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ABSTRACTWe 
onsider the (1+λ) ES and the (1,λ) ES, whi
h are sim-ple evolutionary algorithms for minimization in R
n, usingisotropi
 mutations. General lower bounds on the num-ber of mutations that are ne
essary to redu
e the approx-imation error in the sear
h spa
e, i. e. the distan
e fromthe optimum (or from any other �xed point in the sear
hspa
e), are proved. Therefore, we generalize a lower-boundmethod re
ently introdu
ed by Witt in a runtime analysisof the (µ+1)EA for the sear
h spa
e {0, 1}n, whi
h was alsoalready su

essfully applied in an analysis of a (µ+1)ES.Namely, we prove that both, the (1+λ)ES as well as the(1,λ) ES need Ω(n · λ/ ln λ) fun
tion evaluations with anoverwhelming probability to halve the approximation errorin the sear
h spa
e � independently of how the isotropi
mutations are adapted and of the fun
tion to be optimized.On the other hand, for an upper bound we 
onsider thefollowing 
on
rete s
enario: the minimization of the well-known Sphere-fun
tion using Gaussian mutation ve
torsadapted by the 1/5-rule. We prove that the (1+λ)ES needs

O(n · λ/
√

ln λ) Sphere-evaluations with an overwhelmingprobability to halve the approximation error. Moreover, bysome kind of redu
tion, we show that this upper bound alsoholds for the (1,λ) ES.Finally, the gap of size O(
√

lnλ) between the lower boundand the upper bound is dis
ussed.
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1. INTRODUCTION(1+, λ) evolutionary algorithms (EAs) are simple evolution-ary algorithms. The �1� indi
ates that a (parent) popula-tion of size 1 is used; thus, 
ross-over is not possible andmutation is the only evolutionary sear
h operator that isused to evolve a sear
h point c. The �λ� indi
ates that,in a single step, λ o�spring of the 
urrent sear
h point care generated by λ independent mutations. When usingelitist sele
tion (indi
ated by the �+�), the best of these λmutants repla
es/be
omes the 
urrent individual c if (andonly if) it is at least as good as its parent. When 
ommasele
tion is used (indi
ated by the �,�), the best of the λ mu-tants repla
es/be
omes the 
urrent individual c irrespe
tiveof whether it is worse than its parent or not. We have justdes
ribed a single step; this step is repeated in the so-
alledevolution loop until a stopping 
riterion is met. Fortunately,for the results we are aiming at here, we need not de�ne astopping 
riterion, yet 
onsider an in�nite evolution loop.Evolutionary algorithms for optimization in the 
ontin-uous sear
h spa
e R

n, however, are 
ommonly subsumedunder the term evolution(ary) strategies (ESs) whi
h was
oined by Re
henberg and S
hwefel; 
f. Re
henberg (1973)and S
hwefel (1995). Probabilisti
 analyses of the runtime ofESs like those by Jägersküpper (2003, 2005) for the (1+1)ESusing Gaussian mutations adapted by the 1/5-rule su

eededonly re
ently. Therein, unimodal fun
tions, essentially thewell-known Sphere-fun
tion and positive de�nite quadrati
forms, are 
onsidered. However, an almost un
ountablenumber of experimental results exist. In attempting to �ndan explanation for the experimental �ndings obtained forsear
h spa
e dimensions usually ranging from 10 to 30, someworks additionally present some 
al
ulations for the 1-dimen-sional sear
h spa
e R. Unfortunately, su
h 
al
ulations 
an-not help us with an analysis of how the runtime grows withthe dimension of the sear
h spa
e, i. e., with explaining thee�e
t whi
h an in
reasing sear
h spa
e dimensionality hason the performan
e of an ES on a given 
lass of fun
tions.In the 
onsiderably developed theory on lo
al performan
emeasures (progress rate, quality gain; 
f. Beyer (2001)), theprogress whi
h a single step yields (after the single-step gainhas be
ome steady-state) is analyzed, i. e., the optimization



pro
ess is (impli
itly) assumed to stabilize w. r. t. the one-step progress. Moreover, the analyti
al 
hallenges that theinherent randomness of the sear
h pro
ess bears are 
ir
um-vented by looking at a simplifying, in parti
ular (more) de-terministi
 model of the pro
ess � raising the need for exper-imental validation of the predi
tion quality of the behavior-des
ribing equations (obtained for/in the simpli�ed model).In the present paper, however, rigorously ta
kling the ran-domness is the fo
us of the analysis.Sin
e the very �rst su

essful appli
ations of EAs, one hasdesired to explain the prin
iples of EAs from a theoreti
alpoint of view (e. g. the S
hema Theorem by Holland (1975)and Re
henberg's (1973) investigations of the (1+1)ES). Inthe last de
ade, there has been a growing interest in the-oreti
al runtime analysis of spe
i�
 EAs on spe
i�
 �tnessfun
tions and 
lasses of fun
tions, whi
h is sometimes (some-what 
onfusingly) 
alled �
omputational time 
omplexity� ofEAs. In this framework, it is examined by means of mathe-mati
al proofs how many evaluations of the �tness fun
tionare performed until the EA �nds a global optimum. Thehope is to identify pra
ti
ally relevant 
lasses of fun
tionswhere the EA behaves e�
iently, i. e., where on average ittakes only a small (polynomial) number of evaluations.Probabilisti
 runtime analyses started with simple EAs,su
h as the (1+1)EA, on simple fun
tions like OneMax,e. g. Droste et al. (2002). Nowadays, one is able to ana-lyze the (expe
ted) runtime of the (1+1)EA on pra
ti
allyrelevant problems su
h as the maximum mat
hing problem(Giel and Wegener, 2003), the minimum spanning tree prob-lem (Neumann and Wegener, 2004), and simple s
hedulingproblems (Witt, 2005). It has turned out that from our
omplexity-theoreti
al perspe
tive, the (1+1)EA is surpris-ingly e�
ient on su
h problems.Despite the su

