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Abstract. The --MAXCUT problem for undirected graphs G = (V, E)
consists of finding a partition V = Vi U.- .U Vy such that the number of
edges with endpoints in two different sets V; is maximized. We offer a new
approach to this problem by showing that the combinatorial notion of
block designs can be used to algorithmically obtain partitions for which
until now only existence proofs were known.

In the case of k = 2, we show that already known approaches can be im-
proved by giving a simpler linear time algorithm which also yields better
bounds. In particular, we give a linear time algorithm which achieves a
bound of Edwards [12].

For general k = 2' and graphs with m edges, we are able to compute
efficiently partitions of size m - (k —1)/k- (1 + 1/(A + k — 1)), where
A is the maximum degree of GG. The algorithms can also be applied to
weighted graphs.

1 Introduction

Let G = (V, E,w) be a weighted undirected graph with vertex set V', edge set
E and weight function w: £ — Ny. We will often abbreviate n := |V, and
m := |F|. The parameter A will denote the maximum degree of the graph. For
a subgraph G* = (V*, ) of G let w(G*) = ) . we be the total weight of
G*. A maiching in G is a set {e1,...,e,} C E of pairwise non-adjacent edges.
If we have a partition V = ViU .- .UV} of the vertex set, we define the cutsize
of this partition as the sum of the weights of all crossing edges. We call an
edge e = {v,w} crossing if v € V; and w ¢ V; for some i. We call a partition
V=WVU---UV; balanced if the sets V;, 1 = 1,... k, are of equal size.

Given an input graph G, the --MAXCUT problem consists of finding a partition
V =V1U-- UVt where the cutsize is as large as possible.

1.1 2-MAXCUT

It is well-known that even in the unweighted case, i.e., w, = 1 for each edge e €
E, the problem 2-MAXCUT is NP-complete [17]. Apart from its importance from
the theoretical point of view [27], 2-MAXCUT has several applications, e.g., in



the design of circuit layouts [5]. Therefore, one is interested in fast approximation
algorithms for this problem.
By a probabilistic argument, Erdos proved the following:

Theorem 1. [14] Let G = (V, E, w) be a weighted graph, where |V| = n is even.
There exists a partition V = ViU Vs such that

cut(Vy, Vo) > @ . (1 + ﬁ) . (1)
In the case of n odd, we can add a dummy vertex to the graph with all edges
incident to it having weight 0. Measured in the original number of vertices, this
gives a cutsize of at least w(G)/2-(1+41/n). Observe that the lower bound (1) is
sharp as the unweighted complete graph shows. Moreover, for a given unweighted
graph G, Theorem 1 gives a lower bound for the largest bipartite subgraph of
G. The short proof of Theorem 1 works as follows.

Proof. Choose uniformly at random a balanced partition V = VU Vs, For a
fixed edge e € F, the probability that e is crossing is equal to 2- (n7;fl)/(n72) =
1/2 - (1 + 1/(n —1)). By linearity, the expected value of the cutsize is exactly
w(G)/2-(1+1/(n—1)), and, hence, there exists a partition V = V3 U V5 achieving

at least this cutsize. ad

Erdos’ proof is non-constructive, thus the natural question arises how a cor-
responding partition can be computed algorithmically. For connected graphs
G, Poljak and Turzik gave in [25] an O(n®) algorithm which finds a partition
V = ViU Vs such that cut(Vh,Va) > w(G)/2 + w(Tinin)/4, where T is a
minimum-weight spanning tree in G.

For the unweighted case, we have w(Tpin) = n — 1, and the existence of a
partition achieving at least this cutsize was proved earlier using non-constructive
arguments by Edwards [12], [13]. Later, Ngoc and Tuza [23] provided a linear
time algorithm for this bound. In the weighted case, Erdos’ bound can be much
better.

