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Abstract

In this paper, we introduce the notion of a constrained Mimiid sum which for two
(finite) point-set, Q C R? and a set ok inequalitiesAx > b is defined as the point-set
(P®Q)axh = {X=p+q| peP geQ,Ax = b}. We show that typical interval problems
from computational biology can be solved by computing asetaining the vertices of the
convex hull of an appropriately constrained Minkowski siife provide an algorithm for
computing such a set with running tindN logN), whereN = |P| + |Q| if kis fixed. For
the special casgP © Q)y, g, WhereP andQ consist of points with integeq -coordinates
whose absolute values are boundedjiX), we even achieve a linear running ti®eN ).
We thereby obtain a linear running time for many intervalpeons from the literature and
improve upon the best known running times for some of thene. mhin advantage of the
presented approach is that it provides a general framewihinwvhich a broad variety
of interval problems can be modeled and solved.

1 Introduction

The Minkowski sum of two (finite) point-sets® C R? andQ C R? is defined a® ® Q= {p+
g| p€ P,qe Q}. Minkowski sums are a fundamental concept in algorithmiongetry, in
particular in robot motion plannin@ 12, 13,115] 18] and plaent problem$]1] 6]. The convex
hull of P& Q can be computed in linear time]13] if the pointsRrandQ are sorted w.r.t. the
value of some given linear function, for example the valuéhefr x;-coordinate. The convex
hull of P& Q has at mosN = |P| + |Q| vertices.
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In this paper, we introduce the notion ofcanstrained Minkowski sum. For a matrix
A € R¥2 and a vectob € RX, the constrained Minkowski sum (P @ Q)axsb is defined as the
point-set
(POQ)axcb={x€P®Q|Ax > b}.

Fork = 1, the systemAx > b consists of one linear inequali’ x > B and we write(P @
Q)arx=p- We call a constraina”x > 3 linearly sortable if each|a"p|, pe Pand|a’q|, g € Q
is an integer bounded BY(N).

Our motivation for studying constrained Minkowski sums esnfrom a very practical
application. A large class of interval problems from congpioihal biology can be solved by
maximizing a quasiconvex function over the points of a camséd Minkowski sum. Recall
that a functionf : D — R is calledquasiconvex if for all points s;,s, € D and allA € [0,1], one
hasf(A-s;+(1—-A)-s) <max{f(sy), f(s)}, whereD C R? is a nonempty convex set. The
function is quasiconvex if and only if its domaih and all of itssublevel sets §; = {s€ D |
f(s) < a}, a € Rare convex, see, e.¢l [5]. RC R? s a finite set of points, then a quasiconvex
function f attains its maximum oveR on one of the vertices of thenvex hull conv(R) of R.

Contributions of this paper

Our main result is an algorithm which computes aRet (P ® Q)ax=b containing all vertices

of conv((P @ Q)ax=b) in time O(NlogN) if the number of constraints is fixed. If the number
of constraints i, then this algorithm runs in tim®(klogk + k- NlogN). This shows that

a quasiconvex function which can be evaluated in constarg an be maximized ovéP &
Q)ax=b intime O(k-logk+k-NlogN). As a consequence we obtain for many interval problems
from the literature linear time algorithms and improve uploa best known running times for
some of them. These results are achieved via the followiggsst

i) First, we show that the number of vertices of the convex bl Minkowski sum with
one constraint is linear. In fact, we provide a tight bound.

i) This result is exploited to derive a linear-time algbrit which outputs a sd® containing
all the vertices of P© Q) a1y g if the points ofP andQ are sorted w.r.t. the linear function
T
a'x.

iif) Next we describe a divide and conquer algorithm whicmpaoites a seR C (P @ Q) ax=b
containing all vertices of cor((P & Q)ax=b) in time O(NlogN) if Ax > b consists of two
constraints.

iv) If Ax > b describes a triangle, we show how to reduce the computafiarsoch a seR
to the case described [l iii) which implies the main resultdgngulation of the convex
polygon described by the systefs > b.

