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Abstract. The focus is on black-box optimization of a function f: RY — R
given as a black box, i.e. an oracle for f-evaluations. This is commonly called
direct search, and in fact, most methods for direct search are heuristics. Theoret-
ical results on the performance/behavior of such heuristics are still rare. One rea-
son: Like classical optimization algorithms, also direct-search methods face the
challenge of step-size control, and usually, the more sophisticated the step-size
control, the harder the analysis. Obviously, when we want the search to actually
converge to a stationary point (i.e., the distance from this point tends to zero)
at a nearly constant rate, then step sizes must be adapted. In practice, however,
obtaining an e-approximation for a given € > 0 is often sufficient, and usually all
N parameters are bounded, so that the maximum distance from the optimum is
bounded. Thus, in such cases reasonable step sizes lie in a predetermined bounded
interval. Considering the minimization of the distance from a fixed point as the
objective, we address the question, for randomized heuristics that use isotropic
sampling to generate new candidate solutions, whether we might get rid of step-
size control — namely of the problems connected to it, like so-called premature
convergence — by choosing step sizes randomly according to some properly pre-
defined distribution over this interval. As this choice of step sizes is oblivious to
the course of the optimization, we gain robustness against a loss of step-size con-
trol. Naturally, the question is: What is the price w.r. t. local convergence speed?
As we shall see, merely a factor of order In(d/e), where d is the diameter of the
the decision space, an N-dimensional interval region.

1 Introduction

Here optimization in high-dimensional Euclidean space R is considered, and the cru-
cial aspect is how the optimization time scales with NV, the dimensionality of the search
space. Furthermore, the optimization time depends on the approximation error € — here
defined as the Euclidean distance from the optimum point in RV - of the approximate
solution to be found. That is, we consider the optimization time as a function of N
as well as of €. Unless stated differently, asymptotics (essentially O and f2) are w.r.t.
N — o0, though.

The scenario we consider is black-box optimization, i.e., the function f to opti-
mized is given by a black box, namely an oracle for f-evaluations. In practice, in par-
ticular in various engineering disciplines, this is a very common situation: f is given
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by simulations or even by real-world experiments. In such situations — unless simula-
tions allow for algorithmic/automatic differentiation, which is rarely the case — there is
no information about the gradient or the Hessian, so that classical optimization meth-
ods cannot be applied. In the beginning of black-box optimization, in order to make
use of established first-order methods, usually gradient approximation by finite for-
ward/symmetric differences was used, which costs N (or 2N) f-evaluations per itera-
tion. Nowadays, the focus lies on optimization methods that abandon gradient approx-
imation, but try to find good solutions directly. Such methods are commonly called
direct-search methods, and in fact, most of these are heuristics. Theoretical results on
the performance and the behavior of such heuristics are still rare, cf. [1]. Among the first
and most prominent direct-search heuristics are the pattern search by Hooke/Jeeves and
the (downhill) simplex method by Nelder/Mead, cf. [2] for a comprehensive review.
Surprisingly, also already in the 1960s randomized direct-search methods were pro-
posed, one is the so-called evolution strategy by Rechenberg [3] and Schwefel. In this
algorithm, in each iteration 7 a new candidate solution is generated by adding a so-called
Gaussian mutation vector m € R to the current candidate solution 2/*~1. Each com-
ponent of m is i. i. d. according to a zero-mean normal distribution with variance o2. If
the so-called mutant y := x!"~ + m improves upon "~ then !/ := y, otherwise
xl!l := xl'~11, Rechenberg and Schwefel focused on how to update o adaptively to
the course of the optimization, and they proposed different mechanisms how to adapt o
such that close-to-optimal (local) performance is achieved on the simple quadratic form
T — Zgil 22, which is commonly called SPHERE in the field of (meta)heuristics;
for some z* € RY let SPHERE,- () := SPHERE(x — x*). The simple heuristic just
described is a so-called (1+1) Evolution Strategy. It fits the general framework of itera-
tive methods considered in the following:

