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Abstract. We prove a lower bound on the communication complexity
of pointer jumping for multiparty one-way protocols in the number on
the forehead model that satisfy a certain information theoretical restric-
tion: We consider protocols for which the ith player may only reveal
information about the first ¢+ 1 inputs. To this end we extend the infor-
mation complexity approach of Chakrabarti, Shi, Wirth, and Yao (2001)
and Bar-Yossef, Jayram, Kumar, and Sivakumar (2004) to our restricted
version of the multiparty number on the forehead model. The best cur-
rently known multiparty protocol for pointer jumping by Damm, Jukna,
and Sgall (1998) works in this model.

1 Introduction

1.1 Multiparty Communication Complexity

In the multiparty communication game by Chandra, Furst, and Lipton [8] k play-
ers jointly compute a function f(x1,...,2x) on k variables such that in the end
each of the players knows the result. The players have unlimited computational
power, but the ith player does not know the input variable z;. Thus the players
need to communicate to fulfill their task. This is usually called number on the
forehead model (briefly NOF-model), since we can imagine the input z; being
written on the ith player’s forehead. The players exchange messages according
to a fixed protocol by writing to a shared blackboard seen by all players. In-
scriptions on the blackboard are never deleted, each player appends his message
to the previously written messages on the board. The current inscription on the
blackboard determines unambiguously whose turn it is to write the next message
and when to stop the protocol. The only important computational resource in
this model is communication: The cost of the protocol is the worst case length of
the inscription on the blackboard. The communication complexity of a function
is the minimum cost of a protocol for the function.

Communication complexity for two players has been investigated indepen-
dently [18] and is well understood [13,12]. Less is known about general mul-
tiparty protocols with more than two players. At the time of writing, only a
single general proof method for proving lower bounds on the multiparty com-
munication complexity of functions for more than two players is known: The
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discrepancy method by Babai, Nisan, and Szegedy [3] (see also [9,17]). Con-
sequently, restricted versions of the multiparty model received some attention,
most notably the simultaneous message model and the one-way model (see [1,
13]).

In the simultaneous message model the players do not interact. Each player
sends a single message, depending only on the inputs seen by the player, to a ref-
eree, who does not see the input. The referee has to announce the function value.
Babai, G&l, Kimmel, and Lokam [1] introduced a proof method for proving lower
bounds in the simultaneous message model which has found many applications
by now, for example [16, 6,4].

In the one-way model the interaction of the players is restricted such that
the first player sends the first message message, then the second player sends
a message depending on the inputs seen by him and the first message, and so
on. The last player has to announce the function value. Although this model is
still severely restricted compared to the general model in which the players can
exchange messages in an arbitrary order, for more than three players currently
no proof methods are known which make use of this restriction alone. The only
known lower bound for a variable number of players in the one-way model by
Damm, Jukna, and Sgall [11] uses an additional restriction that is described in
Sect. 1.4.

1.2 Information Complexity

Information theory (see [10] for an introduction) has been used before to obtain
results on communication complexity, but it has been used mainly as a tool in
small parts of the proofs. Some references to these results are contained in [4].
Recently several publications emerged in which information theory is the main
ingredient of the proof [7,4, 5]. Bar-Yossef, Jayram, Kumar, and Sivakumar [4]
reduced communication complexity problems to information theory problems
and solved these problems in the information theory domain. Chakrabarti, Shi,
Wirth, and Yao [7] introduced the concept of information complexity for the
two party model. The information complexity of a function is the amount of
information about the input that the messages of any protocol for the function
must reveal. In the language of information theory, the information complexity
of a function is the minimum mutual information between the messages of any
protocol for the function and the inputs (see Sect. 2.2 and 2.3). In [5] this concept
was further refined by Bar-Yossef, Jayram, Kumar, and Sivakumar.

1.3 Owur Result

We consider the NOF-multiparty one-way model with an additional information
theoretical restriction. In this model we prove a lower bound on the information
complexity of the pointer jumping function.

Definition 1. Let fi,..., fr be functions with domain and range {1,...,n}.
Then the k-player pointer jumping function Jumpﬁ is defined as follows:

Jumpl (fi,. .., fx) = (fr o fir 00 f1)(1) .



Note that for the first input f; only fi(1) influences the result. The inputs
f1(2), ..., fi(n) are redundant.