We close this section by arguing why our result for a fixed nerdd constraints is optimal in
the algebraic decision-tree model. Ben-Or[[B] showed that thset-digointness problem has a
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lower bound ofQ(nlogn) in this model of computation. Set disjointness is defined#s\fs.
Given two setsA = {a;,...,an} C R andB = {by,...,b,} C R, one has to decide whether
ANB =0 holds. Set-disjointness can be reduced to the problemagimizing a quasiconvex,
even linear, function over a constrained Minkowski sum medr time as follows. Construct
the point-set$® = {(0,—a) | a€ A} andQ = {(0,b) | b € B}. The point(0,0) is contained in
P® Qif and only if AandB are not disjoint. Thus the maximum of the objective functiexp
over the constrained Minkowski sufR & Q)yx,>o is equal to 0 if and only ifA andB are not
disjoint. We therefore have the following theorem.

Theorem 1. The problem of maximizing a quasiconvex objective functioover the con-
strained Minkowski sunfP @ Q)ax=b requires timeQ(NlogN) in the algebraic decision tree
model even iff is a linear function anéx > b consists of only one constraint.

2 Interval problemsfrom computational biology

Numerous interval problems that arise in computationdblgip can be formulated in the fol-
lowing abstract form.

Given an array, . .., a, of real numbers and an objective functibhcompute an
interval [i, j] such that the intervad;, a1, ...,a; satisfies some given constraints
and maximized.

Often, the functiorf = f(¢,s) depends on the sus=a; + - - - +a; of the interval and its length,
¢ =j—i+1. Here are just a few examples from the literature which @ this framework.

a) The maximum-sum segment problem [L0]: Given L andU, find an interval with length
betweerlL andU such that its sum is as large as possible.

b) Themaximum-density segment problem [[L1]]: In addition to the array, weights, ..., w, >
0 and bounds.,U are given. Among all intervalg, j] with weightL <w;+---+w; <U,
find one with the largest densitg; + --- +a;) /(W +--- +w;).

c) Thelongest biased interval [2]: Given a bias 0< b < 1, find an intervali, j| which has an
average(a +---+aj)/(j —i+1) > b and which is as long as possible. Allisdi [2] uses
this problem in the context of “preferred characters”, vehere additionally have tha <
{0,1}, as one can usg as an indicator for whether a character in the array is “pret
or not.

d) Thelength-constrained heaviest segments [[L6]: Given a bound., find an intervalli, j| with
length at least. which has maximum averade; +---+a;)/(j —i+1). Thisis in fact a
special case of problem b). (Set@ajl=1 andU =n.)

e) DNA copy number data analysis [L7]: Here, the objective is to find an interv@ j] such
that|a; +---+aj|/y/] — i+ 1is as large as possible. Problem e) also has an application i
statistics, see the multiresolution criteria probleniip [Please note that originally, Lipson
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et al. [17] consider the valugy; + --- +a;)/+/] — 1+ 1 without the absolute valuie |, but
this poses no problem for the application, as pointed oldlin [

We now show that these problems can be solved by maximizingsicpnvex function over the
points of a constrained Minkowski sum. An interyalj] has lengtt/(i, j) = j —i+1 and sum
s(i,j) =a+---+a;. Ifwe map each interval, j] to the two-dimensional poir{t(i, j),s(i, j)),
we obtain a point-seZ. Problente), e.g., now is the problem of maximizing the quasiex
function f (¢,s) = |g|/v/¢ overZ.

It remains to describe how the point-séttan be seen as a constrained Minkowski sum.
For 1< i, j < n, define the pointp; = (j,ar+---+a;) andq = (—i+1,—(ar+--- +ai_1)).
Fori < j, we then havepj +q = (j —i+1,a+---+4;j), i.e., the first coordinate gb; + g
corresponds to the length of the interyalj] and the second corresponds to the sum of the
interval. Ifi > j, then the sunp; + ¢ does not correspond to an interval in the same way.

Now letP = {p1,...,pn},Q = {01,...,0n}. The constrained Minkowski suiii® & Q)x,>1
contains all the points to which intervals of the array argopeal to. The constraing > 1
guarantees that we omit the meaningless intervals withtivegar zero length. If in fact the
interval problem requires that only intervals of lengthesdt, sayl. be considered, then we
can replace the constraint by > L. Thus problenme) can be understood as maximizing the
quasiconvex functiorf (x;,xz) = [X2|//X1 over (P® Q)x,>1.