essful analyses of the (1+1)EA, runtimeanalyses should also explain the utility of the ingredients ofmore 
omplex EAs, e. g., populations and variation opera-tors. Studies of the utility of populations were performed,amongst others, for a (1+λ)EA (Jansen and De Jong, 2002)and a (µ+1)EA (Witt, 2004). The impa
t of a 
rossoveroperator was also investigated (Stor
h and Wegener, 2003).All of these studies of more 
omplex EAs, however, havebeen 
on�ned to dis
rete sear
h spa
es, more pre
isely, topseudo-Boolean fun
tions f : {0, 1}n → R. With respe
t to
ontinuous sear
h spa
es, i. e. f : Rn → R, most of the stud-ies are experimental (as we already dis
ussed above). As theprobabilisti
 analyses of the simple (1+1)ES have rea
hed a
ertain extend, a study of more 
omplex EAs for 
ontinuoussear
h spa
es should again start with su
h simple fun
tionslike Sphere. Jägersküpper and Witt (2005) su

essfully fol-lowed this approa
h for an analysis of a (µ+1)ES.In the following se
tion, we look at the algorithm under
onsideration and at �tness-lands
apes that are 
overed. InSe
tion 3 some notions and results that are used are re
apit-ulated. Subsequently, we present the lower-bound result inSe
tion 4 and the upper-bound result in Se
tion 5. Finally,we dis
uss those results and 
on
lude in the last se
tion.
2. ALGORITHM, FITNESS LANDSCAPEAs mentioned above, we 
onsider the well-known Spherefun
tion de�ned by Sphere(x) :=

Pn
i=1 x2

i = |x|2 = x⊤Ix,where I denotes the identity matrix and |x| the L2-normof the ve
tor x, i. e. its length in Eu
lidean spa
e. It 
aneasily be seen that the results are valid also for transla-

tions of this fun
tion, i. e., f(x) = (x − x∗)⊤I(x − x∗)for some �xed minimum sear
h point x∗ ∈ R
n. Sin
e we
on
entrate on the approximation error in the sear
h spa
e(whi
h is de�ned as the distan
e from the optimum), theresults are in fa
t valid for any unimodal fun
tion satisfying

∀x, y ∈ R
n : |x − x∗| < |y − x∗| =⇒ f(x) < f(y), where

x∗ ∈ R
n is the unique minimum. Note: For Sphere, re-du
ing the approximation error in the sear
h spa
e by an

α-fra
tion (α ∈ [0, 1]; for example α = 0.5 for halving thedistan
e) 
orresponds to a redu
tion of the Sphere-valueby a (2α − α2)-fra
tion (0.75 in the example so that theSphere-value is redu
ed to 25%).As mentioned in the introdu
tion, we will 
onsider the
1/5-rule for the adaptation of the mutation strength, whi
hwas introdu
ed by Re
henberg in the 1960s for the (1+1)ES.(It is a priori not 
lear how mu
h sense this adaptationmakes for (1+, λ)ESs. We will dis
uss this later.) The ideabehind the 1/5-rule is that an isotropi
 mutation should re-sult in an improvement with a probability of roughly 1/5.Therefore, the optimization is observed for Θ(n) steps. Afterea
h observation phase, the s
aling fa
tor σ for the adapta-tion of the length of the mutation ve
tor (hereinafter 
alledmutation strength) is de
reased if less than 1/5 of the muta-tions in the respe
tive observation phase have been su

ess-ful, and otherwise, it is in
reased. Namely, σ is multipliedby a positive 
onstant smaller resp. greater than 1. To keepthe proofs as simple as possible, here the observation phasewill last n steps and σ will be halved resp. doubled.Commonly, in the (µ+, λ)ES framework ea
h individual
onsists of a sear
h point and an asso
iated mutationstrength. As we have µ = 1 and 
on
entrate on 1/5-rule-like adaptation me
hanisms, the mutation strength σ is notendogenous here. We use two 
ounters, �g� and �b�, to re-member the number of �good� resp. �bad� mutations.The (1+λ)ES for minimization of f : Rn → R we 
onsiderworks as follows � when using Gaussian mutations adaptedby the 1/5-rule: For a given initialization of the evolvingsear
h point c ∈ R

n and the mutation strength σ ∈ R>0,an evolution loop is performed:1. FOR (int i := 1; i ≤ λ; i++) DO(a) Create a new sear
h point y[i] := c + m with
m := σ · fm, where ea
h 
omponent of fm ∈ R

nis independently standard-normally distributed.(b) IF f(y[i]) ≤ f(c)THEN g := g + 1 ELSE b := b + 1.2. IF b + g ≥ n THEN(a) IF g < (g + b) · (1/5)THEN σ := σ/2 ELSE σ := σ · 2.(b) g := 0. b := 0.3. IF mini∈{1,...,λ}{f(y[i])} ≤ f(c)THEN c := argmini∈{1,...,λ}{f(y[i])}.4. GOTO 1.It's understood that λ = poly(n). In pra
ti
e, obviously,the GOTO is 
onditioned on a stopping 
riterion. Fortu-nately, for the results we are aiming at, we need not de�nea reasonable stopping 
riterion. Rather we will 
onsider arun of a (1+, λ)ES as an in�nite sto
hasti
 pro
ess. We areinterested in how fast c evolves.



We obtain the (1,λ) ES by dropping the IF-
ondition ininstru
tion (3), implying that the best of the λ o�spring al-ways repla
es (and be
omes) the 
urrent sear
h point. Un-like the (1+λ)ES, the (1,λ) ES may a

ept mutations thatresult in a worse (w. r. t. the fun
tion value) sear
h point.(Obviously, a (1,1) ES results in pure random sear
h and,thus, does not make mu
h sense.)Our 
hoi
e (in the instru
tions (2)) to adapt σ after astep in whi
h the nth mutation (after the previous adap-tation) took pla
e, i. e. after ⌈n/λ⌉ iterations/steps, wassomehow arbitrary. The number of steps between two sub-sequent σ-adaptations must merely be Θ(n/λ) if λ = O(n),and/or Θ(1) otherwise. Furthermore, the 
onstants for the
σ-adaptation, whi
h we 
hose to be 1/2 resp. 2 for notational
onvenien
e, 
an be 
hosen arbitrarily (stri
tly smaller resp.larger than 1, of 
ourse). Any su
h σ-adaptation is 
overedby the term �1/5-rule� here. (In fa
t, we may even 
onsidera 
orresponding �1/4-rule� or a �1/6-rule.)The lower bound on the runtime, whi
h we de�ne as thenumber of fun
tion evaluations, however, will be valid inde-pendently of the adaptation of σ. In fa
t, it will even beindependent of the distribution of |fm|. For instan
e, |fm|
ould be distributed a