Poljak and Turzik remarked in [25] that their strategy can be applied to find
a partition with cutsize at least w(G)/2 + w(M)/2, where M is an arbitrary
matching in G. No computational details are given. Using double-transitive sub-
groups of the symmetric group S,,, Poljak and Tuza [26] gave an algorithm with
running time O(n?3) which yields a cutsize which is not smaller than the lower
bound of Erdos if n is a prime power. Using results on the density of these
prime powers they obtain for arbitrary positive integers n a cutsize of at least
w(G)/2 - (1+6/(Tn)).

Amongst other results in [18], Haglin and Venkatesan rediscovered that by using
matchings, one can compute a partition with cutsize at least m/2+m/(2n). One
part of their paper is devoted to a procedure which finds a matching of size at
least | m/n |. They use this result to give an algorithm achieving at least the
above cutsize with running time O(mlogm). Moreover, they proved that for any
fixed € > 0, it is NP-complete to decide for a given graph G with m edges and
a given §, 0 < é < ¢, whether GG contains a cut of size at least m - (1/2 + §).



Although, in principle, it would be enough to use a standard maximum matching
algorithm to compute a matching of the above claimed sizes, one is interested
in more efficient, i.e., linear time algorithms.

Kajitani, Cho and Sarrafzadeh presented in [20] an O(n + m) time algorithm
which yields a matching in G of size at least m/(n—1) for n even. To do so, they
used the method of alternating augmenting paths. This algorithm is extended
in [20] in a rather involved way to the bound w(G)/(n — 1) for weighted graphs.
Based on this, Cho, Raje and Sarrafzadeh gave in [11] a linear time algorithm
which finds a partition with cutsize at least m/2-(1+1/n). For weighted graphs,
they obtain a cutsize of at least w(G)/2.

As it looks from the existing literature, for n even, it seems to have been over-
looked that finding a matching of weight at least w(G)/(n — 1) in linear time can
be achieved more easily. Using this and the algorithm which has been discovered
a few times, one gets a simple and fast O(n+m) algorithm for finding a partition
with cutsize at least w(G)/2-(14+1/(n—1)) in weighted graphs for n even. Using
proper vertex-colorings, this can be improved to the value w(G)/2-(14+1/A) for
A odd. Moreover, we give a linear-time algorithm for a result of Edwards [12]
on the largest size of a bipartite subgraph.

1.2 E-MAXCUT

By an argument similar to the one used in the proof of Theorem 1, Andersen,
Grant and Linial [4] showed that for general k, there is always a partition with
cutsize at least m - (k — 1)/k - (L + 1/(n — 1)), if n is divisible by k. In their
argument they used the uniform distribution on subsets of fixed size. We con-
sider the problem of how this lower bound can be obtained algorithmically for
weighted graphs. It turns out that for some special values of k; a simple divide-
and-conquer strategy will do. For other values of k, we reveal that the concept
of balanced incomplete block designs combined with derandomization of the cor-
responding binomial distribution is a suitable approach to the problem. These
results improve upon recent results in [11].

Again, it should also be noted that Ngoc and Tuza [23] gave linear time al-
gorithms which compute in the unweighted case and for connected graphs a
partition with cutsize at least m - (k — 1)/k + (n — 1)/k, if k > 3. They also
showed that for every real ¢ > 0, and for every integer k& > 2 with e < 1/(k— 1)
it is NP-complete to decide whether a graph admits a k-cut with cutsize at least
(k=1)/k-m-(1+¢). Thus, (k—1)/k-m is essentially the borderline for polynomial
time algorithms, unless P = N P.

2 2-MAXCUT

2.1 1-Factorizations

In order to turn Erdos’ existence proof into a deterministic procedure, the fol-
lowing lemma has been discovered a number of times. It has also been observed



that instead of matchings we can use a list of pairwise vertex disjoint induced
bipartite subgraphs, cf. [27]. As the underlying procedure will be analogous to
the procedure that we apply when dealing with k-cuts, we provide the proof
and the algorithm. The algorithm can be seen as a derandomized version of
Erdés’ argument using the method of conditional probabilities, cf. [2]. However,
instead of the uniform distribution (which would result in a non-polynomial time
algorithm), the binomial distribution together with matchings is used.