Instead of evaluatind on all points of(P& Q)x,>1, we first apply an algorithm for comput-
ing a point-seR C (P& Q)x,>1 Which contains all vertices of the convex hull of the coristd
Minkowski sum. We then evaluatt on the points olR and choose a point with maximum
value. If evaluatingf on a point takes tim@®(1), which is a reasonable assumption, then the
time for evaluatingf onRis bounded by the running time for computiRg

In the case that additional constraints are needed, likedhstraint that we should only
consider intervals which have a length boundedUgywe can add the corresponding con-
straint likex; < U and compute the constrained Minkowski sum with two or morestraints.
Problemrn) for example is the problem of maximizifigxi,X2) = X2 under the constraints
L < x1 <U. For some problems, the modeling is immediate, for othetsa @recautions have
to be taken. A detailed modeling is given in the appendix f plaper.

The systemAx > b typically consists of either one constraint which is lingaortable or
is of the forma < a'x < B, where both constraints are linearly sortable. In the fiesteg
Theorenb below shows that the maximization problem can hedan linear time whereas
Theorenl¥ below shows linear running time in the second cAf&etherefore obtain the fol-
lowing corollary.

Coroallary 1. Problems a)-e) can be solved in tirdén).

In particular we improve upon the best known running time©@flogn) [#] and O(n?)
[2] for problems e) and c) respectively. More generally, \agenthe following.

Corollary 2. Letay,...,a, be an array of numbers, Ié{¢,s) be a quasiconvex function and
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L,U natural numbers. The problem of finding an intefaj] whose valuef (((i, j),s(i, j)) is
maximum among all intervals whose length satisfies ¢(i, j) < U can be solved in linear
time O(n). If additionally, a fixed number of linear constraints érands are given that the
interval has to satisfy, then the problem can be solved ie @imlogn).

3 Minkowski sumswith one constraint

Before we inspect Minkowski sums with one constraint, we fiesse to recall a well known
fact about unconstrained Minkowski sums, see, Elg. [8].

Theorem 2. LetP andQ be finite point-sets in the plane andZet conv(P® Q) be the convex
hull of the Minkowski sum oP andQ. Then the sequence of verticesZoin clockwise order
can be written as

Piy + Qjys - - -, P + 1)

where each appearance of eachnd eachy in () is consecutive. In other words, pfc P
appears in a sum dil(1) then there exists an irfgleand an integepi, such that all appearances
of p are in the positiongy, {p+1, ...,y + Uy in ), where all these integers are taken modulo
k. Similarly, if q € Q appears in a sum ifd(1) then there exists an indeand an integefi
such that all appearancesaére in the positiongy, (q+1,...,0q+ HUq in @), where all these
integers are taken moduko

P3+ a2

P3 92

P4+03

Pa+0s4

P4+ 05

Pa+0a

Figure 1: An illustration of Theorefd 2. The poipt for example appears more than once in
the convex hull of the Minkowski sum. These appearancesaweVer consecutive. Similarly,
the pointqg; appears four times consecutively.

How can one compute such a sequence as it is described iner@6Y First, one computes
the clockwise order of the vertices of the convex hulPaindQ individually. Let p; andq be
the leftmost vertices d? andQ respectively. The sequence is initiated witht ;. Let p+q
be the most recent element in the sequence and &tdq be the successors pfandqin the
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clockwise order of the vertices of cofR) and conyQ) respectively. If the polygonal curve
defined byp+q,p+d,p + d turns to the right, one choosest  as the next point in the
sequence. Otherwise, the next poinpis- .

