G1)/T = (a1+ da3)logT + O(d).

It is not hard but tedious to obtain a corresponding lowemigoy a similar proof. We refrain
from doing this since our main point is to show the savingsimpression that this hierarchical
model allows compared to the pure preferential attachmedtpaire copying models. The
constant factor of the logarithmic term in the estimate @pprtional to the average number
of global links of a URL, i.e., links from or to endpoints cleosuniformly at random from
the whole web graph. Apart from such global links the aveegeopy per vertex is constant.
Thus, incorporating locality into a web graph model andrietitg the use of the (obviously
unrealistic) global links makes it easy to achieve realsly large compressibility ratios.



3. Preliminaries

We assume that the reader is familiar with the basics of imm&tion theory and refer to [13]

for an introduction. We only briefly mention definitions aratfs used here. All random vari-
ables considered here take values from finite sets withgungao explicitly. Furthermore, all

logarithms are base 2.

Let X and Y be random variables taking values R and S, resp. Theentropy of X
is defined asH(X) := >, .gP{X=x}log(1l/Pr{X=x}). The conditional entropy of X
given Yis H(X|Y) := ZyeS H(X|Y=y) - P{Y =y}. For random variableXy, ..., Xp,

H (X1, ..., Xn) denotes the entropy of the joint distribution Xf, ..., X,. We note the fol-
lowing well-known facts (see, e. g., [13]).

Proposition 5.

(1) For arandom variable X taking values in B< H(X) < log|R].

(2) For random variables XY, H(X) > H(X|Y) = H(X,Y) — H(Y).

(3) Let X be a random variable taking values in R and letR — S be a function. Then
H(f (X)) < H(X). Furthermore, H f (X)) = H(X) if f is bijective.

(4) Chain rule of entropytet Xy, ..., X, be random variables. Then
n
H(X1, ..., Xn) = D HK | X, .., Xiz1).
i=1

As a consequence, (X1, ..., Xp) < H(X1) + -+ + H(Xp) with equality if X, ..., Xp
are independent.

(5) Let X, X1 be random variables with disjoint support and let 8 {0, 1} be a random
variable withPr{B = 1} = a. This implies that

H(Xg) = aH(X1)+ (1 —a)H(Xo) + ha(a),
where b(x) := —(xlogx + (1 — x) logx) for x € [0, 1] is the binary entropy function.
We also note the following fact about the entropy of roundgedger fractions.

Proposition 6. Let m € N and let X be a random variable taking values in a finite sub$et o
the integers. Then HX/m]) > H(X) — logm.

Proof: We observe thaf (x) := (|x/m], x modm) defines a bijective mapping froto Z2.
Hence,

H(X) = H(f(X)) = H( X/m], Xmodm) < H([X/m])+ logm,
which yields the claim. U

In the next two propositions we collect some estimates ofssimadvance that we will need
later on in our proofs.



Proposition 7. Let f be a constant with respect to t. Then

t [O@t1#), for0<p <1;
Z 7 =] O(logt), forp =1,
z=1 | O(D), for g > 1.

[0t #logt), for0<p <1;

zz—/f = 1 0(log?t), for p = 1;
z=1 | O(D), for p > 1.

These results follow from standard estimates for the hartneambers for the casg = 1
and by upper bounding the sums by integrals for the remaicasgs. (See the Appendix for
details.)

Proposition 8.
logz 25 7
< —+ —log3.
Z(z+1)(z+2) = 12770

Proof: By standard arguments from calculus, it follows that thefiomx — (logx)/(x + 1)?
is monotonically decreasing for> 3. Hence,

logz 1 log3 ! logz
Z(z+1)(z+2) =127 20 +§(z+1)2

1 log3 t
—+&+/£dz.
3

A

12 20 (z+ 1)2
Furthermore,
/t logz dz = ( z logz—lo (zqtl))}t
sz T \zgp092 7 3
_ ! logt — log(t + 1) 3Io 3+2 < 2 3Io 3
“tr1 J 49 4°9%
Substituting this into the previous inequality yields theim. U

4. Entropy Estimates
In this section, we prove the main theorems from Section 2.

4.1. The Baralasi-Albert Model

For the proof of Theorem 1, we use the asymptotically exaatastterization of the number of
vertices with fixed degree in the random graphs of the modeltduBollobas et al. [9]. For
1 <d <t+ 1letNq denote the number of vertices@fl) of (total) degreda.
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Lemma 9 ([9]). Letl < d < t¥15 Then with probability at least — e~'/8,

INt,g —aq -t|] < /tlogt,

4
T ddrDd+2)

Corollary 10. Lete; := 2(logt)1/2/t310, Then with probability at least — e~'/16, the fol-
lowing is satisfied for all d with < d < t1/15;

4
N >
Y= dd+nd+2

where

(1 —ep)t.

