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m Bryant (1985): Ordered Binary
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log|V|=neN

Characteristic Boolean function xg: {0,1}2" — {0,1} is defined by

Xe(x,y)=1:< (V|X|, V|y|) €EE .

OBDD-size of xg?
m For any f on n vars.: OBDD-size (f) < (2+ 0(1))2"/n
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Consider digraph G = (V, E) with nodes vo, ..., vy|_1,
log|V|=neN

Characteristic Boolean function xg: {0,1}2" — {0,1} is defined by

Xe(x,y)=1:< (V|X|, V|y|) €EE .

OBDD-size of xg?
m For any f on n vars.: OBDD-size (f) < (2+ 0(1))2"/n
m = OBDD-size (xg) = O(|V|?/ log | V)
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Graphs of Boolean Functions

Consider m functions f = (fy, ..., fm—1) with f;: {0,1}" — {0,1}.
The graph of f called ~GRAPH is defined by

m—1
f-GRAPH(Xg, - . ., Xn—1, Y05 - - -, Ym—1) := /\ [fi(x) = yi]
i=0

m Fundamental functions with exp. OBDD-size:
m Middle Bit of Multiplication, Indirect Storage Access,
Hidden Weighted Bit

m Do exp. lower bounds carry over to graphs of functions?

Not in general! But for MUL, ISA, and HWB.
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defined by

MUL, i(x,y) = (Ix] - [yl)i
for x,y € {0,1}".
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Integer Multiplication

Definition
The Integer Multiplication function MUL,;: {0,1}?" — {0,1} is
defined by

MULyi(x,y) = (Ix| - [y])i

for x,y € {0,1}".

Theorem (Woelfel, 2001)
OBDD-size(MUL,, ,—1) > 2"/?/61.
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MUL-GRAPH,(x,y,z) = 1 := (x| - ly| = |2|)

for x,y € {0,1}" and z € {0,1}2".

Theorem (S., 2005)
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each variable at most k times has at least size 2"/2°"
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The Graph of Integer Multiplication

Definition

The Graph of Integer Multiplication
MUL-GRAPH,,: {0,1}*" — {0,1} is defined by

MUL-GRAPH,(x,y,z) = 1 := (x| - ly| = |2|)

for x,y € {0,1}" and z € {0,1}2".

Theorem (S., 2005)

Any m-oblivious BP for MUL-GRAPH,, whose sequence w contains
each variable at most k times has at least size 2"/2°"

= OBDD-size(MUL-GRAPH,) = 22(n).
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A Restricted Implicit APSP Algorithm

All-pairs shortest-paths in weighted digraph G = (V, E, ¢).
m Input: xc(x,y,d) =1 :& c(vix, vy) = |d]
m Output: xa(x,y,d) =1 A(V|X|, v|y|) = |d|

Algorithm A for ¢: E — Ny (S., 2004):

Robin Nunkesser, , and Philipp Woelfel New Results on the OBDD-Size of Graphs



A Restricted Implicit APSP Algorithm

A Trivial Unrestricted Implicit APSP Algorithm
Implicit Algorithm Analysis Construction of G,
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All-pairs shortest-paths in weighted digraph G = (V, E, ¢).
m Input: xc(x,y,d) =1 :& c(vix, vy) = |d]
m Output: xa(x,y,d) =1 A(V|X|, v|y|) = |d|

Algorithm A for ¢: E — Ny (S., 2004):

A computes x from xc in time O(log® (|V/| - c™®)) if both x,
Xxa have constant-width OBDD:s.
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A Restricted Implicit APSP Algorithm

All-pairs shortest-paths in weighted digraph G = (V, E, ¢).
m Input: xc(x,y,d) =1 :& c(vix, vy) = |d]
m Output: xa(x,y,d) =1 A(V|X|, v|y|) = |d|

Algorithm A for ¢: E — Ny (S., 2004):

A computes x from xc in time O(log® (|V/| - c™®)) if both x,
Xxa have constant-width OBDD:s.