TheorenTR implies that the number of vertices of qéh® Q) is bounded byP| + |Q].
We want to find an efficient algorithm which computes aReontaining all the vertices of
Z =conv((P& Q),ry=p)- Clearly this depends on the number of verticeZ oHow large is
this number? It turns out that we can answer this questiootkyxa

3.1 A tight bound on the number of vertices

X -axis

'
M ——— . ——— e —— —

Figure 2: A lower bound construction for the number of vexsic

We begin with a lower bound. The left part of Figlide 2 showsph#g of the unit circle
in which the first coordinate; is nonnegative. This half-circle is closed with the line seg
ment from(0,—1) to (0,1). In addition, for some small number> 0, we have sketched the
constraintx; > —¢ by a line which is located to the left of the half-circle. Nowr the line
segment of the half-circle a little bit outside, such tha&t tesult is a curve which, from bottom
to top, turns to the right and is symmetric aroundxh@xis. Place distinct pointgy, ..., pyon
the upper half of the half-circle. Place the poipis. .., p,, on the lower part of the half-circle
such thatp; and p{ are symmetric around thq-axis. For each of the points and p/, there
exists a vector; which is parallel to the;-axis such thap; + g andp{ + g; are on the curve
closing the half-circle.

Finally, letP = {p1,..., Pn, Py,---, Ph} @andQ = {0, . ..,0n}. Then con (P& Q)y,>—¢)
has the verticeBU{p1+0, ..., Pn+0n, P1+ 01, - - ., Ph+0n}. This shows that cor{P @ Q)x,>—¢)
can haveP| +2- |Q| — 2 vertices. This proves the following theorem.

Theorem 3. For eachn € N there exist point-set® andQ with |P| > n and|Q| > n and a
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constrain™x > 3 such that the number of vertices @ ® Q) 1 is at least
min{2-[P|+[Q),[P|+2-|Q[} -2

Next, we now show that this lower bound is tight. Without lo§generality we can assume
that the constraina’x > 3 is x; > 0. Now letP = {p1,...,pn} andQ = {q,...,qm} Where
the p; andg; are sorted nondecreasingly according to theicoordinates. Fore {1,...,n}
the numbed(i) denotes the first index such that+- gy is a valid point. Clearly one has

(P® Q)X1>0 = U ({pi>"'7 pn}@{QJ(i)a-'->Qm}) : (2)
i=1

Theorem 4. The polygorZ = conv((P® Q)x,>0) has at mosnin{2-|P|+|Q|,|P|+2-|Q|} —2
vertices.

p1+
PL+0; 1

P1+ Q1)

P1+0; »
p1+0;

Figure 3: An illustration of the proof of Theordrh 4.

Proof. For symmetry reasons it is enough to show thaias at most 2|P| + |Q| — 2 vertices.
Clearly, this holds, ifh = 1, since thenZ has at mos}Q| vertices.
Forn > 1, we argue by induction. Consider the Minkowski sum

M= {plw--apn}@{%(l)»---ﬂm}-

Let p1 +0j,..., p1+dj, be the vertices involving, from the clockwise-order representation
of conv(M) as in Theorerfil2, see Figutk 3. Letoe the seK = {q;,...,q;,_;}. The vertex-
representation of coriiv) does not contain a pa; + q for i > 2 andq € K, since the appear-
ance of such g € K then would not be consecutive. Thus, the convex huMdé the convex

hull of the point-set
({piy@{dr,---ait) U ({2 P} @ ({aya)s-- - Om} \K)) - ®)
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Now (P -+ Q)y, >0 is equal to

MU ({ P2,..., pn} D {q17 s 7qJ(1)—1})X120'

Therefore(P+ Q)y, >0 is the convex hull of the union of the three sets

{pl}@{qian} U {p27---apn}@({QJ(l)a---7Qm}\K)
U ({p27 RES) pn} D {q17 oo an(l)fl})X:L}O'

Every point in the second set above is valid. This shows that

(P+Q)xz0=({pi} & {ar,-...au U P2, P} & Q\K)y - (4)

The polygon con({ p1} ©{qy, . .-,q; }) has|K|+2 vertices, whereas, by induction, the convex
hull of ({pz,..., pn} © Q\K)y, -0 has at most 2(|P| — 1) + |Q| — [K| — 2 vertices. This proves
the claim. O

Remark 1. Notice that we can augment the 8ein the proof above with the convexly depen-
dent points 0fQy),...,0m}. LetD C {dya1),.--,0m} denote the subset of points which are
not vertices okonv({dy(y),---,Gm}. Each occurrence dof in the proof above, starting from
equation(@), can be replaced B¢ UD. This means that we have the following strengthening

of @)
(P+Q)xz0=({pr}&{dy,....duHU{P2---, P} ®Q\ (KUD)), 0.