Lemma?2. Let G = (V,E,w) be a weighted graph. Given a matching M of
G, there is an algorithm with running time O(n + m) which finds a partition
V = ViU Vs such that cut(Vy,Va) > M;MM If n is even, the constructed

partition is balanced.

Proof. We start by initializing V; := V3 := 0. During the algorithm, we maintain
a parameter Val(e) for every edge e = {7, j} and a potential function VAL(G)
for the whole graph. They are defined as follows:

we/Q if |€ N (V1 U V2)| <1
Val(e) = we iflenVi|=lenVy=1 VAL(G) =) .cp Val(e)
0 otherwise.

The figure below gives a sketch of the situation, where on the edges we indicated
the coefficients of the corresponding weights. Initially, VAL (G) = w(G)/2. We
process the edges of the matching M one after the other.
Given an edge e = {i, j} € M which fulfills e N (V; U

1 Va) = 0, we decide to either add i to V; and j to Va,
A v, or we decide to add j to V7 and ¢ to V5. In both cases,

Val(e) changes from w./2 to w.. The parameters

\ } of some other edges change as well, namely, of all
2 _ edges which have one vertex in {7, j} and the other

b3 in V3 U Vs, Call this edge set E’.
For ¢’ € E’, the value of Val(e’) changes from w,//2 to either w,: or 0, depending
on which of the two possibilities we choose. By the pigeon-hole principle, one
choice does not decrease the sum of all Val(e'), ¢/ € E’. Thus, we can increase
Val(e) whilst not decreasing ). Val(e'). We repeat the above procedure for
all edges in the matching M. We then have VAL (G) > (w(G) + w(M)) /2.
If some vertices remain to be distributed over Vi and V5, then we can group
them into pairs and continue as above without reducing VAL (G). If n is odd,
we add a dummy vertex.
Finally, we obtain a partition V' = ViU V3. By definition, then VAL(G) =
cut(Vy,Va) > (w(G) + w(M))/2. As every edge is examined only a constant
number of times, the running time is O(n 4+ m). O

Lemma 2 yields an algorithm for computing a partition which has a cutsize
achieving at least Erdos’ bound if we can come up with a matching M of weight
w(M) > w(G)/(n—1). Actually, it is easy to compute such a matching. Namely,
a l-factorization yields a linear time algorithm which gives a matching of size at

least w(G)/(n — 1):



Lemma3. Let G = (V, E,w) be a weighted graph with n even. One can compute
in time O(n+m) a matching M in G which has weight w(M) > w(G)/(n—1).

Proof. We use the fact that the complete graph K, has a 1-factorization for even
n, i.e., its edge set can be partitioned into n — 1 matchings of n/2 edges each.
Namely, for V = {1,...,n}, the matchings M; = {{j,n}}U{{j—i,j+i}|i=
L,...,5 =1}, j=1,...,n— 1, yield a 1-factorization, where addition is done
cyclically in {1,...,n —1}.

As w(G) = Z;:ll w(Mj), there exists a matching M; with weight w(M;) >
w(G)/(n—1). Observe that for every edge e € E| it is straightforward to compute
in time O(1) the matching M; this edge e belongs to. By processing all edges we
can compute w(M;) for all j in time O(n+m). Hence, if we choose the matching
M; with maximum weight, we can guarantee that w(M;) > w(G)/(n—1). O

Combining Lemma 2 and Lemma 3, we get a linear time algorithm for computing
a partition which achieves at least the weight which is guaranteed by Erdos’
theorem.

2.2 TImprovements by Colorings

Here we show that Erdos’ theorem can be strengthened by using colorings. A
linear time algorithm for the strengthened version is still available.

Let us first recall the definitions of colorings: A proper edge-coloring of G =
(V, E,w) with t colors is a function e: E'— {1,...,t} such that for all adjacent
edges e; # es in E, we have c(e1) # c(e2). The chromatic index x.(G) is the
minimum number ¢ such that there is a proper edge-coloring with ¢ colors. In
an analogous fashion, the notions of a proper vertez-coloring and the wvertex
chromatic number x, can be defined. Note that computing the vertex chromatic
number, as well as computing the chromatic index, is known to be NP-complete.
The considerations of Subsection 2.1 can be strengthened by taking into account
the maximum degree of a graph.