Our lower bound on the communication complexity of Jump’; holds for all
one-way protocols for which the messages My, ..., M;_o of the players 1,...,i—2
do not reveal any information about the input f;, in information theoretical
terms, one-way protocols for which the mutual information between the input f;
and the messages M, ..., M;_o is 0. We call protocols which obey this restriction
myopic (see Sect. 2.3). The currently best one-way multiparty protocol for Jumpr
by Damm, Jukna, and Sgall [11] is myopic.

We will prove the following lower bound on the multiparty communication
complexity of J umpr in the number on the forehead model.

Theorem 1. Every myopic e-error k-party one-way protocol in the number on
the forehead model for Jumpﬁ has cost 2(n1=5)/Flogn).

This result is based on an information complexity bound and the proof relies
solely on information theoretical arguments. Our result is not stronger than
bounds which can be proved in the simultaneous message model and we need
our additional information theoretical restriction, but the result extends the
information complexity approach beyond the number in the hand model. To the
best of our knowledge, this is the first extension of the information complexity
results of Chakrabarti, Shi, Wirth, and Yao [7] and Bar-Yossef, Jayram, Kumar,
and Sivakumar [5] to the one-way multiparty model.

1.4 Related Work

The communication complexity of pointer jumping has been investigated mainly
for a two-player version that differs slightly from Def. 1. In this model upper
and lower bounds have been proved by Nisan and Wigderson [14] and Ponzio,
Radhakrishnan, and Venkatesh [15].

Much less is known about the communication complexity of pointer jump-
ing, as defined in Def. 1, in the multiparty NOF-model. Wigderson proved an
2(n'/?) bound for the complexity of pointer jumping for three players in the
fully general one-way model (The result is contained in the appendix of [2]).
The proof method of Babai et al. [1] yields an £2(n'/*) lower bound on the com-
munication complexity of Jump® in the simultaneous message model [16]. The
currently best one-way protocol for Jump,, by Damm, Jukna, and Sgall [11] has
cost O(n) for k > log* n players and cost nlog® =% n+O(n) for k < log* n play-
ers. In addition, Damm, Jukna, and Sgall proved an £2(n/k?) lower bound for up
to O(nl/ 3=¢) players in a restricted one-way model which they call conservative
one-way multiparty complexity. In this model the ith player knows the inputs
fi+1,- -+, fx, but unlike the usual number on the forehead model, instead of the
inputs f1,..., fi—1, he does only know the partial result (f;—10 fi_a0---0 f1)(1).
Since this result can take only n different values whereas the inputs f1,..., fi_1
can take n(~D" different values, this is a potentially severe restriction.

Note that the above result is complementary to our result in the following
sense: In a myopic protocol for JurnpfI the ith player must not reveal information



about fiia,..., fr. This is obviously the case if his message does not depend
functionally on these inputs. Thus myopic protocols include protocols in which
the i¢th player may only access the inputs f; with j < ¢ and, in addition, the
input f;11. For conservative protocols, the ith player has unrestricted access to
the inputs f; with j > 4, while the access to the inputs f; with j < i is severely
restricted. Note that a protocol can be conservative and myopic at the same time.
Although this is a very severe restriction, the currently best one-way protocol
for Jumpfl of Damm, Jukna, and Sgall [11] is both conservative and myopic.

2 Preliminaries

2.1 Notation

We use [n] as an abbreviation for the set {1,...,n}. Let P be a k-party one-
way protocol for J umpﬁ. If the inputs of P are drawn randomly with respect to
some probability distribution, then these inputs and the messages are random
variables FY,..., Fy and M,..., My_1, respectively. In this case let F denote
the set of the random variables {F7y,..., F;} and let M, denote the set of the
random variables {Mj, ..., M;}. Furthermore let F,:=F,0F;_10---0F}, hence
Jump® (Fy, ..., Fy) = Fr(1).

2.2 Tools from Information Theory

In this section some basic facts from information theory are summarized. Results
that are needed for an arbitrary number of random variables are only stated for
two variables. In most cases the extension to an arbitrary number of variables
follows immediately by induction. Most information theoretical facts that we
use are elementary. Nevertheless, we see this section merely as an agreement
on the notation of information theoretical results. For a proper introduction to
information theory we refer the reader to the book by Cover and Thomas [10].