For a given initial candidate solution ®) € RY andi := 1 DO

1. generate the displacement m! € R according to some distribution D" over RY
2. evaluate f at the sample y!?! := zl'~1 + mll ¢ RV

3. decide whether to accept the new sample; if so, ! := yll, else ! := !
4. i := 14 1 and GOTO 1 (unless stopping criterion met)

i—1]

In many (meta)heuristics, the randomly chosen displacement vector m follows a
(multivariate) normal distribution. Actually, sampling in each iteration ¢ a predefined
number of search points each i.1i.d. according to a (multivariate) normal distribution
with mean x!"~1! was already proposed 1958 in [4]— without being specific about how
to choose/adapt the variance, though. Since then randomized direct-search heuristics
have become more and more popular, cf. [5].

The probably most apparent rule to decide (in Instruction 3) whether the sample
y 1s to be accepted to become the next candidate solution is so-called elitist selection,
namely, in the case of minimization, /1 := yll if and only if f(y/1) < f(zl—1).
This rule is commonly used, and it might be one reason why SPHERE is so attractive
as a starting point for a theoretical analysis: In this scenario the approximation error in
the search space (namely the Euclidean distance from the optimum) is reduced if and
only if there is an improvement w.r. t. the f-value. Apparently, this makes the reason-
ing easier. (We focus on the approximation error in the search space here.) Moreover,



when considering a fixed distribution D in Instruction 1 for the sampling, elitist selec-
tion in combination with f := SPHERE results in maximum expected reduction of the
approximation error because negative gains (i. e., y is further away from the optimum)
are zeroed out, whereas positives gains (i. e., y is closer to the optimum) are accepted.
Thus, this combination can somewhat be considered a best-case scenario.

One reason for choosing the normal distribution to generate new search points
seems to be that this distribution has maximum (differential) entropy. Another reason is
the following invariance property: An /V-dimensional Gaussian mutation (the N com-
ponents are i.i.d. according to a zero-mean normal distribution with variance o?) is
isotropically distributed over R, i.e., its distribution is spherically symmetric, more
precisely, invariant w. r. t. orthonormal transformations. The nice property of an isotrop-
ically distributed vector is that its (possibly) random length is independent of its random
direction and that the direction is uniformly random:

Proposition 1. Let the vector u be uniformly distributed over the unit hyper-sphere
{y € RN | |y| = 1}. A vector x is isotropically distributed over RY if and only if there
exists a non-negative random variable ¢ (independent of w) such that the distribution of
x equals the one of { - u.

A formal proof can be found in [6, Sec. 2.1] for instance. The random length of a
Gaussian mutation (a vector that is distributed according to an isotropic multivariate
normal distribution) follows a scaled y-distribution.

In black-box optimization, when we do not know anything about f, using isotropic
distributions (centered at the current iterate) to sample new candidate solutions seems
reasonable because of the invariance properties. When we restrict the class of algo-
rithms covered by our framework given above by requiring (in each iteration ¢) the
distributions D" in Instruction 1 to be isotropic, then we can ask for an upper bound
on the expected reduction of the approximation error in one step. Therefore, one may
think of the best-case scenario in which SPHERE is minimized and elitist selection is
used (in which positive gains (reduction of the distance from the optimum) are ac-
cepted, whereas negative gains are zeroed out). Let * € R” denote the optimum and
let d'"! be defined as the distance of =!”) from the optimum after the ith iteration. Fur-
thermore, for a given distance dl*~!, let Al): RN — R denote the random variable
defined as dist(x"~') + ml? 2*) — dl*=1 which is induced by the distribution DI
used to sample m!? in the ith iteration. For SPHERE,-, elitist selection corresponds to
the indicator variable 1{Al¥ >0} (which resolves to “1” if Al > 0, otherwise to “0”), so

that the random variable A[f_} := All.1{al1>0} corresponds to the spatial gain towards

the optimum x* in the ith iteration. Note that the distribution of A[ﬁ has an atom at

zero with a weight equal to the probability that y[1 = 2!~ 4+ ml¥ is such that it is
discarded in Instruction 3.