Given a proper edge coloring, all edges with the same color form a matching. If
t colors suffice, then one of those matchings has size at least w(G)/t.

A theorem of Vizing [29] gives a sharp estimate on the chromatic index of a
graph in terms of its maximum degree, namely A < x.(G) < A+ 1. Using the
above considerations, Lemma 2 yields a better guaranteed cutsize. A polynomial
time algorithm for properly coloring edges with at most A 4+ 1 colors has been
given by Misra and Gries [22]. The running time of their algorithm is not linear.
Nevertheless, we will see that in almost all cases, it is better to use vertex-
colorings.

Observation 4 Given a proper vertez-coloring with t colors, each nonempty
color class ¢=(i), i = 1,...,t is an independent set in G. We collapse each
such color class c=1(i) to a single vertex v; and consider the new weighted graph
G' = (V',E" w') with V' = {vi,..., v}, where for e’ = {vj,v;} € £ it is
wg, = Z We
e={rs}€E;rec=1(i),s€c1(j)



Afterwards, we can apply the algorithm from Subsection 2.1 to the graph G'.
We obtain a partition V = ViU Vs such that cut(Vy, Va) > ﬂ2§l 1+ 25) ift

18 even.

We remind the reader of the following properties of vertex-colorings (see e.g. [7]):

Proposition5. A graph G = (V, E) Proposition6. Let G = (V,E) and
with mazimum degree A has a proper define t := max{k | (g) < m}. Then G
vertez-coloring with at most A + 1 has a proper vertez-coloring with at most
colors. Such a coloring can be com- t colors. Such a coloring can be com-
puted in time O(n + m). puted in time O(n + m).

If we combine our linear-time algorithm behind Observation 4 with the algorithm
behind Proposition 5, we obtain the following:

Theorem 7. Let G = (V, E,w) be a weighted graph with odd mazimum degree
A. There is an algorithm with running time O(n+m) which computes a partition

V = ViU Vs such that cut(Vy, Va) > @ (14 %)

Using Proposition 6, we obtain the following which is known as Edwards’ bound
and which first was proved in [12], [13] in a somewhat involved fashion.

Theorem 8. For every graph G = (V, E), there is a partition V = V14U Vs with
cut(Vi,Va) > m/2+ (v/8m + 1 —1)/8. Such a partition can be computed in time
O(n+ m).

Proof. The parameter ¢ in Proposition 6 fulfills ¢t < 1/2++/2m + 1/4. Using the
algorithm from Observation 4 we obtain a cut with the claimed size if ¢ is even.
If t is odd, we add a dummy vertex. O

Notice that for weighted graphs G = (V, E, w) the lower bound on cut(Vy, Va)
in Theorem 8 can be replaced by w(G)/2- (1 4+ (v/8m+1—1)/(4m)).

Poljak and Tuza [27] also found a short proof of Edwards’ bound but did not give
a linear-time algorithm. Recently, Erdos, Gyarfas and Kohayakawa [16], found
another short proof of Edwards’ bound. Alon [1] proved that there are constants
¢ > 0 and Iy such that for all even | > Iy, and any m of the form m = [2/2,
Edwards’ bound can be improved by an additive term of em!/* for every graph
with m edges. This recent interest in Edwards’ bound was incited by a talk of
Erdos [15].

We remark that by a theorem of Brooks [10], every connected graph which is
neither the complete graph nor an odd cycle satisfies x, (G) < A. For references
on efficient algorithmic versions of Brooks’ theorem we refer to Karloff [19].

3 Ek-MAXCUT

3.1 k-MAXCUT for k = 2!

Cho, Raje and Sarrafzadeh gave in [11] an algorithm with running time O(n log k+
m) which finds for every graph on n vertices and with m edges a partition of



the vertex set into k subsets with cutsize at least

v (-0 () ®

However, the divide-and-conquer strategy yields a better guaranteed k-cutsize:

Theorem 9. Let k = 2!, where | € N and let G = (V, E,w) be a weighted graph
with n divisible by k. There is an algorithm with running time O((n 4+ m)log k)
which computes a partition V = V11U .- .UV such that

cut(Vl,...,Vk)Zw(G)-kk;l~<1—|—ni1> . (3)

In the unweighted case the algorithm has running time O(nlogk + m).