ording to a Cau
hy distribution,rather than a

ording to a χ-distribution (with n degreesof freedom) as the length of a Gaussian mutation. More-over, the two σ-s
aling-fa
tors may even depend on n. Theonly restri
tion � besides the isotropy of fm � is that afterea
h step, the (1+, λ)ES∗ (as we will 
all this more generalES template) de
ides whether to keep σ un
hanged, or toup-s
ale, or to down-s
ale the mutation strength.For the Sphere s
enario whi
h is 
onsidered here thismeans that we are interested in how fast (number of fun
tionevaluations w. r. t. n, the dimensionality of the sear
h spa
e)the distan
e from the optimum/origin o is redu
ed. Notethat for Sphere (and all other fun
tions for whi
h everyplateau of 
onstant �tness has zero n-volume), the fun
tionvalue of a mutant generated in instru
tion (1.a) di�ers withprobability 1 from every fun
tion value seen before. As a
onsequen
e, there will always be exa
tly one best mutantin instru
tion (3). As another 
onsequen
e, we obtain thaton the Sphere fun
tion, the (1+λ) ES with λ = 1 resemblesthe (1+1)ES as 
onsidered by Jägersküpper (2003).
3. PRELIMINARIESWe say that a statement holds �for n large enough� if it istrue for all n ≥ n′, where n′ is an absolute 
onstant. Re
allthe following asymptoti
s, where g, h : N → R are positivefor n large enough:
g(n) = O(h(n)) iff there exists a positive 
onstant κ su
hthat g(n) ≤ κ · h(n) for n large enough,
g(n) = Ω(h(n)) iff h(n) = O(g(n)),
g(n) = Θ(h(n)) iff g(n) is O(h(n)) as well as Ω(h(n)),
g(n) = poly(n) iff g(n) = O(nk) for a 
onstant k.As we are interested in how the runtime depends on n,the dimensionality of the sear
h spa
e, all asymptoti
s arew. r. t. to this parameter (unless stated di�erently).A probability is exponentially small (in n) if it is upperbounded by exp(−Ω(nε) for a 
onstant ε > 0. An event
E(n) happens with an overwhelming probability (w. o. p.) if
1 − P{E(n)} is exponentially small.As mentioned above, we will 
onsider isotropi
 mutationsfor R

n. For m ∈ R
n let |m| denote m's Eu
lidean length,i. e. its L2-norm.

Definition 1. A given probability distribution over R
nis isotropi
 if (and only if) ∀x, y ∈ R

n : |x| = |y| ⇒ D(x) =
D(y), where �D(x)� denotes the distribution's density at x.This implies two very useful properties for an isotropi
 mu-tation m:

• the normalized ve
tor m/|m| is uniformly distributedupon the unit hyper-sphere {x ∈ R
n | |x| = 1} and

• the random length |m| is independent of the randomdire
tion m/|m|.Ea
h 
omponent of a Gaussian mutation ve
tor fm ∈ R
nis independently standard-normally distributed. Thus, thedensity at x ∈ R

n equals
nY

i=1

exp(−xi
2/2)√

2π
=

exp(
Pn

i=1 −xi
2/2)√

2π
=

exp(−|x|2/2)√
2π

,implying that a Gaussian mutation is in fa
t isotropi
. Itis easy to see that a s
aled Gaussian mutation σ · fm with
σ > 0 is also isotropi
ally distributed. S
aled Gaussian mu-tations are 
ommonly used, for instan
e within Re
henberg's1/5-rule or S
hwefel's σ-self-adaptation.We should note, however, that within the more sophisti-
ated 
ovarian
e matrix adaptation (CMA) due to Hansenand Ostermeier (1996), σ ·B ·fm makes up the mutation ve
-tor with a matrix B ∈ R

n×n whi
h is also adapted. Thus,unless B = s · I for some s
alar s, the mutation ve
tor is notisotropi
ally distributed. Consequently, CMA is not 
overedby the results presented here (at least not in general).However, the 
ru
ial property of an isotropi
 mutation isthat we 
an �rst 
hoose a random dire
tion and subsequentlysample a point on the already 
hosen half line a

ording tothe distribution of |m|; or we 
an (and will) do it vi
e versa:First we sample the mutation's length ℓ a

ording to therandom variable |m|; subsequently, the mutant is uniformlydistributed upon the hyper-sphere with radius ℓ 
entered atthe mutated sear
h point.Let Gℓ denote the spatial gain of an isotropi
ally dis-tributed mutation ve
tor m parallel to an arbitrarily �xeddire
tion, given that (the random variable) |m| takes thevalue ℓ > 0; note that Gℓ ∈ [−ℓ, ℓ]. In other words, when
c ∈ R

n is mutated and c′ := c + m is the mutant, then theabsolute value of Gℓ equals the distan
e between the twohyper-planes 
ontaining c resp. c′ that are perpendi
ular tothe prede�ned dire
tion, respe
tively. Jägersküpper (2003)shows that for n ≥ 4 the density of the random variable Gℓat g ∈ [−ℓ, ℓ] equals
(1/ℓ) ·

`
1 − (g/ℓ)2

´(n−3)/2 ‹
Ψ, (1)where P{Gℓ ∈ [−ℓ, ℓ]} = 1, i. e. Ψ :=

R 1

−1
(1 − x2)(n−3)/2 dxlies in the interval √2π

‹√
n − [1.5 ± 0.5] (normalization).With this density fun
tion, the probability of c′ being
loser to some �xed point in the sear
h spa
e than c has beenestimated. For notational 
onvenien
e, we 
onsider w. l. o. g.the distan
e from the origin o so that we 
an use |c| for thisdistan
e. Obviously, if ℓ > 2|c| then |c′| > |c|; if ℓ ≤ 2|c|,however, |c′| ≤ |c| if and only if the spatial gain parallel to−→c o is at least ℓ2/(2|c|) (
f. Jägersküpper (2003)) Thus, forinstan
e, the (
onditional) probability (given |m| = ℓ) that



the mutant is at least as 
lose to the optimum/origin as itsparent equals
P

˘
|c′| ≤ |c| given that |m| = ℓ

¯

=
1

Ψ
·

Z 1

min{1 , ℓ/(2|c|)}

`
1 − x2

´(n−3)/2 dx (2)(sin
e |c′| ≤ |c| is impossible if ℓ > 2|c|). The density of Gℓwill be 
onsidered again and in more detail in Se
tion 5.
4. LOWER BOUNDAs mentioned before, we want to obtain a general lowerbound on the number of steps to redu
e the distan
e froma �xed point in the sear
h spa
e R