Proof of Theorem 1: The upper bound follows immediately from the fact tkat is chosen
uniformly from T! different values. By Stirling’s formula, its entropy is thu

1
logT! = TlogT — —T +0o(T).
g g N2 +0o(T)
In what follows, we prove the lower bound. Roe N letos, ..., oy be the random destinations
of the edges ir5; in the order of their creation. For estimating the entropy,may identifyG;
with this list of vertices. We prove the theorem 8, T € N.

By the chain rule of entropy, the fact thidt(G1) = H (v1) = 0, and the definition of conditional
entropy,

T-1 T-1
H(GT) = H@1,....,o1) = D> H@u1lvs,...,00 = D Ha | G). (D)
t=1 t=1
Hence, it suffices to lower bound the entropyvef, for eacht = 1,..., T — 1 conditioned

on G;. We prove the following.

Claim. Letc:=25/12— (7/10)log 3. There is a constant with respecttotD < # < 1, such
thatforallt=1,..., T — 1,

H(ia | Gr) > (log(2t + 1) — 20)(1 — t 7).

We first show how this claim implies the theorem. &y and the claim,

T-1

H(GT) = D (log(2t +1) — 20)(1 —t7F).
t=1

We expand the terms in the sum and estimate the resulting anasiseparately. First,

T-1 T-1
> log2t+1) = > log2t) = log(T-1)H+ T — 1
t=1 t=1

— TlogT + (1— %)T _ o(T).



Using Proposition 7, it follows that

T-1
> (log(2t +1) —2c) - t# = o(T).
t=1

Together, these results yield

1
H(GT) = TlogT — (2c+ - )T —o(T),
wherec = 25/12 — (7/10) log 3. This gives the lower bound required for the theorem.

It remains to prove the claim. We use that

Hty1 | Gr) = D H(@t1| Gt = G) - Pr{G; = G}.
G

Thus, we may work under the assumption t8at= G is fixed if P{G; = G} is sufficiently
large. Lets; := 2(logt)¥2/t%/10, We consider a fixed choid® for G; for which

4
N >
= dd+Dd +2

(1-e)t—-1

foralld € {1,...,[tY1%]}. Due to Corollary 10, the probability of this event is at leas
1— e‘t/16.

Ford e {1,...,t+ 1} let pr.qg = d/(2t + 1) be the probability that a fixed vertex with degike
is chosen as destinatiag of the edge from vertek Then we obtain

t41 [t/25)
Hti1] Gt =G) = > Neapralog(l/pra) = D Nedpralog(d/pra)
d=1 d=1

41— et b

b 1 logd
= Ta+1 ('Og(Zt + 1)dZ=l d+Dd+2) dzzl d+1)d +2))’

where we use the abbreviatibn= [t1/13].
For the first of the above two sums we can apply telescope stiotma

b

1
Z(d+1)(d+2) s

d=1

b

1 1 11
1(d+1_d+2) 2 b+2

The second sum has already been estimated in Proposition 8:

b
logd 1 log3 3 25 7

= 4 99° o Cig3= 2- Liogz = c

Z(c|+1)(d+2) =1t 0 T 79T 9= ¢

d=1

Putting the results for the two sums together yields

4t 1 1
Ht+1| Gt =G) = 2t—+1(1 — gt)(log(Zt + 1)(E — m) _ c).
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Following the plan outlined at the beginning, we get a lowaid onH (v41 | G¢) by summing
the above inequality over all choices f&, weighted by the appropriate probabilities. The
probability of eachG for which the above estimate works is at least & /16, This gives

HEua |G = (1—e/10-——(1- gt)(log(Zt + 1)(— _ i) _ c)

2 b+2
2log(2t + 1)
11 t)( (Iog(2t+1)—20)(b+2))’

Using thatsy = 2(logt)1/2/t%/10 andb = Lt1/15j the product of the four rightmost factors can
be upper bounded by-4 t—# for a suitable constarft with 0 < # < 1, which yields

2t
= (log(2t + 1) — 2c)(1 — —t/lﬁ)

H@tr1| Gy = (log2t +1) — 20)(1 - t™7).
This proves the claim and thus the theorem. U
It remains to prove the result for arbitrary outdegrafesnth(m).