Proof. The idea for the algorithm is simply to iterate the 2-cut algorithm. First,
we obtain a partition V = ViUVy with |Vi]| = |Va| such that cut(Vy,V2) >
w(G)/2-(14+1/(n—1)). Then we apply the maxcut algorithm from Subsection
2.1 to each subgraph of G induced by V;, i = 1,2, and so on.

Define the insize of a partition V. = ViU---UV; by in(V1,..., V&) = w(G) —
cut(Vy, ..., Vi). Tt is enough to prove that the above strategy yields a partition
V=Vu...uUV; such that

n—1

in(Vl,...,Vk)gw(kG)-<1—k_1) . (4)

Inequality (4) follows by observing that after ¢ rounds, each set in the partition
consists of n/2* vertices which means that after [ = log, & rounds,

m(vl,...,vk)gw(c;).ﬁ%.<1— . ) e H(nn_};l)

1=0 2°
~ w(G) n—2! _w(G) n—k
L n—1" k n—1"

As the running time for the 2-maxcut algorithm in each round is linear in (n+m),
we conclude that the procedure described above has a running time of O((n +
m) log k). Moreover, in the unweighted case the running time drops to O(nlog k+
m), as the number of edges considered in round ¢ is bounded from above by
m/2i1, O

The lower bound (3) is larger than (2). Namely, let w, = 1 for all e € E. First
notice that for £ > 2 and n > 2 the following inequality holds: % — M > 0.

Then, using (1 — z)! > 1 — Iz, we infer (”n;l)rlOg2 M + % > 0, which is

equivalent to ; (1 + - ) >1—- - (”n;l)rbg2 k], as claimed.

We remark that the bound (3) is tlght, as the complete graph K, shows.



Again, we get better results by using vertex colorings. Given a graph with max-
imum degree A, we can apply the vertex collapsing strategy from Section 2.2. If
A+1 is not divisible by k, we can add at most £ — 1 dummy vertices and obtain
the following:

Theorem 10. Let G = (V, E,w) be a weighted graph with mazimum degree A.
Let k = 2!, where | € N. There is an algorithm with running time O((n + m) -
log k) which computes a partition V. = V1U---UV; such that cut(Vy,..., Vi) >

w(G) Bt (14 o)

We only remark that our considerations yield also improvements for the max-
imum k-covering problem given in [11].

3.2 k-MAXCUT and Resolvable Block Designs

We first recall some basic notions from combinatorial design theory.

Definition11. A balanced incomplete block design, BIBD, with parameters
(n,k,A),isalist By,..., By of k-subsets from {1, ..., n} such that every 2-subset
A CH{1,...,n}is contained in exactly A sets B;. The subsets B; are called blocks.
In particular, a (n, 3, 1)-BIBD is called a Steiner triple system.

A BIBD is resolvable if its blocks can be arranged into groups such that every
group is a partition of {1,...,n}. A resolvable Steiner triple system is called a
Kirkman triple system.

Clearly, each (n,k,A)-BIBD consists of )\(g)/(g) blocks. The following is an

example of a Steiner triple system with n = 9:

{1,2,3},{4,8,9},{5,6,7}, {1,5,8},{3,4,6},{2,7,9},
{1,4,7},{2,6,8},{3,5,9}, {1,6,9},{2,4,5},{3,7,8}.

Indeed, the example yields a Kirkman triple system consisting of 4 groups. The
existence of Kirkman triple systems for all n = 3 mod 6 was proved by Ray-
Chaudhuri and Wilson [28]. There is a variety of construction methods known
for BIBDs, cf. Anderson [3].

Resolvable (n, 2, 1)-BIBDs are well-known in graph theory, namely, they yield a
1-factorization of the complete graph. Hence, Subsection 2.1 shows why BIBDs
can be useful for computing large cutsizes in a graph. The method sketched there
can be generalized to resolvable (n, k, A)-BIBDs for finding k-cuts.