We need this in the following linear time algorithm to compuat superset of the vertices of

3.2 Alinear timealgorithm

The proof of Theorerfll4 also suggests an algorithm to compaetRC (P @ Q)x, >0 containing
all vertices ofZ = conv((P& Q)y,>0) in linear time, if the points are sorted nondecreasingly
according to theix;-values.

In fact, the seK from the proof can be computed in tin@|K|) if the convex hull of
{Q);---,Gm} and the two neighbors gb; on the convex hull of{ py,...,pn} are known.
This works as follows. Lef, and p, be the neighboring vertices qf; in clockwise and
counterclockwise direction of cofWps,...,pn}), see Figuréld. Assume for simplicity that
all x;-values of points irP and Q respectively are different. The poing ) is a vertex of
conv({Qy(y),---,0m}) and py is a vertex of cony{py,...,pn}). In fact those points are the
unique leftmost vertices respectively. With these poibtsaad, the pointsf, ..., d; can easily
be computed in tim®(k) by following the neighbors ofj; 1) clockwise along the convex hull
of {Qy(1),---,Gm} until the slope on the upper hull is less than the slope of itteedegment
p1, pr and counterclockwise until the slope on the lower hull is entiran the slope of the
line-segmenpy, p;.



Pr

Ay(a)

Figure 4: Computing the s¢p; +dj,..., p1+ ).

We are now ready to describe the complete algorithm, whicltallecCONSTRM INKOW -
SKI, to compute a supersBtof the vertices of P& Q)x,>0. With the Graham scan algorithm
(from right to left) for convex hulls[]8] we compute for eachipt p; its two neighbors on the
convex hull of{p;,..., pn}. The seRis initialized with the empty set.

The algorithm now proceeds recursively. If the Betontains only one point, then we
compute(P & Q)0 directly.

Else, we compute the convex hull §f),...,0m} € Q with the incremental Graham
scan algorithm from right to left. Then, we compute the poufit,...,q;. We store each
point of {p1} @® {q,...,q;} in Rand delete each point i = {q’é,...,qul} from Q. Us-
ing the notation of Remarkl 1, recall that the Graham scantefelhe convexly dependent
pointsD of {qyy),...,0dm}. We connectj; andgj, to obtain the convex hull representation of
{31+ am} \ (KUD).

With the thereby updated s&:= Q\ ((KuUD), we recursively compute a superset of the
vertices of({p,..., pn} ® Q)x,>0 and add these points R

Theorem 5. The above described algorithBONSTRMINKOWSKI correctly computes a s&
containing all the vertices @P & Q)x,>o in linear time, provided that the pointshandQ are
sorted according to thei -value.

Proof. Correctness follows from Theordth 4 and Renfdrk 1. The totaling time for convex
hull computations on the set of points@is bounded byO(|Q|). This is because the convex-
hull representation ofdy(),...,0m} after the deletion of the points iK and the deletion of
convexly dependent points gfjy),...,0m} can be repaired in constant time by connecting
d; with gj,. Notice that the deletion of the convexly dependent pomitsone by the Graham
scan anyway. The succeeding convex hulls of poin® tan be computed by continuing the
Graham scan. Thus the time which is required by the GrahamisaatotalO(m). This shows
the claim.
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4 Minkowski sumswith morethan one constraint

In this section, we show how to compute a Be€ (P @ Q)ax=p containing the vertices of
conv(P@ Q)ax=b in time O(NlogN) if the number of constraints iAx > biis fixed. If the num-
berk of constraints is not fixed, our algorithm has a running tirh®k-logk+k- (NlogN)).