Let X, Y, Z, and W be random variables with a finite range R. Then H(X) :=
> wer Prob(X = z)log(1/ Prob(X = z)) is called the entropy of X, H(X,Y) is
the entropy of the joint distribution of X and Y, and H(X | Y) := H(X,Y) —
H(Y) is called the conditional entropy of X given Y. The mutual information
between X and Y is defined as I(X;Y) := H(X) —H(X | Y') and the conditional
mutual information between X and Y given Z is I(X;Y | Z) := H(X | Z) —
HX Y, 2).

Let E denote an event, for example W = w. Then H(X | E) denotes the
entropy of X with respect to the conditional distribution of X given the event
E occurred. Conditioning on an event for conditional entropy, mutual informa-
tion and conditional mutual information is defined analogously. For example,
I(X;Y | Z,W=w) is the mutual information between X and Y given Z with
respect to the conditional distribution given the event W=w occurred.

Proofs of the following elementary properties of entropy and mutual informa-
tion can be found in most textbooks about information theory, for example [10].



Theorem 2. Let X, Y, Z, and W be random variables with finite range R.
Then

0 <H(X) <log|R| with H(X) = log|R| iff X is uniformly distributed.
H(X | Y) =, Prob(Y=y) H(X | Y=y).

I(X;Y | Z) = 5., Prob(Z=2) I(X;Y | Z=2).

I(X;Y | Z,W) = 3., cp Prob(W=w) I(X;Y | Z,W=w).

H(X,Y) < H(X) + H(Y) with equality iff X and Y are independent.
If X and Y are jointly independent of Z then H(X | Y, Z) = H(X]Y).
If X and Y are jointly independent of Z then I(X;Y | Z) =1(X;Y).
If f is a function with domain R then H(X, f(X)) = H(X).

0 RS G Codo ~

The following useful inequality can be proved easily using Jensen’s inequality.

Lemma 1. Letaq,...,a, € R and p : [n] — [0,1] be a probability distribution

on [n]. Then
Z,u(z) loga; < log (Z u(i)ai>
i—1 i—1

Fano’s inequality uses information theory to give bounds on the error of a pre-
dictor.

Theorem 3 (Fano’s inequality). Let X andY be random variables with range
Rx and Ry, let P : Ry— Rx be a function that predicts the value of X from
an observed value of Y, and let ¢ = Prob(P(Y) # X) be the prediction error.
Then

Hy(e) + < log(|Rx| — 1) > H(X | Y)

where Hy(e) = elog(1/e) + (1 — €)log(1/(1 — €)) denotes the binary entropy
function.

Note that Fano’s inequality implies 1 + elog(|Rx| — 1) > H(X | Y) since the
binary entropy function is bounded from above by 1.

2.3 Communication Complexity and Information Complexity

The multiparty communication game by Chandra, Furst, and Lipton [8] and
multiparty one-way protocols [1,13] have been described already in the intro-
duction. The following definition summarizes the introductory discussion.

Definition 2. In a k-party one-way protocol P with input variables x1, ..., Tk
the ith player sees all input variables except x;. Each player i € {1,...,k — 1}
sends a single message m; which may depend on the inputs seen by player i and
the messages my,...,m;_1 of the previous players. The kth player announces
the output P(x1,...,xy) of the protocol depending on the inputs seen by the kth
player and the messages my,...,Mk_1.

Let f(x1,...,2k) be a function on k variables and let p be a distribution on
the domain of f. The protocol P is called an e-error protocol for f with respect

to p, if Prob, (P(z1,...,xx) # f(x1,...,21)) < €.



The cost ¢(P) of the one-way k-party protocol P for f is the length of the
longest message sent by any of the players. The e-error one-way multiparty com-
munication complexity Cllhs(f) of the function f with respect to distribution p is
the minimum cost of an e-error one-way k-party protocol for f. We omit u, if i
1s the uniform distribution.

Note that our definition of the cost of a one-way protocol differs from the usual
definition from [8]. We define the cost of a protocol as the length of the longest
message sent by any of the players, while usually the worst case length of the
whole transcript of the communication is used. For k players these two cost
measures can differ at most by a factor of k.

We will impose an additional information theoretical restriction on one-way
protocols. In a myopic protocol with random inputs X1, ..., X the messages of
the players 1,...,7 — 2 must not reveal any information about Xj.

Definition 3. Let X1,..., X be the inputs and My, ..., My_1 be the messages
of a k-party one-way protocol P for f. Let X; = {X1,..., Xi—1, Xit1,---, Xk }-
Then P is called myopic, if

I(Xi;Ml,...,Mi_2|Xi):0 fO’f’ alllgzgk .