Lemma12. Let G = (V, E,w) be a weighted graph with |V| = n. Assume that
we are given a resolvable (n, k, X)-BIBD which consists of the blocks By,..., B,
and assume that they are already arranged in groups, i.e., By, ..., By belong to
group 1, and Biy1, ..., Ba: belong to group 2 etc. Then we can compuie in time
0] (k(n +m)+ )\nz) a balanced partition V. = ViU ..UV} such that ils culsize

is at least w(G) - % ) (1 + anl)



Proof. Every block B; can be seen as a set of vertices of G and we can associate
the subgraph G(B;) of G induced by B; with it. In a first run-through, we
compute the weights w(B;) := w(G(B;)) for t = 1,...,r and the weight of every
group (where the weight of a group is the sum of the weights of its blocks).
Now we make use of the properties of a (n, k, A)-BIBD. Since every edge e € F is
contained in exactly A of the blocks, we have w(B1)+- - -+ w(B;) = A-w(G). The
BIBD is arranged into r/(n/k) groups each containing n/k blocks. Thus, one of
the groups must have weight at least A - w(G) -n/(kr) = w(G) - (k —1)/(n — 1),
as r = )\(g)/(g) Finding such a group takes time O (/\n2). W.l.o.g. we assume
that this group consists of the blocks By, ..., B;.

As we did for 2-cuts, we initialize V; := - - := V}, := (). During the algorithm we
keep track of edge parameters Val(e) which are defined as follows:

W, if the vertices of e are in different sets V;,
Val(e) = 0 if e C V; for some 1,

% -w, otherwise.

Moreover, we have a potential VAL(G) = )", Val(e). The algorithm processes
the blocks Bj, ..., By in succession, adding their vertices to the sets V. This is
possible since no two blocks of a group have a vertex in common.

Assume that we arrive at a point where we process block B;, say B; = {vy, ..., v }.
We now want to decide between k alternatives. Namely, choosing the Ith pos-
sibility means that we place vy into Vi, v into Viy; etc. (where the addition is
done cyclically). This means that we add the vertices cyclically to the sets Vj, we
only have to choose the “anchor point” for v;. No two vertices of B; are placed
into the same set V}, hence for all edges e in G(B;) we have that Val(e) changes
from % - W, to w,.

Val(e') also changes for edges e’ which have one endpoint in B; and the other in
ViU- - U Vg. Let this set of edges be called E’. For an edge ¢’ € E', amongst the
k placing possibilities that we have to choose from, exactly (k — 1) will change
Val(e') from k%l - W t0 wer and only one possibility will change Val(e’) to 0.
There must be one possibility which does not decrease the contribution of E’
to VAL (G). Thus, we can increase Val(e) for each edge in G(B;) whilst not
decreasing )., g/ Val(e€').

By the above arguments, in each such step the value VAL (G) is increased by at
least w(B;)/k. Since we started off the algorithm with VAL(G) = w(G) - (k —
1)/k and added the above amount for every block B; processed, we finish with
VAL(G) = w(G) - (k — 1)/k + S_t_, w(B;)/k, which by our choice of the group
is at least w(G) - (k—1)/k-(1+1/(n—1)). Since a group covers all vertices,
all vertices are distributed at the end of the algorithm and VAL (G) gives the
actual cutsize.

Clearly, the placing takes time O(k(m + n)) which means that we get an overall
running time of O (k(n + m) + An?). O

It should be noted that the choice of A only influences the running time and
not the guaranteed cutsize of the partition. Also, if the BIBD is given in such a
way that for every edge e we can compute in time O(A) the A groups this edge



belongs to, then the term An? can be replaced by Am in the running time using
an appropriate data structure.

Although various algebraic construction methods for BIBDs are known in the
literature, see e.g. [3], not a lot of attention has been paid to their exact running
times. It might be interesting to investigate this more closely.

In the following, we discuss just a few of the existing constructions. Let us start
with the following theorem by Baranyai.