First, we present an algorithm for the case of two conssainthen we consider the
case with three constraints, i.e., where the convex polygen {x € R? | Ax > b} is a tri-
angle. We then show how to reduce the computation of &Rsatntaining the vertices of
conv((P@Q)NT) to a sequence of a fixed number of Minkowski sum computatiditistwo
constraints. Finally, for larget, we triangulate the polygod = {x € R? | Ax > b} into k tri-
angles, compute sei,i = 1, ...,k containing the vertices of the constrained Minkowski sums
yielded by these triangles and then return the union oRhe

4.1 Minkowski sumswith two constraints

Consider the constrained Minkowski sUfA® Q)ax=b = {X | x € P& Q,Ax > b}, whereAx > b
consists of two linear inequalities x > by andalx > by.
First, we sortP andQ w.r.t. increasing values af] x anda}x. This can be done in time
O(NlogN). After this preprocessing, any sub&t- P andQ’ C Q can be sorted in tim&(N).
Consider the first inequalitg] x > by. By translation, we can assume timt= 0. For a
giveny € R, define sets

R ={pePlajp< -V},

P.={pePlajp=—V},
and

Pr={pePlajp>—y}.

Likewise, defineQ|, Q_, Qg according to whethea[ q < y, a]q =y, ora’q > y. The number
y can be chosen in such a way thgt| + |Qgr| < [n/2] and|Pr| + |QL| < [n/2] and this can
also be done in tim®(|P| + |Q|) by starting with a large and decreasing it in a plane-sweep
manner.

Observe that the points B & (QLUQ-) and in(R.UP-) & Q, do not satisfy the inequality
al x> 0 and hence do not satisfy the syst@m> b. On the other hand, every point {FrU
P_) ® (QrUQ-) satisfiesal x > 0, but it might or might not satisf@}x > b,. This constraint
still needs to be checked.

For the remaining points, evékx > b has to be checked. We have shown that the following
formula holds:

(P& Qach =((RLUPRUP) & (QLUQRUQS))
=(AL®Qr)acb U (Pr®QL)axb
U ((FRRUP-) @ (QRUQ-)) -
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Algorithm: CONSTRMINKOWSKI; (P,Q,Ax > b)
Input: Point-setd, Q C R? and 2 linear constraints given By > b.
The first constraint ig] x > by, the other constraint ig} x > b,.
Output: A set of pointsR C (P @ Q) ax=b Which contains all
vertices of cony(P® Q)ax=b)-
(1) Use translation oR andQ to obtainb; = 0.

(2) Sort the set® andQ in increasing order w.r.&] x as well asa] x.
(3) if (IP| +|Q| < 2) then
4) add each point iiP ® Q) ax=b to R.
(5) ese
(6) Determiney € R such thatPg| + |QL| < [n/2] and|R |+ |Qr| < [n/2].
(7 The following calls add points to the global $et
(8) CONSTRMINKOWSKI2(Pr,Q,AX > b)
9 CONSTRMINKOWSKI2 (P, Qr,AX > b)
(10) CONSTRMINKOWSKI (PRUP-,QrUQ_,a} X > bp)

Figure 5: Algorithm for computing the Minkowski sum with tveonstraints.

It leads to the following recursive algorithmaB®ISTRMINKOWSKI, (Figurel®) fork = 2.

The algorithm uses global arrayR of points to which the recursive calls add points. When
the algorithm terminateR contains all vertices of corfiP ® Q)ax=p). We setR= 0 in the
beginning.

Theorem 6. Algorithm CONSTRMINKOWSKI, (Figure[d) computes a set of poirRsC (P @
Q)ax=b Which contains all vertices of cofiP © Q) ax=b)- Its running time i©O(NlogN), where
N = |P| +|Q|. The convex hull of a constrained Minkowski sum with two doaits has
O(NlogN) vertices.

Proof. Let T (n) be the running time of the algorithm excluding the time reegiito sortP and
Q w.r.t. a] x anda} x for the first time. Notice that the sorting in the recursiom ¢e done
in time O(N). Likewise step[(20) requires tin@(N), by Theoren5. Neglecting floors and
ceilings, we obtain the following recursion

T(N) <2-T(N/2)+O(N).
This shows the claim. O

We obtain the following corollary.
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Corollary 3. LetAx > b be a system of two constraints. The convex hullRf Q)ax=p can be
computed in timé(Nlog?N) in general and in tim®(NlogN) if one of the two constraints
is linearly sortable.