n, for instan
e from the(or a �xed) optimum of the fun
tion to be optimized. Inparti
ular, we want to know how this number depends, onthe one hand, on n (the sear
h spa
e's dimensionality) andon the o�spring-population size λ, on the other hand.The idea behind this bound is the �
urse of dimensional-ity� in R
n. Therefore, �rst 
onsider the sear
h spa
e {0, 1}nand the standard mutation operator (namely, ea
h bit isindependently �ipped with probability 1/n). When we re-peatedly mutate a sear
h point without doing sele
tion, thenea
h point in the sear
h spa
e is hit in�nitely often as thenumber of mutations approa
hes in�nity.1 In parti
ular, thenumber of steps it takes the random sear
h to visit a 
er-tain point is �nite. Now 
onsider R

n for n ≥ 3. Lets startwith a �xed point and repeatedly add an isotropi
ally dis-tributed ve
tor (with an arbitrary distribution of the lengththat might be degenerate, but not 
on
entrated at 0) tothis point. Despite the fa
t that our starting point is neverexa
tly hit again, even the probability to get 
lose to ourstarting point tends to zero as the dimensionality in
reases,even if the number of mutations approa
hes in�nity.Obviously, the sear
h of a (1+, λ) ES is not purely random,yet guided by sele
tion � unless a �at �tness lands
ape isgiven. Sele
tion, however, merely means that sear
h pathsthat do not seem promising are no longer followed (pruned).One may imagine that also these sear
h paths would be fol-lowed � in addition to the promising ones, of 
ourse.In the following we modify the (1+, λ) ES∗ su
h that we endup with a sear
h pro
edure that is independent of the fun
-tion to be optimized and, thus, purely random: Consider the(1+, λ) ES∗ after initialization, i. e., an initial starting pointand an initial mutation strength are given. In the �rst step,
λ mutants are generated by respe
tively adding σ · fm tothe starting point. In 
ontrast to the original (1+, λ) ES∗, wenow do not sele
t one of the λ(+1) individuals, yet keep all
1 + λ sear
h points as a population P1. After the �rst step,
σ may be up- or down-s
aled � depending on the individu-als' fun
tion values. Thus, to also get rid of this fun
tion-dependen
y, ea
h of the 1 + λ points in P1 is mutated 3times: on
e without 
hanging σ, on
e with an up-s
aled σ,and on
e with a down-s
aled mutation strength. Again wekeep all (1 + λ) · 3λ newly generated individuals. Conse-quently, we have (1 + λ) + (1 + λ) · 3λ = (1 + λ)(1 + 3λ)individuals after the se
ond step in the population P2. Re-peating this pro
edure, after i iterations a population Pi is1this is also true, just for instan
e, for pure (i. e. sele
tion-less) random lo
al sear
h, where in ea
h step one uniformly
hosen bit is �ipped

generated whi
h 
ontains
(1 + λ)(1 + 3λ)i−1 ≤ (1 + 3λ)i = exp(ln(1 + 3λ) · i)individuals. The 
ru
ial point is that Pi is built withoutany dependen
y on the fun
tion to be optimized, and thatall sear
h paths of the original (1+, λ)ES∗ emerge in thismodi�ed sear
h pro
edure with the same probability den-sity: Let S ⊂ R

n denote some (measurable) set. Then, theprobability that Pi hits S, namely P{S ∩ Pi 6= ∅}, is an up-per bound on the probability that the sear
h point evolvedwithin i iterations of the original (1+, λ)ES∗ is in S.Now, if we knew that the probability that an individualin Pi hits S is very small, say, upper bounded by e−ξn forsome ξ > 0, then the probability that Pi 
ontains at leastone point from S would be bounded above by
#Pi · e−ξn =

exp(ln(1 + 3λ) · i)
exp(ξn)

= exp(ln(1 + 3λ) · i − ξn)(note that the probability of a union of events is upperbounded by the sum of the single-event probabilities even,and in parti
ular, if the events are not independent, whi
h isobviously the 
ase here). Then we 
ould 
hoose i su
h that
ξn− ln(1+3λ) · i ≥ n · ξ/2, i. e., i ≤ (ξ/2) ·n/ ln(1+3λ). Wewould obtain that (ξ/2) ·n/ ln(1+3λ) steps su�
e only witha probability of at most e−n·ξ/2. In other words, if ξ was
Ω(1), then Ω(n/ ln λ) steps (i. e. λ · Ω(n/ ln λ) mutations inthe original (1+, λ)ES∗) would be ne
essary w. o. p. (namelywith probability of 1−e−Ω(n)) to hit S. Obviously, we would�nally 
hose S to be the hyper-ball exa
tly 
onsisting of allpoints having at most halve the distan
e from the optimumas our starting point.After sket
hing the proof, we begin �lling in the detailsby noting some rather obvious properties of isotropi
allydistributed ve
tors.Proposition 1. Let x ∈ R

n be isotropi
ally distributedand M ∈ R
n×n a �xed orthogonal matrix (i. e., M⊤M =

I). Then the distribution of Mx equals the one of x.Proof. The multipli
ation with M 
orresponds to anorthonormal transformation, and thus, x 7→ Mx is a bije
-tion in R
n that preserves the inner produ
t, implying that

|Mx| = |x|. Thus, ea
h ve
tor in R
n has exa
tly one uniquepre-image, and both ve
tors have the same length. Finally,ve
tors of the same length have equal density due to theisotropy.In other words, an isotropi
 distribution over R

n is invari-ant w. r. t. orthonormal transformations and, in parti
ular,w. r. t. rotations of the orthonormal system.Lemma 1. Let the ve
tors x, y ∈ R
n be independently(not ne
essarily identi
ally) isotropi
ally distributed. Then

z := x + y is also isotropi
ally distributed.The proof 
an be found in the appendix. By indu
tion, wedire
tly obtainCorollary 1. Let the ve
tors x1, . . . , xk ∈ R
n be inde-pendently (not ne
essarily identi
ally) isotropi
ally distribut-ed. Then y := x1 + · · ·+ xk is also isotropi
ally distributed.All the individuals in Pi originate from the initial startingpoint by adding isotropi
ally distributed ve
tors to it. Due



to our modi�
ations � for whi
h we pay with an exponentialgrowth of the population � all those ve
tors are indepen-dently distributed. The pre
eding 
orollary tells us, thatea
h x ∈ Pi is isotropi
ally distributed around the startingpoint. We do not know the distribution of x's distan
e fromthe starting point, though. Yet this does not matter as thenext lemma will tell us.Lemma 2. Let s ∈ R
n \ {o} be �xed and m ∈ R

n be iso-tropi
ally distributed. Then P{|s + m| ≤ |s|/2} is at most
e−0.647 (n−1)(2πn)−1/2 · (1 + Θ(n−2)).Proof. Let d := |s| and z := d/2. Furthermore, let
r := |m| be the length of m. Hen
eforth, we assume r totake some �xed value maximizing P{|s + m| ≤ z ||| |m| = r}.A

ording to the law of total probability, this leads to anupper bound on P{|s + m| ≤ z}.