As shown in [7], for any isotropic distribution D¥ over RN the expected spatial
gain towards a predefined point (for instance x*) is bounded above by

E|Al] <=1 0.52/(N —1) for N4 )

Thus, if in each iteration ¢ the isotropic distribution DI was the best possible, then we
would observe linear convergence (w. 1. t. the distance from the optimum) at an expected



rate larger (i.e. worse) than 1 — 0.52/(/N — 1). By substituting (N — 1)/0.52 for n in
the well-known inequality (1 — 1/n)"~ > 1/e, we easily get that the total expected
gain after (the first) £ iterations is less than halve the initial approximation error unless
k>1n2/(0.52/(N —1.52)) > 1.33N — 2.03. (Due to the best-case assumption on the
DU the factors by which the approximation error is reduced in k sequent steps are in
fact i.1.d., so that we can indeed take the expectation of the one-step factor to the kth
power to obtain the expectation of the factor which corresponds to the total reduction
in the k steps.) Yet this does not tell us much anyway: The randomness is in the total
gain rather than in the number of iterations. Instead, we would like to know a lower
bound on the expected number of steps necessary to actually halve the approximation
error. The local/one-step result from Equation (1) can indeed be transformed into the
following lower-bound result on the runtime [8, Thm. 13]:

Theorem 2. For any heuristic that fits our framework: When the D' are isotropic dis-
tributions, then the expected number of iterations necessary to halve the approximation
error (defined as the distance from a fixed point in RY ) is bounded from below by
0.5/(0.52/(N—1)) > 0.96N—1 = 2(N).

Note that this theorem holds for any adaptation mechanisms which determines for each
iteration 7 according to what isotropic distribution D!”) to sample m/. Interestingly, as
shown in [9], even if in each iteration i the point ") was magically chosen from the line
{xl"=1 +a-mll | a € R} such that the distance of 2!*) from the optimum is minimum
(a “perfect” line search along a uniformly random direction), we would observe linear
convergence at an expected rate larger (i.e. worse) than 1 — 1/N.

Now, talking about linear convergence at an expected rate makes sense only if the
steps resemble each other up to a rescaling of the situation, which is in fact the case
when assuming that in each iteration D[l was chosen as the best isotropic distribution,
namely the one that maximizes the expected gain. When considering a concrete heuris-
tic, namely a concrete adaptation mechanism to determine the DM, then — because of
the black-box scenario — it seems that the DUl just cannot be chosen such that a steady
convergence is observed. Rather the expected reduction of the approximation error will
vary from step to step. This is particularly true for step-size adaptations that aim at
maximizing the local convergence speed, i. e., they try to choose in each iteration ¢ the
distribution D!%) such that expected one-step gain is maximum. To get around this non-
steadiness — and to preclude detrimental effects of a possible loss of step-size control
like premature convergence — one may ask the following

Question: Is there a distribution D* over RY such that using DI} := D*
in each iteration ¢ results in a virtually steady convergence (i.e. at a virtually
constant expected rate) to the optimum x* when minimizing SPHERE z.» ?

It is quite easy to see that such a distribution cannot exist if the approximation error is
supposed to become arbitrarily small. Such a D* might exist, however, when we merely
aim at an e-approximation and know an upper bound d,,,, on the approximation errors
that can occur.

In fact, we shall see in Section 3 that for the latter situation there is an isotropic
distribution such that the algorithm in our framework that uses this distribution in each



iteration and elitist selection converges linearly at an expected rate smaller (i. e. better)
than 1 — 1/O(N - In(dmax/€)). This algorithm will be called oblivious randomized
direct search (ORDS). As we shall moreover see, as long as the approximation error,
namely the distance from the optimum x* of SPHERE~, is in the interval [2¢, dyax],
the expected number of iterations that ORDS needs to halve the approximation error
is bounded above by O(N - In(dmax/€)). This is off from the general lower bound
for isotropic sampling (Theorem 2) merely by a factor of order In(dmax/€). This is a
remarkable property — especially when considered together with the results of related
work to be discussed in the next section.