Let Ciﬁa(f) denote the minimum cost of a myopic e-error one-way k-party pro-
tocol for f w.r.t. p. We omit w, if p is the uniform distribution.

Note that for myopic protocols with independent inputs X7,..., X the input
X; is independent of the messages My, ..., M;_o, since

(X My, .., M2 | X)) =H(X; | X&) —H(X; | My,...,M;_2,X;)=0
and therefore
H(X;) =H(X; | &) =H(X, | My,..., M2, X;) .

The following lemma generalizes the information complexity approach of [7]
and [5] to multiparty protocols. There are several sensible definitions of infor-
mation complexity in the multiparty model. Therefore, instead of defining in-
formation complexity explicitly, we only state a lower bound on communication
complexity in terms of mutual information that is meaningful for our application
to myopic protocols.

Lemma 2. Let f be a function on k random variables Xi,..., X that are
jointly distributed with respect to the distribution p and let My, ..., Myg_1 be
the messages of a k-party one-way protocol P that computes f with error € with
respect to distribution p. Then the cost of P is bounded from below by

max  I(M; Xigq | Xipr, M)
1€[k—1]



Proof. Let |M;| denote the number of different values that the random variable
M can take. Clearly, the cost ¢(P) of P is bounded by max;e,_1j log |M;| and,
since conditioning reduces entropy, the definition of conditional mutual informa-
tion implies

P) > 1 ]\4z > HMz > I]\4“AX'z Xi 5 i— .
o(P) 2 max log|Mi[ > max H(M;)> max I +1 | Xigr, Mio1)

3 Main Result

3.1 Outline of the Proof

Consider the situation of the ith player in a myopic k-party protocol P for J umpr
with uniformly distributed inputs: The ith player knows the inputs F \ {F;},
and when it is his turn to send a message, he additionally knows the messages
My = {My,...,M;_1} of the previous players. Since P is myopic, F;;1 is
independent of the messages M;_1 and, in particular, F;11(1),..., F;+1(n) are
independent with respect to the conditional distribution given the first ¢ — 1
messages M,;_1.

We will show in Lemma 4 that under these circumstances the message M; can
not reveal much information about F;;1(1), if the conditional entropy of F;(1)
given F\{F;} and My, ..., M;_; is large and the conditional mutual information
between M; and F;y; given F \ {F;1} and My,..., M;_; is small. This claim
can be used inductively to prove a lower bound on the conditional entropy of
Fy(1) given F\ {F} and My,..., Mj_1, if the conditional mutual information
between M; and F;; is bounded appropriately from above for all i € [k — 1].

Intuitively, the last claim holds because the i¢th player needs to allocate the
information about F; i1 to F;11(1),...,Fiy1(n), since these variables are inde-
pendent, whereas only one of the variables, namely F;y1(F;(1)), contains infor-
mation about ﬁi+1(1). It is difficult for the ith player to predict the value of
F;(1), if the conditional entropy of Fy(1) given F \ {F;} and M, ..., M;_; is
large. Therefore he has to send a lot of useless information, if he wants to reveal
some information about F;1(F;(1)). The details of this argument are contained
in Lemma 3.

Finally, in Theorem 4 we will use Fano’s inequality and Lemma 4 to prove a
lower bound the cost of myopic protocols for Jump’fL.

3.2 Proof of the Main Result

First we will show that a random variable M must contain much information
about the n independent random variables X = (Xi,...,X,), if it contains
much information about a randomly chosen variable from this collection which
is chosen independently of X and M with respect to a distribution with large
entropy.



Lemma 3. Let X = (Xy,...,X,) be n independent random wvariables with
H(X,) < logn for all p, let Y and M be random variables such that X and
M are jointly independent of Y and let P be a function that maps Y to [n]. If
A=[I(X1,..., Xn; M | Y)/logn] < n/2 then

log(n — A)+1—-H(P(Y))

I(X M|Y)<
(Xp); M| Y) < log(n — A) —log A

logn

Proof. Clearly I(X;M | Y) = I(X; M) since X and M are jointly indepen-
dent of Y. Since the variables Xi,...,X,, are independent, H(X;,...,X,,) =
> p—1 H(X}), and obviously H(X,..., X, | M) < Zzzl H(X, | M). Therefore,
by using the definition of mutual information, it follows that

I(X1, . Xt M Y) =1(X0, ., Xy M) > 1(X5 M)

p=1

Furthermore I(Xpy); M | Y) = I(Xp(y); M | Y, P(Y)) since P(Y) is a function
of Y and I(Xpy); M | Y,P(Y) = p) = I(X,; M) since X and M are jointly
independent of Y. Therefore

I(Xpyy M |Y)=1(Xpry; M |Y,P(Y))

I
NE

Prob(P(Y) = p) - I(Xpy); M | Y, P(Y) = p)

3
Il
—

[
NE

Prob(P(Y) =p) - I(X,; M) .