r
z

α

h

SrSz

C

co

Let Sr ⊆ R
n be the hyper-sphere with radius r 
enteredat s and let Sz ⊆ R

n be the hyper-sphere with radius z
entered at the origin o. Moreover, let S≤z denote the ballwith hypersurfa
e Sz . Let C := Sr ∩ S≤z denote the hyper-spheri
al 
ap 
ut o� from Sr by Sz . Obviously, |s + m| ≤ ziff s+m ∈ C. Let A(C) and A(Sr) denote the hypersurfa
eareas of C resp. Sr. Sin
e m is isotropi
ally distributed,
P{|s + m| ≤ z} = A(C)/A(Sr), and hen
e, we need to esti-mate A(C). Therefore, let R := Sr∩Sz denote the boundaryof the 
ap C.Let L denote the line segment 
onne
ting o to s and let
c := L∩C. Then c ∈ C is the 
enter of the 
ap C. Note thatall points in R, the boundary of the 
ap, have equal distan
efrom L. Let h denote this distan
e and let α := arcsin(h/r).Then rα is the distan
e of c from R, the boundary of the 
ap,within the (n−1)-spa
e C, namely the spheri
al distan
ew. r. t. the hyper-sphere Sr ⊃ C.If we 
an show that A(C) is bounded above by the vol-ume of an (n−1)-dimensional ball of radius αr, we 
an ap-ply standard formulas for hypersurfa
e areas and volumes(where �Γ� denotes the well-known Gamma fun
tion):

A(C)

A(Sr)
≤ π

n−1

2 · (α · r)n−1

Γ
`

n−1
2

+ 1
´

.n · π n

2 · rn−1

Γ
`

n
2

+ 1
´

=
π

n−1

2 · (α · r)n−1

n · √π · π n−1

2 · rn−1
· Γ

`
n
2

+ 1
´

Γ
`

n−1
2

+ 1
´

=
αn−1

n · √π
· Γ(n/2 + 1)

Γ(n/2 + 1/2)

=
αn−1

n
√

π
·

`p
n/2 + Θ(1/

√
n)

´

=
αn−1

√
2πn

· (1 + Θ(n−2)).Hen
e, α ≤ 1 − ε for some 
onstant ε > 0 will imply

that P{|s + m| ≤ z} = e−Ω(n). To show that α is indeedbounded away from 1, we have to estimate h/r. A geometri
argument (in the next paragraph) yields h/r ≤ z/d. Sin
e
z/d = 0.5 and h, r > 0, arcsin(h/r) ≤ arcsin(0.5) < e−0.647.This will imply the lemma.To show h/r ≤ z/d, let r ∈ R be some point in theboundary of the 
ap and observe that the area of the trianglede�ned by o, s, r is bounded above by half the area of are
tangle with edges of length z and r. Sin
e the area of thetriangle equals hd/2, we obtain hd/2 ≤ zr/2, implying the
laimed inequality sin
e d, r > 0.We still have to show that the hypersurfa
e area A(C) 
anbe bounded by the volume of an (n− 1)-dimensional ball ofradius α r. Intuitively, we are 
onfronted with the errorthat is introdu
ed by mapping the area of a part of a sphere(e. g., the area of a 
ontinent) onto a plane (e. g., a map ofthe 
ontinent). Of 
ourse, the larger the area 
ompared tothe sphere, the greater the error is. Formally, for α ≤ π/2,the hypersurfa
e area of C 
an be expressed as

A(C) = rn−1 · 2π ·
Z α

0

(sin β)n−2dβ ·
n−3Y

i=1

Z π

0

(sin β)idβ(
f. Appendix B in Eri
son and Zinoviev (2001)). Sin
e
sin β ≤ β for β ≥ 0, we obtain (by estimating the �rstintegral) that

A(C) ≤ 2π

n − 1
· (αr)n−1

n−3Y

i=1

Z π

0

(sin β)idβ.The last expression is the anti-derivative of the hypersurfa
earea of an (n−1)-dimensional ball of radius αr, i. e., thevolume of this ball.This lemma, whi
h formalizes the 
urse of dimensionalitymentioned above, enables us to obtain the lower bound:Theorem 1. Let a (1+, λ) ES∗ optimize an arbitrary fun
-tion f , and let y ∈ R
n be some �xed point (for instan
ean optimum). Assume the initial sear
h point has distan
e

d > 0 from y. Then, for n large enough, the number of
f-evaluations until |c − y| ≤ d/2b, where b : N → N su
hthat b = poly(n), for the �rst time is w. o. p. larger than
b · λ · 0.64n/ln(1 + 3λ), whi
h is Ω(b · n · λ/ ln λ) for λ ≥ 2.Proof. First note that e−0.647 (n−1)/Θ(

√
n) ≤ e−0.647 nfor n large enough. Thus, we 
an 
hoose ξ := 0.647 in thereasoning pre
eding Proposition 1. Rather than splitting ξinto ξ/2+ξ/2 as done there, we split 0.647 into 0.64+0.007,and obtain an upper bound of e−0.007n on the probability tohalve the distan
e. Finally, we add up the b �failure prob-abilities� to obtain an upper bound of b · e−0.007n = e−Ω(n)(be
ause b = poly(n)) on the probability that (at least) oneof the b halvings needs only 0.64n/ ln(1+3λ) (or even fewer)steps.For Sphere, redu
ing the distan
e by a fa
tor of 1/

√
2 
or-responds to halving the Sphere value. Choosing z := d/

√
2rather than d/2 in the proof of Lemma 2 and noting that

arcsin(1/
√

2) < e−0.241 dire
tly yields:Theorem 2. Let a (1+, λ) ES∗ minimize Sphere and let
b : N → N su
h that b = poly(n). Then (unless the initialsear
h point is optimal) for n large enough, the number ofmutations until the Sphere-value is redu
ed to a 2−b-fra
-tion (of the initial one) is larger than b · λ · 0.24n/ln(1 + 3λ)(whi
h is Ω(b · n · λ/ ln λ) for λ ≥ 2) w. o. p.