2 Related Work

A question similar to the one posed above has already been investigated in [10] (al-
though with a different motivation). The scenario investigated therein is the minimiza-
tion of a unimodal one-dimensional function over the interval (—1, 1]. The search wraps
around when the interval is left; e. g., when the point z = 1.5 is sampled, f(—0.5) is
computed. In this scenario, the approximation error is bounded above by 1. The authors
propose using the following distribution with the density frr: R — R>( defined by
fre(m):=1/|2-p-m|form € [e,1]U[—1, —¢]| and fry(m) := 0 otherwise, where
p := In(1/¢) for normalization and € € (0, 1) is the predefined smallest step length.
Note that [, fri(m)dm = (In(d) — In(d/2))/(2p) = In(2)/(2p), which is inde-
pendent of d. Thus, the probability to halve the distance from the optimum is at least
In(2)/(2p) in a step — independently of the distance d from the optimum. Obviously,
e < d/2 is required for actual independence of d. Concerning the expected number of
steps to halve the approximation error, the authors conclude that “the expected wait-
ing time (and this is clearly an upper bound) is thus 2p/In2. The number of steps
required to get within § of the optimum is therefore O(p-1n(1/6)).” Apparently, § > 2¢
seems to be assumed there. As long as the approximation error is at least 6 + ¢, the ex-
pected factor by which the distance from the optimum is reduced equals 1 — «/ In(1/¢)
for some o > 0 almost constant. Obviously, the smaller the minimum step length ¢,
the larger (i.e. worse) the expected convergence rate. Taking the minor technical is-
sue discussed above into account, for § = 2¢ we obtain a bound of O(In*(1/¢)) to
find an 2e-approximation when using a minimal step length of €. Compared to binary
search, this is off by a factor of order In(1/¢). Dietzfelbinger/Rowe/Wegener/Woelfel
[11] focus on whether this In(1/¢)-factor is inherent to the usage of a fixed distribu-
tion, i.e., whether any fixed distribution according to which the samples are drawn
needs £2(In?(1/¢)) iterations (in expectation) to obtain an e-approximation. Actually,
they consider a discrete version of the problem, where a blind search on the integers
0,...,n is performed using a fixed distribution p over {1,...,n} for the sampling.
Namely, the search starts at a (uniformly) random position in {0, ..., n}. In each itera-
tion the new position is given by the current position minus a number chosen according
to p — given that this new position is non-negative; otherwise the search stays at its posi-
tion. Dietzfelbinger et al. prove that for the distribution defined by p(m) := 1/(m- H,,)
form € {1,...,n} and pu(m) := 0 otherwise (where H,, = >, 1/n is the nth Har-
monic number; for normalization) the expected number of iterations to reach position



Zero 1s O(ln2 n). Their main result is, however, that the expected number of steps is
Q(ln2 n) for any distribution g, i. e., losing a factor of order Inn compared to binary
search is inherent to blind search on the integers using a fixed distribution.

3 ““Oblivious Randomized Direct Search’ and its Analysis

In the present paper, we focus on direct search in /N-dimensional Euclidean space.
Namely, we consider the minimization of SPHEREg+, i.e., the minimization of the
(squared) distance from the unique optimum z* € R . Note the following obvious,
but important observation: As x* is not known, any candidate for the distribution D*
that might satisfy the property we ask for in the question at the end of Section 1 must
necessarily be isotropic! Since any isotropic distribution can be decomposed according
to Proposition 1, we are actually looking for some length distribution L* such that the
distribution D* ~ L* - U over R has the desired property, where U is uniformly dis-
tributed upon the unit hyper-sphere (uniformly random direction, independent of L*).
And since we consider isotropic distributions, we can restrict ourselves to the distance
from the optimum x*. Now, assume that the current candidate solution x is located at
distance d from a*. Then pg ¢ o = P{dist(x + ¢ - U,x*) < o - d} equals the proba-
bility that adding an isotropically distributed vector with a fixed length ¢ to « generates
a point such that the approximation error is reduced by (at least) the factor « € (0, 1).
Note that pg/ .o = Pd.e,o Whenever ¢'/d" = ¢/d because of scale invariance. Now
assume that the length / is not fixed, but independently chosen according to some prob-
ability distribution with density p. Then the probability to reduce the approximation
error by at least the factor « € (0, 1) equals