Two parallel constraints

If the two constraints from above are of the foafhx > L anda’x < U, then we can obtain a
running time ofO(N) if the constraints are linearly sortable or the $¢&ndQ are pre-sorted,
as we describe now. This is particularly the case if the caimgs in the interval problems of
Section® are bounding the length of the interval from abowe lzelow. Together with this
extra trick, we obtain linear running times for all listedenval problems.

Suppose without loss of generality that the constraintd. atex; andx; < U. The parallel
constraints form aertical strip with awidth of w=U — L > 0. We will show how to split the
point-setsP andQ, such that we obtain a number of Minkowski problems with aoig con-
straint. The main idea is as follows: Split all points®andQ into disjoint subset$’, ..., P,
andQs,...,Qy, such that each subset is contained in a vertical strip afhwig4.

Now consideR © Q;. It follows, that the resulting points are contained in aticet strip
of width w/2. Since the distance betwekrandU is w, we can conclude that at most one
constraint or U is located in this vertical strip of widttv/2, or the strip is either completely
inside or outside of. < x; < U, and therefore we obtain a Minkowski problem with one or
zero constraints. We do not know the number v of subsets oP andQ, but one subse®@
can only be combined with six subsets@fsince the subsets are disjoint and all other possible
Minkowski sums contain points that violate< x; or x; < U. We thus have the following
theorem.

Theorem 7. Suppose that the points BnandQ are sorted w.r.a" x. Then one can compute a
set containing the vertices 0bnv((P & Q) <atx<p) in linear time.

4.2 Minkowski sumswith an arbitrary number of constraints

Suppose now that the systeft > b contains an arbitrary numbérof constraints. First, we
compute the vertex representation of the polygba: {x € R? | Ax > b} and then triangulate
U into at mostk — 2 triangles. (By adding constraints, if necessary, we canras that) is
bounded.) We thus reduce the problem of computing a supefrtle¢ vertices of the convex
hull of (P® Q)ax=b to the computation ok such supersets for triangles in tird¢k - logk).

Let the triangleT be given byT = {x € R? | a'x < by,i = 1,2,3}. In the following we
explain how to reduce the computation of c¢f®® Q) N T) to the constrained Minkowski
sum computation with two constraints.

Suppose that each edge of the triangle contains a poiRtd@0, see Figurdl6. In this
case, each vertex of coffP Q)N T) is a vertex of cony(P & Q) NC;), whereC; is the cone
Ci = {xeR?|a'x< b,a ;x < bi;1}, where indices are taken modulo 3. Therefore we only
need to show how to transforminto a triangleT’ such that the following two conditions hold.
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Figure 6: Each edge contains a point Bfb Q)

a) (PeQ) NT' = (PEBQ) NnT.
b) Each edge of’ contains a point ofP & Q).

Consider the con€; = {x € R? | al x < by,al x < by}, see Figur€l7.a). Now compute a Bet
which contains all the vertices ¢P ¢ Q) NC;. Let x be the vertex of the triangle defined by
the constraint®] x < by andalx < bs. Now we can determine in time linear Rthe point

r € RNT which is first hit, if we rotate the constraiai{x < by aroundx in such a way that
the vertex ofT defined bya] x = b; andalx = by is invalid, see FigurEl7.b). Clearly, we can
replace the constrairg] x < by by its rotated variant and thereby obtain a trianglevhich
satisfiesT N (P® Q) = TN (P® Q). The edge defined by the new constraint contains a point
of P& Q.

By repeating this operation above for each edg& efe can thus construct a trianglé
wihich satisfiegga) and b). Together with Theorddm 6 this shihaswe can compute a sBt
which contains all the vertices of coff? & Q) N T) in time O(NlogN). Summarizing, we
obtain the following theorem.

X
f
(a) An edge ofT does not con- (b) The replacement of the edge
tain a point of(P& Q) resulting in a new trianglé.

Figure 7: Reducing to two constraints whed T.