5. UPPER BOUNDNaturally, the upper bound on the runtime 
ru
ially de-pends on the σ-adaptation whi
h is a
tually used. We 
on-sider the 1/5-rule, a deterministi
 (non-endogenous) adap-tation. Jägersküpper (2003) proves that the (1+1)ES usingGaussian mutations adapted by the 1/5-rule is able to keep
σ = Θ(|c|/n) for an arbitrary polynomial number of steps.The proof 
an easily be adapted for the (1+λ) ES. Althoughwe 
annot repeat the whole proof here due to the page limit,we want to give the main ideas behind the reasoning:The length of a Gaussian mutation di�ers from its meanby ±10% only with probability 1 − Θ(1/n). As a 
onse-quen
e, when σ = Θ(|c|/n), whi
h results in an expe
tedspatial gain towards the optimum of optimum order Θ(|c|/n),we expe
t all but a 
onstant number of mutations in an ob-servation phase (of n steps) to have a length of a
tually
Θ(|c|/√n). Then, by Cherno� bounds, w. o. p. in morethan 90% of the steps in a phase (where σ is kept 
on-stant) |m| di�ers by no more than ±10%. Furthermore,for a �xed σ, the su

ess probability of a mutation, i. e. theprobability that the mutant is 
loser to the optimum thanits parent, drops as the distan
e from the optimum getssmaller; 
f. Equation (2). Hen
e, during an observationphase the steps' su

ess probabilities 
annot in
rease. Asa 
onsequen
e, if the su

ess probability in the �rst step ofa phase is small, say 0.1, then we expe
t at most 10% ofthe phase's steps to be su

essful. By Cherno� bounds, lessthan 20% are a
tually su

essful so that σ is halved after thephase � resulting in an in
rease of the su

ess probabilitiesin the next phase. Even though the su

ess probability isalready small at the beginning of su
h a phase, ea
h of thesteps yields a gain of maximum order Θ(|c|/n) with proba-bility Ω(1). Again by Cherno� bounds, the number of stepsin the phase ea
h of whi
h a
tually yields a gain of Θ(|c|/n)is Ω(n) w. o. p., so that, �nally, the total gain of the phase isw. o. p. a 
onstant fra
tion of the distan
e from the optimumat the beginning of the phase.The treatment of a phase with a large su

ess probabil-ity like 0.4 is analog, in fa
t, even a little simpler sin
e thedistan
e from the optimum 
annot in
rease (re
all: elitist se-le
tion). All in all, we have that � for Sphere � the 1/5-ruleis able to make the right de
isions (
on
erning the s
alingof σ). In parti
ular, the progress of a phase 
annot be
omethat large (w. o. p. in a polynomial number of steps) that themutation strength is no longer of optimal order Θ(|c|/n).For the (1+λ) ES we 
onsider the interesting 
ase λ ≥ 2and λ = O(n) (otherwise σ is adapted in ea
h step anyway).The mutation strength is kept un
hanged for ⌈n/λ⌉ itera-tions, i. e., after fewer than 2n mutations adaptation takespla
e. As we have seen in the lower bound on the runtime inSe
tion 4, the progress (between two sequent adaptations)
annot be that large that the 1/5-rule would fail to follow.Hen
e, we investigate the (expe
ted) gain of a step of the(1+λ) ES next. Therefore, we 
onsider again the randomvariable Gℓ, the density of whi
h is given in Formula (1).Let J denote the hyper-plane 
ontaining c and being perpen-di
ular to line passing through c and the optimum/origin.Then Gℓ 
orrespond to the �distan
e� of c + m from J ,where m is isotropi
ally distributed with |m| = ℓ; note thatthis �distan
e� is negative if the mutant lies in the half-spa
e(w. r. t. J) that does not 
ontain the optimum. The analysisof the (1+1)ES utilizes that P{Gℓ ≥ α · ℓ/√n} = Ω(1) forany 
onstant α. Sin
e ℓ = Θ(|c|/√n) (at least w. o. p. for

any polynomial number of steps) due to the 1/5-rule (as wehave re
apitulated above), ea
h step yields a spatial gain of
α · Θ(|c|/√n)/

√
n) = α · Θ(|c|/n) with probability Ω(1).In the (1+, λ)ES, however, we 
onsider the best of λ su
hmutations. Sin
e (1−Θ(1/λ))λ = Θ(1), we want to know forwhi
h g ∈ [0, ℓ] we have P{Gℓ ≥ g} = Θ(1/λ) be
ause su
h again g would be realized by the best of the λ mutations withprobability Ω(1). Therefore, we need a better approximationof the integral over Gℓ's density (Formula (1) in Se
tion 3).Namely, we have for √n/3 ≥ β = Ω(1) and n ≥ 9
Z 1

β/
√

n

(1 − x2)(n−3)/2 dx

≥
Z 2β/

√
n

β/
√

n

(1 − x2)(n−3)/2 dx

>
β√
n
· (1 − (2β)2/n)(n−3)/2using (1 − 1/k)k−1 > e−1 yields

>
β√
n
· exp

„
− (n − 3)/2

n/(2β)2 − 1

«

=
β√
n
· exp

„
−2β2 n − 3

n − 4β2

«

≥ β√
n
· exp

`
−4β2´On the other hand,

Z 1

β/
√

n

(1 − x2)(n−3)/2 dx

≤
⌊√n/β⌋X

i=1

β√
n
·

`
1 − (iβ/

√
n)2

´(n−3)/2

=
β√
n
·
⌊√n/β⌋X

i=1

`
1 − (iβ)2/n

´(n−3)/2using (1 − 1/k)k < e−1 yields
<

β√
n
·

∞X

i=1

exp

„
− (n − 3)/2

n/(iβ)2

«

≤ β√
n
·

∞X

i=1

exp(−(iβ)2/3)

<
β√
n
· exp(−β2/3) · 1

1 − exp(−β2)