(14+a)d

Pd,p,a ‘= / Do - 1(£)dL.
(1—a)d

The integral limits are due to the following fact: For the hyper-sphere with radius ¢

centered at x to intersect with the hyper-ball with radius « - d centered at =*, the radius

¢ must be in the interval [d — ad, d + ad)]. If £ is smaller than d — «ad or larger than

d + ad, the sphere and the ball do not intersect. By substituting d - x for ¢ and using

pd,dm,a - pl’q;’a, we Obtain

(1+a)
pd,u,a == / pl’:p7a . ,U(:I? . d) . dd:lj‘
(1—a)

Thus, if ;2 was such that p(z - d) - d is independent of d, i.e., u(x - d) - d = p(x - d') - d',
then pg ., wWould indeed be independent of d. As a consequence, we choose /(¢) as
B/¢ for some constant 5 > 0. Then pu(z - d) - d = 3/, so that

(1+a)
P1,z,a dr

9

Pd,p,a0 = ﬁ :

8 (l-a) %
which seems independent of d. However, as already pointed out in the discussion of
related work in Section 2, pg, .« is actually independent of d only if the support of p
covers [d — ad, d + ad)]. Note that 4 must have bounded support [a, b] with 0 < a < b



in our case since neither foa 1/x dz nor [, boo 1/x dx are finite. Actually, when we choose

[a, b] as the support for u, then 1/3 equals fab 1/zdx = Inb — Ina = In(b/a) for
normalization. Later we will focus on how to choose the support [a, b] C R~q of

—E~ln(1b/a) for ¢ € [a, D]

2
0 for ¢ ¢ [a, b]. @

p: R — R with u(¢) := {

Note the similarity between p and the distributions in the two related papers discussed
in Section 2. In the remainder, we focus on the following iterative method:

ORDS[, ) (Oblivious Randomized Direct Search) is the method in our framework that
uses elitist selection in Instruction 3 and in each iteration the isotropic distribution
D* ~ p- U in Instruction 1, where U is uniformly distributed upon the unit hyper-
sphere and p as in Equation (2) with support [a, b].

Unfortunately, for the analysis of ORDS the reciprocal of the probability to halve the
approximation error in a single step does not result in a reasonable upper bound on the
expected waiting time until the approximation error is halved. The reason is that, for
N > 4, the probability to halve the approximation error in an iteration ¢ is exponentially
small in N, namely smaller than 2~ - 0.43/N — 1 for any isotropic distribution D’
[12, Lemma 3]. Instead, we will explicitly calculate a lower bound on the expected one-
step gain in the following — and with it an upper bound on the expected convergence
rate. For a start, we follow [12, p. 329]:

“Consider the hyper-plane H that contains the current candidate solution x (# x*)
and is orthogonal to the line passing through  and *. Assume that the isotropically
distributed vector m happens to have the length ¢ > 0. Then y =  + m is uniformly
distributed upon the hyper-sphere centered at « with radius ¢. The random variable

Gily) = dist(y, H) if y lies in the half-space w.r.t. H containing x*
S dist(y, H) otherwise

corresponds to the signed distance of the sample = + m from the hyper-plane A (un-
der the condition that |m| = /). Obviously, the support of G is [—¢,¢]. For N > 4
the density of G at some g € [/, /] equals (1 — (g/¢)>)(N=3)/2/(¢ . @), where
U= fil (1 — 22)(N=3)/2 4z (for normalization); cf. [8]. Actually, for a given distance
of d = dist(x, =*) from the optimum we are interested in the random variable

Age(y) = d - dist(y, =)

which corresponds to the spatial gain towards the optimum x* (under the condition
|m| = ¢). The support of the random variable A, ¢ is [—¢, min{¢, 2d — ¢}]. The inter-
relation between A, , and Gy is depicted in Figure 1. Simple geometry reveals (for any
y with distance ¢ from a*) the interrelation

2 (Auw)?