Theorem 8. Given a set ok linear inequalitiesAx > b and point-set®,Q C R?, one can
compute a seR C (P® Q)ax=p containing all vertices ofonV((P @ Q)ax=pb) in time O(K -

13



logk+k-NlogN), with N = |P|+ |Q|. The number of vertices is bounded ®yk- NlogN).

Final remarks

We close with some open problems. It is an interesting questinether the running time for
2 constraints can be further improved to linear time if alstoaints are linearly sortable.

An interesting structural question is how many verticesv€@® Q)ax=b) can have if
k> 2. We only have the boun®(k- NlogN) which follows from our divide-and-conquer
algorithm and triangulation. However, we suspect that iisot an exact bound. A related
question is the following. IBis an arbitrary subset ¢ ® Q, how many vertices can co(f)
have? This question was also considered by Halman dial. BE#fnbrand et al[]9] have
shown that any subs&C P @ Q has at mosO(N*/3) vertices.
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Appendix: Modeling theinterval problems

In this section, we show in more detail how the interval peotd can be modeled.

a) This is the problem of maximizing the quasiconvex funttf@/,s) = s under the con-

b)

straintsL < ¢ < U. These two constraints are linearly sortable, the comdtrai> 1 is
replaced byx; > L, hence our algorithm gives a running tir@¢n) (Theorenl) which
matches the running tim@(n) in [10].

To model this problem, we proceed as follows: Since theaibje function does not
depend orY but on the weights instead, we have to use a different mappitigh sets

Pj = (Wi 4+ +Wj,a+---+a;) andg = (— (W +---+Wi_1),— (8 +---+a_1)). Since

all weightsw; are positive, we can discard intervals with negative or ength by the
constrainty > Wmin, Wherewmin = min{w; | i = 1,...,n}. In order to discard intervals
with a weight which is too small, we use the constraint ¢, wherec = max{Wmjn,L}.

We then compute the constrained Minkowski s(fps,...,pn} @ {ql,...,Qn})chlgu

and maximize the quasiconvex functidé(x,y) = y/x. Notice that since the weights are
all positive the numbena; + ... +w; are sorted and therefore the running time we obtain
is O(n) (Theorenfl) which matches11].

The functionf (¢,s) = ¢ is quasiconvex, the linear constraintsiz b- /. The biasb is a
constant, sap = by /b, for natural numberb; andb,. Then, the constraint is equivalent
toby-s—by-¢ > 0. In the applications counts the number of “preferred” characters, i.e.,
s€{0,...,n}. The set$ andQ used to model that problem thus have integer coordinates
with absolute value®(n). by-s— b - £ is linearly sortable, as its absolute values are also
bounded byO(n). This means that the problem is solved by maximizig,s) = ¢
under the constrairtl, - s— by - £ > 0. The constraink; > 1 in the Minkowski sum can

be omitted, since we are maximizidig When the array contains at least one preferred
character (the other case is trivial), then the maxinfusrat least 1 and it does not matter
that we are allowing intervals of zero or negative lengthr orst-case) running time
for this problem thus i©(n), improving upon the (worst-case) trivial running tid¢n?)

in [2].
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d)

This is the problem of maximizing the quasiconvex funeti¢,s) = s/¢ under the
constraint that > L. We can model the problem as a constrained Minkowski sum with
only one constraink; > L (replacingx; > 1). SinceP andQ havex;-coordinates which
are integers with absolute valu€gn), the constraint is linearly sortable, and we obtain
a linear time algorithm for the problem. This improves upoa tesult from[[15] where
the running time i©Q(nlogL), but only equals the running tin@(n) which results from

the algorithm for the more general problem b)[inl[10].

Here one wants to maximize the quasiconvex funcfiohs) = |s|/+/¢ without extra
constraint. Our algorithm yields running tin@(n), improving the results from[4],
where unconstrained Minkowski sums were used to obtain &{nlogn) bound. We
could now even generalize problem e) by allowing extra patarsL andU. The task
would be to find an interval with length at ledstand at most such thatf (¢,s) is as
large as possible. We obtain a running timedgh) for this generalized problem.
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