Proof of Theorem 2: The upper bound is again trivial, since there @ré)™ possible realiza-
tions of the random variabe{™.

For the lower bound, we use th@frm) can be derived frontBﬁ,?T by identifying each block of

m consecutive vertices. To simplify notation, we cho¢@e .., T — 1} and{0, ..., mT — 1}
as the sets of vertices G(m) and GE:)T resp. Fot = 1,...,T, let Xt1,..., Xt,m be the
random destinations of the edges leavingtthie block of verticesm(t —1),....,mt—1, in
G(l) Let X{ 1> - - - » X{,m be the corresponding destinations of the edges leavingxert 1 in

G(m). Then, fori =1,...,m, X{; = | Xti/m]. By Proposition 6, foi = 1,...,m,

H(X,i | GM, Xi - Xtiz) = HOX | G, X 1o Xgiop —logm. (1)

Fort =1,...,T letYy := (Xt.1,..., Xe,m) @andy{ := (Xt 10 Xt m)- ThenG(1 may be
identified withYy, ..., Yy andG{™ with Y, ..., /.
By the chain rule of entropy and (1),

HG) = Z HY | G™)

=1
T m
= D D HX; | GM, Xt Xtiz1)
t=1i=1
T m
> > > (HXei | 6™ X{ g5 -5 X 1) — logm). (2)
t=1i=1
We observe that the vector of random vanab{&t‘m) X{ 1 - "’Xé,i—l) is a function of

(ngt_l), Xt,1, ..., Xt,i—1). Hence,
H (Gt(T?I.’ X{,l’ ey X{,i—l) H (Gm(t 1) xt,l; ey Xt,i—l)
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and thus
H(Xei | G, X; X{i ) = HXi |G 4, X Xt
( t, | t—1° t,1> > t,|_1) - ( t,i | m(t_]_)’ t,1s - t,l—l)'

Applying this in (2) gives

T—1 m
HGM™) > (HXi | Gih_1y» Xt.Ls - -+ Xti—1) — logm)
(t-1
t=1i=1

= H (G%)T) — (mlogm)T.

The theorem now follows by applying the bounds on the entﬂm@ﬁ?T obtained from Theo-
rem 1. U

4.2. The Linear Growth Copying Model

Proof of Theorem 3, Upper Bound: By the chain rule of entropy, it again suffices to bound
H(Gts1]Gt). Letos,...,vq be the random successors of the vettex 1 added inGi, 1,
thenH(Giy1|Gt) = H(v1, ...,vq| Gt). Let By, ..., By € {0, 1} be the independent random
variables withB; = 1 if thei-th successor of vertex+ 1 is copied and3; = O if it is chosen
uniformly at random. We observe that

H(Dlﬂ "'7Dd | Gt) S H(Dlﬁ“‘ﬁvd | Gtﬂ Bl"“ﬂ Bd)+d‘
In what follows, we show that
H(@1,...,04] Gt, Bi,...,Bg) < (ad+1—a%logt,

which implies the upper bound part of the theorem.

Forl € {1,...,d}letE| bethe eventthdaB = 1fori € | andB; = O0fori ¢ |I. Then, by the
definition of conditional entropy,

H(Dlﬂ"'ﬂl)d|GtﬁBlﬂ"'7Bd)
d
= D -0 H(@1,...,0d| G, Er).

We consider the entropy term in the above sum. We observehtbatndom variables in the
group of copied successors of verteix1 on the one hand and in the group of uniformly random
successors on the other are independent of each other. Menoeay add the entropies for these
types of successors. For the first type, it is at most |eince these successors are functions of
the random variable describing the prototype. Fordhek uniformly random successors, the
entropy is obviouslyd — k) logt. Hence,

< (d—k+1)logt, for|l|=k=>
H(Dl,-..,vlet,E|){ ( ) log [

1;
= dlogt, for|I| =k=0.