Go(y) = Aae(y) + 54




Fig. 1. Interrelation of the random variables Gy and Ag ¢

As a consequence for the present situation, Gy(y) > Ago(y) > Go(y) — £2/(2d),

where y is a point from the hyper-sphere with radius ¢ centered at . In particular,
Ag.o(y) = 0 corresponds to G¢(y) = ¢?/(2d), so that

E[Af,] = E[Aqe- 1{As,>0)] > E[Ge - L{c,>¢*/(2a)}] — £7/(2d). 3)

Note that E[Az{ ;) is the expected one-step gain towards the optimum x* at distance d,
given that the 1ength of the isotropic distribution happens to be ¢, when minimiz-
ing SPHERE,- using elitist selection (a best-case scenario). As the integral behind
E[A:{ ,) seems to not have an algebraically closed form, we will use the lower bound
E[G¢ - 1{G,>¢2/(24)}] — £?/(2d), which can be easily calculated. Therefore recall that
the density of Gy at g € [/, /] equals (1 — (g/¢)>)(N=3)/2/(¢ - ¥). Utilizing that
(1 —22)(N=1/2/(1 — N) is an anti-derivative of the function z - (1 — 22)(N=3)/2 for
€[-¢,¢and N > 4

1 é
E[G£ . ﬂ{GzZQ}] == ﬂ . / X - (1 — (l‘/é)g)(Nil)/Q dx
g

62 N-1) ‘
o e S LR Ll
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ST N1 (1—(g/e)*) N1z,

AsW = \/m-I'((N—1)/2)/T'(N/2), here I" denotes the well-known gamma function,

ﬁ > /(N=2)/2r/(N=1) > 1//2n(N+1) > 0.3989/VN+1

where we use VN —2/(N — 1) > 1/y/N + 1 for N > 3. Thus, for g := (?/(2d)

E[Gy - 1{G,>2/2d)}] > (1 — (£/(2d))?) N =D/2.¢.0.3989/v/N + 1.

For { < d/v/N, we have (1 — (£/(2d))?)(N-1/2 > (1 — 0.25/N)N-1D/2 > ¢=1/8 >
0.8824, so that (using 0.8824 - 0.3989 > 0.35)

E[Gy - 1{c,>/2d)}] > 0.35¢/v/N +1 for ¢<d/VNand N > 4. (4)



Together with Equation (3), we thus obtain the following lower bound on the expected
spatial gain towards the optimum in the search space:

E[A+}>w—£f ¢<d/vNand N >4 (5)
by, N 24 orl < an > 4.

(In particular, for a length ¢ of 0.35d/+/N + 1 this lower bound on the expected gain
resolves to 0.06125d/(N + 1) = 2(d/N), which is off from the general upper bound
in Equation (1) by a factor of less than 8.5 + 17/(IN — 1) only. As a consequence,
using the lower bound from Equation (5) is safe — in particular when we focus on the
asymptotic order of the gain as /N grows.)

Now, recall from Equation (2) the distribution p with support [a, b] according to
which the length ¢ of the isotropically distributed vector is chosen. Then, given that
a<0.1d/v/N +1andb > 0.7d/+/N + 1, we obtain (for N > 4)

Ela,] = /O h E|A7,| - no)de

O.7d/\/N—+1 0.35/¢ 62 1
> 0L Py L
/0.1d/\/N—+1 < N +1 2d) ¢-1n(b/a)
0.09d

(N +1)-1In(b/a)’

where we use that A:{ , (and thus its expectation) is non-negative anyway, so that in-
tegration limits can be chosen, and the bound from Equation (5). Note that this lower
bound on the expected one-step gain is off from the general upper bound in Equation (1)
by a factor of less than In(b/a) - 5.8 - (N +1)/(N — 1) = O(In(b/a)). All in all, we
have just proved the following.