=
β√
n
· exp(−β2/3) · O(1),where the last inequality follows be
ause the summands ofthe series drop by a fa
tor of

exp(−(i+1)2β2/3)

exp(− i2 β2/3)
= exp(−(2i+1)β2/3)

i≥1

≤ exp(−β2).As a 
onsequen
e, for β = Ω(1) but β ≤ √
n/3

Z 1

β/
√

n

(1 − x2)(n−3)/2 dx =
β√
n
· e−Θ(β2).(Note that the integral's value is obviously bounded by e−Ω(n)for β ∈ [

√
n/3,

√
n ].) Thus, for √n/3 ≥ β = Ω(1)

P
˘
Gℓ ≥ ℓ · β/

√
n

¯
=

β√
n
· e−Θ(β2)

‹
Ψ = β · e−Θ(β2). (3)



Let Gλ
ℓ denote the maximum of λ independent 
opies of

Gℓ. Sin
e β · e−Θ(β2) = Θ(1/λ) for β = Θ(
√

lnλ) as wellas 1 − (1 − Θ(1/λ))λ = Ω(1), for any 
onstant α we have
P{Gλ

ℓ ≥ α · ℓ ·
√

ln λ/
√

n)} = Ω(1).Thus � when σ = Θ(|c|/n) as dis
ussed above � a stepyields a spatial gain of Ω(
√

ln λ·|c|/n) with probability Ω(1).Re
all that this gain was Ω(|c|/n) for the (1+1)ES. Thus,doing λ ≥ 2 s
aled Gaussian mutations instead of one in asingle step yields a fa
tor of Θ(
√

lnλ) for (the lower boundon) the gain of a single step (that is realized with a 
on-stant probability) only � 
ompared to the fa
tor of λ in thenumber of ne
essary fun
tion evaluations. However, exa
tly� up to the additional Θ(
√

ln λ)-fa
tor � re-doing the anal-ysis presented by Jägersküpper (2003) for the upper boundon the runtime of the (1+1)ES, �nally results in the upperbound for the (1+λ)ES:Theorem 3. Let the (1+λ) ES minimize Sphere usingGaussian mutations adapted by the 1/5-rule. Assume that
σ = Θ(|c|/n) after initialization. Then the number of stepsuntil the approximation error is redu
ed to a 2−b-fra
tion,
b : N → N s. t. b = poly(n), is O(b · n/

√
ln λ) w. o. p. (thenumber of Sphere-evaluations is O(b ·n ·λ/
√

ln λ) w. o. p.).So what about the (1,λ) ES? Re
onsider the density of
Gℓ (Formula (1) in Se
tion 3): It is symmetri
. In otherwords, for any g ∈ [0, ℓ], we have P{Gℓ ≥ g} = P{Gℓ ≤ −g};let p denote this probability. For Gλ

ℓ , however, we have
P

˘
Gλ

ℓ ≥ g
¯

= 1 − (1 − p)λ apposed to P
˘
Gλ

ℓ ≤ −g
¯

= pλ.Sin
e 1 − (1 − p)λ ≥ 3 · pλ for λ ≥ 2 (sin
e 0 ≤ p ≤ 0.5,see appendix), a positive spatial gain of at least g ≥ 0 isat least thri
e as probable as a negative gain of at most
−g ≤ 0, for any g ≥ 0. In parti
ular, this implies that
E

ˆ
Gλ

ℓ

˜
≥ E[Gλ

ℓ · 1{Gλ

ℓ
≥0}] /2, where the indi
ator variable

1{Gλ

ℓ
≥0} zeroes out negative gains. Thus, for λ ≥ 2, thedi�eren
e between elitist and 
omma sele
tion gets lost inasymptoti
 notation we use.However, as mentioned in Se
tion 3, for Sphere a spatialgain of ℓ2/(2|c|) is ne
essary for a mutation to be su

essful.For small λ like 2, the fa
tor 1/2 that we loose (at least inthe analysis) by swit
hing from elitists sele
tion to 
ommasele
tion is 
ru
ial. We have to 
hoose λ large enough su
hthat E

ˆ
Gλ

ℓ

˜
≥ (1 + ε) · ℓ2/(2|c|) for a 
onstant ε > 0. Asimple 
al
ulation (see appendix) yields that we 
an 
hoose

λ = O(1). Then not only the expe
ted drift away fromthe hyper-plane J (whi
h 
ontains the parent), yet also theexpe
ted drift towards the optimum is of the same order asfor elitist sele
tion. In parti
ular, this drift ensures that thesear
h never (w. o. p. for any polynomial number of steps)in
reases the distan
e from optimum by an ε-fra
tion again,where the 
onstant ε 
an be 
hosen arbitrarily small. Thisimplies that the 1/5-rule keeps σ = Θ(|c|/n) also for 
ommasele
tion. Hen
e, we obtainTheorem 4. A 
onstant κ exists su
h that for λ ≥ κTheorem 3 also holds when using 
omma sele
tion (insteadof elitist sele
tion).
6. DISCUSSION AND OUTLOOKNaturally, one may ask why the upper and the lowerbound on the runtime do not meet � they di�er by a fa
-tor of O(

√
ln λ) for λ ≥ 2. The model-based result on theprogress-rate by Beyer (2001, Formula 3.116) indi
ates that

the lower bound �w. o. p. Ω(n/ ln λ) iterations� is tight, i. e.,that an (1+, λ) ES using appropriately adapted isotropi
 mu-tations should be able to halve the approximation error in
O(n/ ln λ) iterations (i. e., λ ·O(n/ ln λ) Sphere-evaluationsshould su�
e) with a high probability.If so, two possibilities are left: Either the analysis pre-sented here resulting in the upper bound is too weak, orthe 1/5-rule fails to adapt the mutation strength σ appro-priately. And indeed, the 1/5-rule fails. The reason is thatthis rule tries to maximize the expe
ted gain of a single(isotropi
) mutation. Yet in fa
t, the gain of the best of λmutants should be maximized. Therefore, a slightly largermutation strength seems appropriate � and ne
essary. Thisdoes not mean, however, that a �su

ess frequen
y�-basedrule 
annot work at all: For the (1+λ)ES, a slight modi�
a-tion of the 1/5-rule indeed results in optimal performan
e:Therefore, assume λ = O(n1−ε) for a 
onstant ε > 0. The(1+λ) ES with modi�ed 1/5-rule reads1. FOR (int i := 1; i ≤ λ; i++) DOCreate a new sear
h point y[i] := c + m with

m := σ · fm, where ea
h 
omponent of fm ∈ R
nis independently standard-normally distributed.2. IF mini∈{1,...,λ}{f(y[i])} ≤ f(c)THEN g := g + 1 and c := argmini∈{1,...,λ}{f(y[i])}ELSE b := b + 1.3. IF λ · (b + g) ≥ n THEN(a) IF g < (g + b) · (1/5)THEN σ := σ/2 ELSE σ := σ · 2.(b) g := 0. b := 0.4. GOTO 1.The number of steps for observation/between two sequent