12



Substituting this into the above sum gives
H(Dlﬁ“‘ﬁvd | Gtﬂ Bl"“ﬂ Bd)
d
d
d ok d—koq
< |Ogt(a d+kz_;(k)(1 a)‘a® " (d k+1))

= logt(ad + ad + 1 —a%(d + 1))
= |Ogt(ad +1- ad),

as desired. O

Next, we prepare the proof of the lower bound in Theorem 3. #sential ingredient is an
estimate of the numbeD; | of vertices inG; that differ in the restriction of their successor

arrays to the indices in the sktc {1, ..., d}. We prove the following lower bound ob | in
advance.
Lemma 11. Let | C {1,...,d} with|I| = k > 1and let0 < § < 1/2 be a constant with

respect to t. Then there are constants @ and § € N with respect to t such that for all % to,
with probability at leastl — 2=t /2,

Dt > Bt —ct'™?,
wherefi = 1— ((1+(K—1)a?)/(1+a)) - (L—a)*"1. Furthermorefy = a/(14+a) < f < 1.

For the proof of this lemma, we apply the method of bounddeédihces based on the following
fact (see, e. g., [22], Section 4.4.3).

Lemma 12. Let (Gy)ien be a sequence of random graphs, whegdd@t > 2 is obtained from
Gt-_1 by adding a vertex and some random edges from this vertexstingxvertices. For te N
let X; be a random variable of Gi. e., a mapping from the set of possible realizations pfds
real values, such that, fort 2, [ X; — X{_1] < c. Thenforalll > Oand allt € N,

PH|X; — E(Xp)| > 4} < 242/
Furthermore, we use an estimate of the nuni¥gg of vertices inG; with indegree 0 due to
Kumar et al.

Lemma 13([20]). LetO < 6 < 1. Forall t e N, with probability at leastl — et /4,

t4+a

—a?Int —t19,
1+a

Nt,o >

Proof of Lemma 11: We haveD1; = 1 andDyy11 = Dy, + Xut1,1, WhereXy41,) = 1if

the new vertex added B, 1 in stepu + 1 is such that the restriction of its successor array to
the index set differs from the respective parts of the successor arrayd pfevious vertices
andXy+1,1 = 0 otherwise.

13



Let E; be the event that exacttysuccessors of vertax+ 1 of those with index il are chosen
uniformly at random fron{1, ..., u}. For any fixed grapl& after stepu, we have

k

K _
P{Xut1,1 =0 Gy =G} = Z (r)(l_ a)k of P{Xut1,1 =0 Gy =G, E}.
r=0

Suppose thaG satisfies the lower bound on the number of vertices with inee@ from
Lemma 13. The probability of obtaining suclGaas an instance dg, is at least 1- e u /4,
For the case = 1 in the above sum, i.e., a single random successor of vertexi, the
probability of choosing a successor that already occuragrtite firstu vertices is exactly

N a
_u,O<

1 <
u 1+a

+8U7

with ey ;== u=% + a?(nu)/u — (a/(1 + a))u™L.

For the case > 2 we observe that the probability that the restriction ofghecessor array of
vertexu + 1 to ther random successors agrees with a fixed vector frbm. ., u}" isu™". On

the other hand, there are at mossuch vectors which occur as part of the successor arrays of
the previous vertices, 1. ., u. Hence, the probability that the restriction of the sucoeasray

to | of the new vertex agrees with the respective part of a suocessy of a previous vertex

is at mostu— D < 1/u. Altogether,

PriXu+1,1 =0 Gy = G}
N Xk
< 1-a)*+k@d-a)a (1 - :0) + Z (r)(l — )T um D
r=2

1+ (k- 1)a?
< —_—
- 1+a

1
1—a) T+ k@1 - a)tae, + -

Maximizing with respect ta: yieldsk(1 — a)k1a < (1 — 1/k)*1 < e 1+1/K < 1 thus

1+ (k — 1)a?