Lemma 3. Let ORDS|, ) minimize SPHEREg+ in RN, N > 4. If the approximation

error d (distance from the optimum x*) and a and b are such that a < 0.1d/+/N + 1
as well as b > 0.7d/\/N + 1, then the expected factor by which the approximation

. - . . 0.09
error is reduced in a step is smaller (i. e. better) than 1 — [CESIBEOOE

When we aim at an e-approximation, then a := 0.1¢/y/N + 1 must be chosen for
the preceding lemma to apply. (Actually, a := ¢/ V/N should work; the factor 0.1 is
due to the application of the bound in Equation (5) and the rough estimation of the
integral’s value.) For the choice of b recall the discussion that led to the definition of
1 in Equation (2). Hence, we choose b as twice the maximum possible approximation
error. In the SPHERE scenario, this is twice the initial approximation error. If the initial
approximation error is not known — like in the following setting — an upper bound can
be used. (The length of a diagonal in the N-dimensional interval region [0, 1]% is VN.)

Theorem 4. Let ORDS|, ) minimize SPHERE+ in RN, N > 4. Assume that the op-
timum point £* as well as the initial search point lie in the set [0, 1. Then choosing
a:=0.1e/v/N + 1andb := 2+/N + 1 ensures linear convergence at an expected rate

smaller (i. e. better) than 1 — (N+1),1n(()'2%9(N+1)/€) = 1—1/O(N In(N/¢€)) until the

approximation error drops below € +a < € - (1+0.1/v/N).
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Now that we know an upper bound on the expected factor by which the approximation
error is reduced in each step (unless the approximation error drops below € + a) we
would like to turn this into an upper bound on the expected number of steps to reduce
the approximation error by a predefined amount. The following lemma, which can be
found in [8] including a full proof, will enable us to do so.

Lemma 5. Let X1, Xo, ... denote random variables with bounded support and S' the
random variable defined by S := min{t | X1 +---+ X; > g} for a predefined g > 0.
Given that S is a stopping time, i. e., the event {S = k} depends solely on X1, ..., Xk,
IfE[S] < occandE[X; | S >i] > ¢ > 0foralli, then E[S] < E[X; + --- 4+ Xg]/o.

Proof. Note that the X; need not be independent and that, since the X; are bounded,
the precondition E[S] < oo implies E[X; + - -+ + Xg] < oo. Then

E[X1+...+XS]:ip{szi}.E[Xiyszi]ziP{SZi}'¢=E[5]'¢

where the first equation is the major part of the proof of Wald’s equation. O

We concentrate on the expected number of steps to halve the approximation error, and
thus, for the application of Lemma 5 we let X; denote the spatial gain towards the op-

timum in the 4th iteration and choose g := d% /2 and ¢ := (N+1).1n(()'2%9(N+1)/8) dlo/2,

where we use that 0 < X; < dl% in our scenario, and that the condition {S > i} merely
means that the approximation error has not been halved within the first ¢ — 1 iterations,
e, di=1 > d[o}/Q. Finally, we use the trivial bound E[X; + - - - + Xg] < d% (which
actually costs us a factor of nearly 2) and note that E[S] < oo since in each iteration the
success/stopping region is hit with positive probability. All in all, the application of the
previous lemma yields the following upper bound on the expected number of steps to
halve the approximation error.

Corollary 6. Consider the settings from Theorem 4. Then, unless the approximation

error is smaller than 2(¢ + a) < 2¢(1 4 0.1/+/N), the expected number of steps to

. . 0] 0.09-d[ /2 o
halve the approximation error is at most d /(N—|—1)~ln(20(N—|—1)/5)’ which is smaller

than22.3- (N +1) - (In(N+1)+3 —1lne) = O(N - In(N/e)).