Theorem 13. [6] Let k,n be positive integers, where n is divisible by k. Let
X :={1,...,n}. Then the set [X]* of k-element subsets of X can be partitioned
into r = (Z:}) sets Xq,..., X, such that fori =1,...,r and distinct sets S,T €
Xiitis SNT = 0.

Theorem 13 shows the existence of a 1-factorization for the k-uniform complete
hypergraph K%, if n is divisible by k. In terms of BIBDs, this can be read as
follows: The set system [{1,...,n}]* is a resolvable (n, k, (z:g) )-BIBD.
Theorem 13 is not suitable for our application, namely for two reasons: The
first one is that the original proof does not provide us with a polynomial time
procedure for arranging the blocks into groups. Second, even if we were given
this arrangement for free, then it should be observed that the value of A in the
construction is rather large, so that the running time of our algorithm in Lemma
12 would be a polynomial of a large degree.

For £k = 3 and a large number of values of n, Beth gave a polynomial time
algorithm for obtaining an arrangement of the triples into groups as guaranteed
by Theorem 13.

Theorem 14. [8] Let n be a positive integer such that n is divisible by 3, and
etthern orn—1 orn—2 is a prime power. There is a polynomial time algorithm
to construct a 1-factorization of the complete 3-uniform hypergraph K3.

For further values of n more complicated constructions have been given by
Peltesohn [24] in her dissertation, where Theorem 13 for & = 3 is proved.
However, it seems that the applied techniques do not lead to fast algorithms, cf.
[8].

Using the result of Beth, Lemma 12 yields the following

Proposition15. Let n be a positive integer divisible by 3, such that n, n — 1
orn— 2 is a prime power. Let G = (V, E,w) be a weighted graph on n vertices.
There is a polynomial time algorithm which yields a partition V = ViU VoUW Vs

such that cut(Vy, Vo, Va) > w(G) - 2 - (1 + anl)

By a result of Breusch [9] for every integer m > 48 there exists a prime p
with m < p < 9/8m. Thus for every integer m > 48 there exists an integer
n = 0 mod 3 such that m < n < 7/6m and n, n — 1 or n — 2 is a prime power.
As in [26], checking the integers m < 47, we obtain that for every integer m > 6
there is an n = 0 mod 3 with m < n < 9/7m such that n, n—1 or n—2 is a prime
power. Hence, for every graph G on n vertices, n > 6, we can construct a 3-cut

10



of size at least w(G)-2/3- (14 7/(9n — 7)). However, due to the density of the
primes one can construct a 3-cut of size at least w(G)-2/3- (14 (1 —o(1))/n)
for n large.

For k = 3, Kirkman triple systems could also be used; the constructions for such
systems seem to be more efficient; nevertheless, the corresponding running times
have not been considered so far. We mention the following example of a Kirkman
triple system. For n being a power of 3, n = 3!, the underlying set consists of
all affine points in the vector space (GF(3)), and the blocks contain the points
of the affine lines in (GF(3))". Using the Schubert normal form of matrices
one can group the blocks according to resolvability in time O(n?). Thus, for n
being a power of 3, we obtain in running time O(n?) a 3-cut of size at least
w(G)-2/3-(1+1/(n—1)) by Lemma 12. Clearly, for a fixed prime power ¢
and n = ¢', with a similar construction - considering the affine space (GF(q))" -
one can obtain in time O(n?) a g-cut with cutsize as least as guaranteed by the
probabilistic argument.

Also, the following should be noted. In [21], Lu proved that for every k and A,
there is an ng such that for all n > ng, there is a resolvable (n, k, A)-BIBD if
the trivial conditions for k& and A are fulfilled, cf. [3] p. 203. For A = k£ — 1,
these trivial conditions reduce to n = 0 mod k. The question remains how we
can compute such a resolvable BIBD by an efficient algorithm.

Finally, we want to remark that by Observation 4 the vertex number n within the
bounds of Section 3.2 can be replaced by the vertex chromatic number, yielding
better guaranteed cutsizes in many cases.
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