I
-

p

Assume w.l.o.g. that Prob(P(Y)=1) > Prob(P(Y)=2) > --- > Prob(P(Y)=n).
Then the last sum is maximized, if I(X,; M) is large for small values of p. Since
[(X,; M) < H(X,) <logn and >>7  I(Xp; M) < I(Xy,..., X,; M) < A-logn,
we get an upper bound for the sum, if we assume that I(X,, M) = logn for
p < Aand I(X,, M) =0 for p > A. Let Z be a random variable such that Z =1
if PY) < Aand Z = 0if P(Y) > A. Then, using the upper bound described
above, we get
I(Xpyy; M |Y) <Prob(Z =1)-logn .

The value of Z is a function of P(Y). Hence H(P(Y)) = H(P(Y),Z) = H(Z) +
H(P(Y) | Z) and

H(P(Y) | 2) =H(P(Y)) - H(Z) = H(P(Y)) -1 .
On the other hand

H(P(Y)| Z)=Prob(Z=1)-HPY)| Z=1)
+(1—-Prob(Z=1))-HPY)|Z=0)
< Prob(Z =1) -log A+ (1 —Prob(Z =1)) -log(n — A)



where the last inequality is due to the fact, that under the condition Z = 1 the
values of P(Y) are from {1,..., A} while under the condition Z = 0 the values
of P(Y) are from {A+1,...,n}. By combining the two inequalities we get

Prob(Z = 1)[log(n — A) —log A] <log(n — A) +1 — H(P(Y))

and the using the premise A < n/2 < log(n — A) —log A > 0 we get

o log(n—A)+1- H(P(Y))
Prob(Z =1) < log(n — A) — log A

Finally, by substituting this bound into our estimate of I(Xp(yy; M | Y), we get
the claimed result

I(Xp(y); M | V) < Prob(Z =1) - logn
log(n — A)+1— H(P(Y))

<
- log(n — A) —log A

logn .

O

Now we will apply the last lemma to myopic one-way protocols for pointer jump-
ing.

Lemma 4. Let My,...,My_1 be the messages of a myopic k-player one-way
protocol P for Jumpﬁ with uniformly distributed inputs Fy, ..., F} such that the
cost of P satisfies [c(P)/logn] < n/2 and the messages of P satisfy

I(Fiyp; M; | F\{Fiz1}, Mi_1)/logn < C
for all i < k. Then

H(F;(1) | F\{F}, M;_1) > logn —i —ilog(C + 1)
for alli < k.

Proof. Clearly, by the definition of mutual information,

I(Fia(1); My | F\A{Fiz1}, Miq) =

H(Fip1 (1) [ F\NAF1 b, Mic) = H(EF (1) | FAA{Fi b, M)

Since P is myopic, the first term on the right side of the last equation is equal

to logn. Let B; := H(F;(1) | F\ {F;}, M;—1). Then we get

Bjp1 =logn — I(Fp1(1); My | FA\A{Fi4a}, Miq)

The message M; does only depend on F \ {F;} and M;_;. For fixed values of n
and k one can easily show that there is only a finite number of different messages.
Thus we can assume that M; € {0,1}™ for some fixed m and use the messages of
the protocol as an index of summation without worrying about convergence. For



fixed f and m let F;(f, m) denote the event that (Fy,...,F;_1,Fiyo,...,Fx) = f
and (My,...,M;_1) = m (note that both F; and F;;1 are not fixed). Then, by
using F;11(1) = F;41(F;(1)) and expanding the conditional mutual information,
we get

Biss = 3 Prob(Bi(f,m): [log n — L(Fyya (Fu(1)); M: | Fiy Eilf,m))]