This upper bound is off from the general lower bound when using isotropic samples
(Theorem 2) — which covers perfect adaptation — by less than a factor of 23.2 In(N/¢)
for large N. As the location of the optimum z* € [0, 1]"V is not known, random initial-
ization is the most appropriate choice, finally yielding the main result:

Theorem 7. Let ORDS |, ) minimize SPHERE g~ in RN, N > 4, for some z* € [0,1]",
where a := 0.1e//N + 1 and b := 2+/N + 1. Then, unless the approximation error
is smaller than &' = ¢ + a < ¢ - (1 + 0.1/\/N), the search converges linearly at

an expected rate smaller than 1 — o~ +1).1n(2‘2%9( RESYOL and moreover, when the initial

candidate solution is sampled uniformly at random from [0,1]N, the expected number
of steps to obtain an €' -approximation is O(N - 1n*(N/e)).
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Proof. Obviously, the (expected) initial approximation error is bounded above by v/N.
As a consequence, the approximation error must be halved at most In(v/N/e)/In2
times in expectation (w.r.t. the initialization) to obtain an e-approximation. As the
random initialization and the sampling of ;1 are independent, we can multiply by the
expected number of steps to halve the approximation error to obtain an upper bound
on the expected runtime of 22.3 - (N+1) - In(20(N+1)/e) - In(v/N/¢)/In 2, which is
bounded above by 32.2 - (N+1) - In*((N+1)/e) + O(N - In(N/¢)). O

4 Discussion and Conclusion

The choice of the unit hyper-cube [0, 1] as the decision space was somewhat arbitrary,
of course. For any bounded N-dimensional interval region we can choose b as twice
its diameter d. Then the expected number of steps to halve the approximation error
on SPHERE is O(N - In(d/¢c)), which is larger than the general lower bound (when
using isotropic sampling to generate candidate solutions) by a factor of order In(d/e).
Actually, this is the factor that ORDS loses in the best-case scenario. In practice, the
optimization scenario is often not best-case, but the function to be optimized may be
multi-modal for instance. Then (usual) step-size controls result in the convergence to
the stationary point that is closest to the (random) staring point. On the one hand, they
(usually) accelerate the convergence to the nearest local optimum, but on the other hand,
the step sizes rapidly become too small to escape the local optimum region. This is bad
in particular when there are many local optima, so that a large number of restarts is
necessary to initialize within one of the “good” local-optimum regions. Also ORDS
may converge to the nearest local optimum, but as it does so without favoring smaller
and smaller step-sizes, and because of the heavy tailed distribution of the step-lengths,
ORDS simultaneously searches more globally, i.e., the chance of escaping the local
optimum region is preserved. This can also be considered as an implicit mechanism
for automated restarts. In particular, after such a “restart”, i.e., after a long step that
made the search leave the current local optimum region into another one, the step-
sizes need not be re-adjusted in ORDS as it would be necessary for (usual) step-size
controls. Preliminary experimental investigations of ORDS support this hypothesis on
its behavior, and also the simulations presented in [10] (the first work discussed in
Section 2) indicate that the concept behind ORDS can work well. (The authors consider
a bunch of multi-modal test functions, but also “a difficult real-world application, from
medical image interpretation.”)

Thus, besides the interesting theoretical aspects of ORDS and its runtime analysis
presented here, the distribution used in ORDS to sample new candidate solutions may
indeed be used in more complex algorithms. For instance, it could be used within the
CMA-ES (Covariance Matrix Adaptation Evolution Strategy, cf. [13]) instead of mul-
tivariate normal distributions. This would supersede the complex and expensive step-
size adaptation (by the so-called cumulative step-size adaptation (CSA)), but the learn-
ing and the continuous adaptation of the inverse Hessian (similar to a quasi-Newton
approach) would be retained, which particularly helps with the optimization of ill-
conditioned problems. An experimental investigation of such an algorithm with a (sta-
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tistical) comparison to other direct-search heuristics shall help us assess the potential
for practical optimization.
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