σ-adaptations (namely ⌈n/λ⌉) is Ω(nε). The number of stepsin whi
h the best of the lambda mutants is at least as goodas its parent is 
ounted � rather than the number of mu-tants. Re
all that there is a 
ertain α′ = Θ(1) su
h that
P{Gλ

ℓ ≥ α′ · ℓ ·
√

ln λ/
√

n)} = 1/5 as we have seen in theprevious se
tion. Re
all also that for a mutation with |m| =

ℓ, |c+m| ≤ |c| ⇔ G ≥ ℓ2/(2 |c|). Solving α′ ·ℓ ·
√

ln λ/
√

n =

ℓ2/(2 |c|) for ℓ yields ℓ′ := 2 · |c| · α′ ·
√

ln λ/
√

n. Thus, ifisotropi
 mutations with length ℓ′ were used, then a stepwould su

eed (i. e., the best of the λ mutants is at least asgood as the parent) with probability 1/5. Interestingly, ℓ′ isby a fa
tor of Θ(
√

ln λ) larger than the expe
ted length of as
aled Gaussian mutation when using the original 1/5-rule.So, ℓ′ is su
h that P{Gλ
ℓ′ ≥ ℓ′

2
/(2 |c|)} = 1/5. More-over, ℓ′

2
/(2 |c|) = 2 · |c| · α′2 · lnλ/n = Θ(lnλ · |c|/n).The results from the previous se
tion tell us that in fa
t

P
˘
Gλ

ℓ′ ≥ β · lnλ · |c|/n
¯

= Ω(1) for any 
onstant β. Inparti
ular, we 
an 
hoose β su
h that (given |m| = ℓ′)
P{|c + m| ≤ |c| − ln λ · |c|/n} = Ω(1), i. e., the distan
e fromthe optimum is redu
ed by a (lnλ/n)-fra
tion with proba-bility Ω(1) � if isotropi
 mutations of length ℓ′ were used.If there was no page limit, we would now show that themodi�ed 1/5-rule in fa
t ensures σ = Θ(

√
ln λ · |c|/√n) (atleast w. o. p. for any polynomial number of steps) so that

E[σ · fm] = Θ(ℓ′) = Θ(
√

lnλ · |c|/n) for s
aled Gaussian mu-tations � whi
h is pre
isely by a fa
tor Θ(
√

ln λ) larger thanwith the original 1/5-rule. Then we 
ould again re-do the



analysis presented by Jägersküpper (2003), and we would�nally obtainTheorem 5. Let the (1+λ) ES, where λ = O(n1−ε) fora 
onstant ε > 0, minimize Sphere using Gaussian muta-tions adapted by the modi�ed 1/5-rule. Assume that afterinitialization σ = Θ(lnλ · |c|/n). Then the number of stepsuntil the approximation error is redu
ed to a 2−b-fra
tion,
b : N → N su
h that b = poly(n), is O(b·n/ ln λ) w. o. p. (thenumber of Sphere-evaluations is O(b · n · λ/ ln λ) w. o. p.).It remains an open question, however, whether there is a�simple� (deterministi
?) σ-adaptation (for isotropi
 muta-tions) that makes also the (1,λ) ES a
hieve optimal perfor-man
e on Sphere. The question may also read: Can weprove that it does a
hieve optimal performan
e.
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APPENDIX
Proof of Lemma 1The density of (the distribution of) z at a point b ∈ R

n is
Dz(b) =

Z

a∈Rn

Dy (b − a) · Dx(a) da.Wemust merely show that Dz(Mb) = Dz(b) for any orthog-onal matrix M ∈ R
n×n sin
e, by 
hoosing M appropriately,any ve
tor of length |b| is 
overed. Re
all that x 7→ Mxa
tually de�nes a bije
tion in R

n that preserves the ve
tors'lengths. We have
Dz(Mb) =

R
a∈RnDy(Mb − a) · Dx(a)da

=
R

a∈RnDy(Mb − Ma) · Dx(Ma)dabe
ause {Ma | a ∈ R
n} = R

n

=
R

a∈RnDy(M (b − a)) · Dx(Ma) da

=
R

a∈RnDy(b − a) · Dx(a) da = Dz(b)be
ause Dy(M (b−a)) = Dy(b−a) and Dx(Ma) = Dx(a)as we have already seen in the proof of Proposition 1.
Proof of an inequalityWe prove 1 − (1 − p)λ ≥ 3 · pλ for λ ≥ 2 and 0 ≤ p ≤ 0.5,starting with λ = 2.

1 − (1 − p)2 ≥ 3p2

⇐⇒ 2p − p2 ≥ 3p2

⇐⇒ 2p ≥ (2p)2For λ ≥ 3, we have 3pλ = pλ−2 · 3p2 as well as
1 − (1 − p)λ = (1 − p)λ−2`

(1 − p)2−λ − (1 − p)2
´

≥ (1 − p)λ−2
`

1 − (1 − p)2
´
,and hen
e, we merely have to show that (1− p)λ−2 ≥ pλ−2,whi
h in fa
t holds sin
e p ∈ [0, 1/2].Moreover, if 0 ≤ p ≤ 1/2 − ε for a 
onstant ε > 0, thenfor any 
onstant c, we 
an 
hoose λ large enough su
h that

(1 − p)λ−2 ≥ (1/2 + ε)λ−2 ≥ c · (1/2 − ε)λ−2 ≥ c · pλ−2(and 
onsequently 1− (1− p)λ ≥ 3c · pλ). Thus, if g is su
hthat P{Gℓ ≥ g} ≤ 1/2 − Ω(1), namely g = Ω(ℓ/
√

n), then
P

˘
Gλ

ℓ ≥ g
¯
≥ 3 · c · P

˘
Gλ

ℓ ≤ −g
¯ for λ large enough.