Under the condition E;(f,m) the messages M, ..., M;_; and all inputs except
F; and F;, are fixed to constants. In this case ﬁ'l(l) is a function of Fj, since
F;(1) = Fy(F;_1(1)) and F,_; (1) is constant under the condition E;(f,m). Simi-
larly M; is a function of Fj; 1, the only variable seen by player ¢ that is not fixed
by the conditioning event. Furthermore, since P is myopic, F;;1 is independent of
M17 e 7]\41'_1 and ‘7:\{F’L+1} Thus H(Fi+1 ‘ Fi; Ei(f, m)) = H<Fi+1 | El(f, m))
implying that F;y; is independent of F; under the condition E;(f,m). Hence
under the condition E;(f,m) the random variables F;;; and M; are jointly
independent of F; and the random variables F;11(p) for p = 1,...,n are in-
dependent and satisfy H(F;+1(p) | Ei(f,m)) < logn. Clearly even under the
condition E;(f, m) the entropy of M; is bounded from above by the cost of P,
thus [I(F;41; M; | Fi, Ei(f,m))/logn] < [¢(P)/logn] < n/2. Therefore we can
estimate S;(f,m) := logn — I(Fi41(Fi(1)); M; | Fi, E;(f,m)) using Lemma 3
with X, = Fiy(p), Y = Fi, P(F)) = Fy(Fi_1(1)) = F;(1), M = M;, and

Aip1(f,m) := [W(Fiy1; M; | Fy, Ei(f,m))/logn] to get

Si(f;m) =logn — I(Fip1 (Fi(1)); M; | Fy, Ei(f,m))
log(n — Ait1(f,m)) +1 - H(E(Q) | Ei(f,m)

log(n — Ait1(f,m)) —log Ai1(f,m)
_ BB | Elfm) o dialfm) =1,

log(n — Ait1(f,m)) —log Aip1(f, m)

> H(Fi(1) | Bi(f,m)) —log Aira(f,m) —
For the last inequality we use that log(n — A;11(f,m)) —log A;+1(f, m) < logn.

From this estimate of S;(f, m) we get

Bij1 = ZProb m)) - Si(f,m)

> logn — ogn

> meb m)) - H(E,(1) | Ei(f,m))
- ZPYOb i(fym)) -log Aiya(f,m) —

Let T7 and T5 denote the first and second term of the right hand side in the last
inequality, respectively. Then

Ty = H(E;(1) | F\{F;, Fis1}, Mi—1) > B;



where the last inequality holds, because conditioning reduces entropy. We apply
Lemma 1 to the second term and get

T = ZProb(Ei(f, m)) -log A;r1(f,m)
fm

<log | > Prob(E;(f,m)) - Ai1(f,m)
fim

—log | 32 Prob(E,(f.m)) - [[(Fiss; M; | Fy, Ei(f,m))/ logn]
fs

<log [ Y Prob(E;(f,m)) - (I(Fit1; My | Fy, Ei(f,m))/logn + 1)
I8

= log (I(Fig1; Mi | F\ {Fiz1}, Mi_1)/logn + 1)
< log(C+1) .

Thus Bi41 > Th —To — 1 > B; —log(C + 1) — 1 and the claim of the Theorem
is implied by this recurrence relation and the base case B; = logn. ad

The main result follows from the last lemma by a simple application of Fano’s
inequality.

Theorem 4. C™(Jump?) > (2= (+1/k)p(=e)/k _ 9)logn.

Proof. Let P be a myopic e-error protocol for Jumpfl, let Fi,...,Fy be the
random inputs of Jumpfl, and let My, ..., My_1 be the messages of P for this

input. The kth player uses Fi,..., Fr_1 and My,..., Mj_1 to predict the value
of Jumpr(Fl, ...y, Fr) = Fi(1) with error €, thus, by Fano’s inequality,

1+elogn > H(Fy(1) | F\ {Fi}, My_1) .

Recall that ¢(P) denotes the cost of P and let C' := [¢(P)/logn]. If C > n/2
then the claim of the Theorem holds for k& > 2 and sufficiently large n. If C' < n/2
then, by Lemma 2, [I(Fyy1; M; | F\{Fi+1}, M;i—1)/logn] < Cforalli € [k—1],
and consequently, by Lemma 4,

H(Fy,(1) | F\{Fr}, My_1) > logn — k — klog(C' + 1) .
Combining these inequalities yields 1 + elogn > logn — k — klog(C 4 1) which

implies C' > n(1=4)/k /2141/k _ 1 The claim of the theorem follows immediately
from the last inequality. O
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