Pr{ X =01G, =G} <
{u+1,l | u }_ 1+a

1
1- a)k_l +éey+ m

By summing the above over all appropri&@esatisfying the lower bound in Lemma 13, we get

PriXuty, =1} = Bk — &,

with ) ,
1+ (k- 1a _ 1 12
Pk = 1_1—|——0C(1_a)k ! and 8(1 = gu+a+e u /4.
It follows that
t-1 -1
E(Dt)) = 1+ Z PriXuis) =1} > 14 (t — 1)k — 28(1_
u=1 u=1

14



We estimate the last term in the above lower bound. By Prtipasi, it follows that

< / < 1 w2 1-6
ZSU=Z(SU—|——+6 ) = Ot
u=1 u=1 u

and thus, for suitable constamts> 0,t; € N andt > t;,

E(Dt)) > it —citt™.

Since obviously X; || < 1 for all't, we can apply Lemma 12. Fdr:= t!~9 this yields that
there are constants > 0,t, € N such that for alt > t, with probability at least +- 2et"*/2,

Dy > E(Dy)) — ot > pyt — (¢ + et ™.

We thus obtain the result claimed in the lemma if wecset ¢; + ¢, andty := maxty, to}. Itis
obvious from its definition and the fact thate (0, 1) thatfx < 1. For the lower bound ofi,
it suffices to observe thd is monotonously increasing ky which can be shown by standard
arguments from calculus (see the Appendix). O

We are now ready to complete the proof of the main result sfgbction.

Proof of Theorem 3, Lower Bound: We will prove the following claim.

Claim. Let0 < 0 < 1/2. For suitable constants ¢ 0, typ € N with respect to t and for all
t > to,
H(Gis1 | Gt) = (ad+1— cyq)logt — c(logt)/t°.
where 1
—a
Ca’d = (1 —a + az)d_l(l —a + a2 + azl—'——ad) < 1.

First, we show how this implies the lower bound in the thear&wy the chain rule of entropy
and the claim,

T-1 T-1
H(GT) = D H(Gu1| Gy = D (c'logt —c(logt)/t%),
t=1 t=to

to—

wherec’ := ad + 1 — ¢,.q. Thus, applying Proposition 7,
1
logt — o(T)

T-1
¢ > logt — ¢

¢ log((T — 1)!) — c’log((to — 1)!) — o(T)
= cTlogT —(c/In2)- T —o(T).

H(GT)

A%

This implies the desired lower bound sincéIn2 = O(d).
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We now prove the above claim. The proof essentially follolesi@ the same lines as the proof
of the upper bound of the theorem. We consider the randoncelubithe successors, . . ., vq

of the new vertex + 1 in Giy1. Let againBy, ..., By € {0, 1} be the independent random
variables whereé; = 1 if thei-th successors is copied from the prototype &d= 0 if it is
chosen uniformly at random. FérC {1, ..., d} let E, be the event tha; = 1 fori € | and

Bi = 0fori ¢ |I. Then we obtain

H(Gty1 | Gy > H(Gt+1 | Gt, By, ..., Bqg)

= Z Z (1 a)¥a9" H(Giy1 | Gt, Ey)
<L,

|I| k

We handle the contributions to the above sum by the randooessors and by the copied suc-
cessors of vertek+ 1 separately. We may add the results since the choices & uesessors
are independent of each other. We observe that the choideeaihdom successors of ver-
text 4+ 1 does not depend on the random choicesGgr It is therefore easy to see that their
contribution to the above sum i&d logt. It remains to lower bound the contribution of the
copied successors.

For this, we investigate

MQ

S = Z )¥a9®H @i, i €1 | G, E)).
{1,..

I|=k

z-
I

01c

This may be expanded to

Z Z (1 a)Ka 9~ kZH(v.,IGI | Gt = G, E)) - P{G; = G}. 1)
k=01c{1,..
M= k

Fixasetl C {1,...,d}with |[I| =k > 1andlet0< é < 1/2 be any constant. By Lemma 11,
we get constants; > 0 andt; € N such that, fot > t1, with probability at least - 2e~t7%/2
there is aset) of u := |U| > fkt — ¢t vertices ofG; that pairwise differ in the restrictions
of their successor arrays to the indice$ inVe consider the entropy in the innermost surtilin
for a graphG of the described kind. Since the prototypes chosen uniformly at random from
{1,...,1t}, it follows that

Hi,i el |G =G, E)

A%

H(i,i €1 |G =G, E,weU)-Plw e U}
> (logu)(Bk — it ™).