Does this property hold for trivial unrestricted algorithms?
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Trivial algorithm B:
m Works for arbitrary c: E — Np.
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m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(xuz7d1) Si(zay7d2)

e e )
x z y for |d| = |di| + [d|
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Trivial algorithm B:
m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(xuz7d1) Si(zay7d2)
AV AVEA™ aVa U w Sis(x.. d)

X z y for |d| = |di| + ||

Analysis technique: Construct counterexample G, such that
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An Unrestricted Trivial Implicit APSP Algorithm

Trivial algorithm B:
m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(Xuz7d1) Si(zay7d2)
W Si+1(X7 Y, d)
X z y for |d| = |di| + |db]
Analysis technique: Construct counterexample G, such that
® Input x. and output xa have constant-width OBDDs,
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An Unrestricted Trivial Implicit APSP Algorithm

Trivial algorithm B:
m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(Xuz7d1) Si(zay7d2)
e o )
X z y for |d| = |di| + ||
Analysis technique: Construct counterexample G, such that
® Input x. and output xa have constant-width OBDDs,
m some Sj(x, y, d) contains MUL-GRAPH,,.
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An Unrestricted Trivial Implicit APSP Algorithm

Trivial algorithm B:
m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(Xuz7d1) Si(zay7d2)
e o )
X z y for |d| = |di| + ||
Analysis technique: Construct counterexample G, such that
® Input x. and output xa have constant-width OBDDs,
m some Sj(x, y, d) contains MUL-GRAPH,,.

= Algo. B needs time 254" O
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A Trivial Unrestricted Implicit APSP Algorithm
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An Unrestricted Trivial Implicit APSP Algorithm

Trivial algorithm B:
m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(Xuz7d1) Si(zay7d2)
e o )
X z y for |d| = |di| + ||
Analysis technique: Construct counterexample G, such that
® Input x. and output xa have constant-width OBDDs,
m some Sj(x, y, d) contains MUL-GRAPH,,.

= Algo. B needs time 22" = |v/|2(1) O
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A Restricted Implicit APSP Algorithm
A Trivial Unrestricted Implicit APSP Algorithm
Implicit Algorithm Analysis Construction of G,

An Unrestricted Trivial Implicit APSP Algorithm

Trivial algorithm B:
m Works for arbitrary c: E — Np.
m Considers paths lengths 20,21, ... 2/ . . 2fleglVIl:
Si(x,y,d) =1 < Shortest v),| — v|,|-path has cost |d| .

Si(Xuz7d1) Si(zay7d2)
e o )
X z y for |d| = |di| + ||
Analysis technique: Construct counterexample G, such that
® Input x. and output xa have constant-width OBDDs,
m some Sj(x, y, d) contains MUL-GRAPH,,.

= Algo. B needs time 2% = | V|V = w(log? (|V| - c™>)). O
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Construction of G,

m Union of graphs G,(i,/) sharing node s.

Example: G;(5,6)
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m Shortest s — t; j-path has weight 2" + .

Example: G;(5,6)

Robin Nunkesser, , and Philipp Woelfel New Results on the OBDD-Size of Graphs



A Restricted Implicit APSP Algorithm
A Trivial Unrestricted Implicit APSP Algorithm
Implicit Algorithm Analysis Construction of G,

Construction of G,

m Union of graphs G,(i,/) sharing node s.
m Paths (s,...,t;;) of 2" edges, bridged by shortcut edges.
m Shortest s — t; j-path has weight 2" + .

m S, must not use shortcuts = path weight 7 - .

Example: G;(5,6)
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A Restricted Implicit APSP Algorithm
A Trivial Unrestricted Implicit APSP Algorithm
Implicit Algorithm Analysis Construction of G,

Construction of G,

Union of graphs G,(/,j) sharing node s.

Paths (s, ..., t;;) of 2" edges, bridged by shortcut edges.
Shortest s — t; j-path has weight 2" + /.

Sp must not use shortcuts = path weight 7 - j.

= B computes Sp(x,y,d) = MUL-GRAPH,(x,y,d).

Example: G;(5,6)
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m Digraphs can be represented by the OBDD of their
characteristic function.
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Digraphs can be represented by the OBDD of their
characteristic function.

First results on the OBDD-size of fundamental graph classes
(Cographs, Ps-sparse, Ps-extendible, Interval, Bipartite).

The graph of multiplication has exp. OBDD-size.

Similar results for Indirect Storage Access and Hidden
Weighted Bit (S., 2005).
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Summary

Summary

m Digraphs can be represented by the OBDD of their
characteristic function.

m First results on the OBDD-size of fundamental graph classes
(Cographs, Ps-sparse, Ps-extendible, Interval, Bipartite).

m The graph of multiplication has exp. OBDD-size.

m Similar results for Indirect Storage Access and Hidden
Weighted Bit (S., 2005).

m MUL-GRAPH can be encoded into APSP-instances to
separate the complexities of different implicit approaches.
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Summary

“That's all Folks!”

New Results on the OBDD-Size of Graphs
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