Now we lower bound log. Using thatx > a/(1+ a) (by Lemma 11) and lod — x) > —2x
forall x < 1/2, we get

\

logu > log(Bkt — c1t™) = logt + log(Bx — c1t™%) = logt — O(t™).
Thus, for suitable constants > 0,t; € N andt > to,

H@i,i €l |G =G, E) > logt —cot™.
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We may assume that the constants occurring in the aboveatssifor different are indepen-
dent of| by taking their maximum. Substituting the obtained resuti ithe above sur(i) for
the terms withk > 1, we thus get that

‘ d
S= (1-2277) (i) (1 — a)*a% K (logt — cot =) (B — cat ™)

k=1
1-20 d d
= (1—2e7" /%) (ogt) > (k)(l — a)%a97%B — O((logt)/t%).
k=1
This yields (see the Appendix for some details of the catauia):

d d

d K dekp d K d—k 1+ (k—1)a? k-1
Z(k)(l—a)a ﬁk_Z(k)(l—a)a (1—1+—a(1—a) )

1 d g
_q_d_ 2% d—k L2
=1-a T2 él (k)(l )™ a1+ (k — Da)

1—
= l—(1—a+0c2)d_1(1—a+a2+a2—ad).
l1+a

Sincepx < 1, the above term is upper bounded by 1. Using this, it folltves

d
26" 2(logt) > (i) (1 —a)kad¥ g = O((logt)e™ /2.
k=1

Hence, for suitable constarts> 0,ty € N andt > tg,
S > (1—Cuq)logt — clogt)/t°,

where

1—
Cod = (1—a +a2)d_1(l— o+ a’ —|—a2—ad).
1+ a

Putting the estimates together yields
H(Gii1| Gt) > (ad+1—c,q)logt —c(logt)/t°.

Since we have already noticed tltaly < 1, this completes the proof of the claim. O

4.3. A Simple Hierarchical Model

In what follows, we prepare the proof of Theorem 4 by some lasinfrirst, we investigate the
entropy of an object chosen uniformly from a set whose sitsadf distributed by a power law.

Lemma 14. Lett € N and letp > 2and ¢gc' > 0 be constants with respect to t. Let
X, ..., % € {0,...,thwith>_ x =tand gx# < |{i | x = x}|/t < ¢/xf forx e
{1,...,t}. LetY be a random variable witRr{Y =i} = xj/t fori € {1,...,t}. Let Z €
{1, ..., Xy} be chosen uniformly at random. Then(#) is upper bounded by a constant with
respect to t that depends only gnc, and ¢.
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Proof: Let Ny := |[{i | X, = x}| for x € {1,...,t}. Then Pfxy = x} = (x/t) - Nx and it
follows by the assumptions that, for alle {1, ..., t},

c/xP1 < Prixy =x} < ¢//xf L.
Using this, we can approximate the distributionZoés follows.

Claim. Forze {1,...,t},

C (p_ (p_ pc
(D _ 11 1)-BDy < PHZ = 7} < LD
ﬁ_l(z (t+1) ) = PH Z}_ﬁ_lz
Proof of the Claim: By the definitions,

t

P{Z =2 = Z% - Pr{xy = X}.

X=Z

Using the approximation of the distribution »§, it follows that

t+1
/ C dx — Ll(z—w—l) _(t+1)—</f—1))’
z

which gives the lower bound in the claim. Using tizat 1, we get the following upper bound
on the right hand sum, giving the upper bound in the claim:

C/ tC/ C/ C/ C/
C L[y & (Z—(ﬁ—l) _t—w—l)) .76 _C -
zﬁ+/zxﬁ zﬁ+/)’—l - Jr,/3—1

_ P e,
f—1

O

Now we are ready to estimate the entropyZofBy the above estimates for{Zr = z} and with

d:=c/(f -1 andd" := (fc)/( - 1),

t
H(Z) = =) P{Z =z}logP1Z = z}

z=1

t
< = > dz ¥ D(log(z ¥V -t +1)"¥"Y) + logd).

z=1
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We estimate the first logarithmic term in advance: Using that z and thatx — —logx is
monotonously decreasing, we get

_ |og(z_(ﬁ_l) _ (t + 1)_(ﬂ_1)) < — |Og(z—(ﬂ—1) _ (Z + 1)—(ﬂ—1))

= (f—1)logz— Iog(l — (?Zl)_(ﬁ_l))_

Sincep > 2, the last term above can be upper bounded-tbgg(1 — z/(z+ 1)) = log(z + 1),
which gives
—log(z ¥ — ¢t +1)"¥D) < (B -1)logz+ log(z + 1).

Hence,
H(Z) < d'(f l)Zlogz q Zlog(z—i-l)_d, dZ ﬁ N

By the assumptiong] is a constant witht > 2. Hence, Proposition 7 implies that the above
three sums can each be upper bounded by constants, whightlgéevelaimed result. O

Fort e Nandu € {1, ..., t}, let N, be the number of directory trees@ with u URLs. The
stochastic process generating the numbers of URLS in tleetdny trees here is easily seen to
be the same as that generating the indegrees (or outdegféas)ertices in the random graphs
according to “model A’ of Aiello et al. [2]. Their results imediately yield that the distribution
of Nt,, asymptotically follows a power law as described below. Aadet proof of the fact is
givenin [12].

Lemma 15([2,12]). Fort e Nandue {1,...,1},
Pr{|Neu — fu - t| > AT+ 2} < exp(—1%/2),

where
(Yo —Hu-1! (/o —DHI'(1/a - 1)

H};l(l/a +i ut/o+l

witha :=1 — ag andle,i| — Ofori — oo.

ﬂu = (1+3a,u)a

We are now ready to prove the main theorem of this section.

Proof of Theorem 4: We observe that the total number of URLs in the URL grallist. For
each URLu € {1, ...,t}in U; let E, be the set of its in- and outlinks. We then may identify
with (Eg, ..., Et). Following the pattern of the proofs in the previous sedjome bound the
entropy added by one iteration of the process creating the g/&poh, here conditioned dA.
We show:

Claim. There is a constanfg,, > Owith respect to t depending only en, a3z and a constant
to € N such that, for t> tg,

H(Et+1 | Uy, GT) < (a1 + daS) IOgt + Cay,a3-
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As always, we first use the claim to prove the theorem. By ttenctule of entropy and the
trivial boundH (E;) < (d + 1)(logt) forallt € {1, ..., T},

T-1
H(Ur | Gr) = > H(Et11|Ut, Gr)
t=1
to—1 T-1
< Z(d + 1) logt + Z((al + daz) logt + Cyy.05)
t=1 t=to

< (a1 +da3)TlogT + (Cyy.a3 + (a1 +daz)/IN2)T + o(T) + O(d).

This implies the upper bound in the theorem.

It remains to prove the claim. First, we observe tBatis composed ofs; and some additional
random variabldRk accounting for the directories and URLs added in stepg, ..., T. Hence,

H(Et4+1 | Ut, G1) = H(Et41 | Ui, Gt, R) < H(Et41 | Ui, Gy).

We estimate the latter entropy conditionedéin= U andG; = G whereU andG are suitably
chosen. Choosing := t1/2=9 for an arbitrary constant & ¢ < 1/2 in Lemma 15, we get
constants, c" > 0 and a constart € N such that for allt > t;, with probability at least
1— e~ WA the following is satisfied for alli e {1, ..., t}:

c/u¥ < Npy/t < /WP,

wheref := 1—1/(1 — a1). Fix instancedJ of U; andG of G; whereG; satisfies the above
property.

Since all individual links are chosen independently of eattter, adding the contributions of
each of these links yields the total entropy. First, we adersihe inlinks. Due to the definition of
the model, we either have, with probability, an inlink from an URLogjonal chosen uniformly
at random from all existing URLS, or, with the remaining paibbity, an inlink from an existing
URL vjocal in the directory where the new URL has been inserted or itergatirectory. By
Proposition 5, part (5), the total entropy of the inlink isish

a1 - H (Uglobal) + (1 — a1) - H(vigcal) + hz(az).

Trivially, H (vgioba)) < logt. Furthermore, we can only overestimtévioca) by assuming that
vlocal IS chosen uniformly at random from all URLSs in the inserticgetof the new URL. Then
the choice objocal fits the assumptions of Lemma 14 where wexget= Ny, foru e {1, ..., t}
(recall that we work under the conditi@ = G implying that theN; , are fixed numbers). The
lemma yields thaH (vjocal) is upper bounded by a constant depending only on the cosstant
the power law distribution and thus, in the application hereonstant,, depending onu;.
Hence, the contribution of the inlinks to the total entropy ®e upper bounded by

a1logt + (1 — 01)Cyy + ha(a1).

It remains to consider the outlinks. We hayéndependent contributions of links of the fol-
lowing kind. With probabilityas, the destination is a URkgonal OUtSIde the insertion tree,
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and with the remaining probability, the destination is a U#idea in the insertion tree of the
new URL. In both cases we can only overestimate the entroggbyming that the destinations
are chosen uniformly at random instead of with probabilitygortional to the indegree. Then,
again,H (vgioba) < logt and we may again upper bouktiviocal) by the constant,, obtained
from Lemma 14. Hence, the contribution of the outlinks is asin

d(azlogt + (1 — a3)Cqs, + ha(as)).
Adding the contributions of in- and outlinks yields

H(Et+1|Ut =U, Gt =G) < azlogt + (1 — a1)Cyy + ho(ar)
+ d(azlogt + (1 — a3)Cq; + h2(a3))
(a1 + da3) logt + C,

IA

1,03°

wherec, > 0 is a constant depending ea andas. Thus, by summing over all andG of

a1,03

the considered type and the law of total probability, we getflt > t; that

H(Et41 | U, Gy) < (1-— e‘(1/4)t1_26)((a1 + dag) logt 4 ¢,

1,0‘3)'

For a suitable constam},, ,, > 0 depending om, az andt > tg > tg, tg € N a suitable
constant, this implies

H (Et-i-l | Ut, Gt) = ((11 + d(l3) IOgt + Co1,03-

By the remarks at the beginning, this proves the claim. U
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Appendix

Proof of Corollary 10: By Lemma 9, we can lower bound the probability that the event

4
N > t —/tlogt
“d = 4d+1d+2 g
occurs for alld with 1 < d < t¥/*> by

1_e1/8. {115 5 1 _ g t/16

Suppose the lower bound fdk g is valid ford. Then, by using thad < t¥/1, it follows that
N o A= VIO @d® | 4-8/Tog/tE
4= T dd + 1)(d + 2) = dd+1)(d+2
4(1 — 2(logt)¥/2/t3/19)
dd+1)d+2
This gives the desired result. O

Proof of Proposition 7: It only remains to handle the cases whgrg 1. For this, we estimate
the sums by integrals as follows.

1 t1 z AL gt
Zz_ﬁfl+/lz_ﬂd221+(_ﬁ+1)‘1 and

z=1
t
logz t+liogz 1 1 t+1
— —Zdz = 7z (——1| - :
; # = /1 p W=z (—ﬁ+1 092 (—ﬁ+1)2In2) ’1
The estimates in the proposition now follow by using the appate bounds off. O

23



Proof of Lemma 11, lower bound ongg: We claim that

L1+ (k — Da?
l1+a

is monotonously increasing as a functiorkofor this, it suffices to show that

e = (1—- o)t

A+ (k—1Da®@—a)k?

is monotonously decreasing kn This follows by investigating the derivative with respézk,
which is

1—a)* (N - &)1+ (k — Dad) + a?)

A

L — ) () + (k= Da?) + a?)

< —1-a)“Yk-1)0® < 0.
]
Proof of Theorem 3, calculation details: We have
Zd: DN 4 gtk _Zd: 9 1 _ okadK (1 1+(k—1)a2(1 -
)@ afa = 3 (| Ja- et (1o T Ea s o)
k=1 k=1
s 1 &
—1_,d_ N2k d—k a2y .
=1—a 1_a22(k)(1 )*a9 K1+ (k= Da? =: S
k=1
First,
4 d
Z(k)(l—a)ZKad_k = ((1—a)2+a)d—ad = (1—a+a2)d—ad =: A.
k=1
Furthermore,
d d-1
-1
N @ - ayatrk = dd—a)®>’ e TE R LR
k Kk
k=1 k=0
= dl-a)?’Q—a+a®>%t = B.
Thus,
S—1-a'— 2 (Ata®B-A) = 1—a®— A < g
- * 1—0a? * N * 1— 02
2
= 1—(1—0c—|—0c2)d—a—d(l—oz)z(l—oc-i-ozz)d_1
1— 02
2
_1_(1_ 2d-1(1 _ 2 a N2
—1-(1-a+ad (1 a+a®+ ——dd a))
2
R B G RO S C )
=1-Q-a+a“) (1 a+a+ 1ta d).
]
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